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Preface

This monograph provides a coherent and current overview of the interaction of
x rays with matter, specifically focussing on high-intensity short-pulse radiation.
We discuss the relevant physical processes, including the interaction of the x-ray
field with electrons, the coupling of electrons and ions, the microscopic and macro-
scopic changes in materials, and the feedback of these processes. We conclude by
providing several examples taken from the recent scientific literature.

There are many books available that treat the interaction of x-ray radiation with
matter at intensities that are sufficiently low so that the materials do not change.
On the other end of the spectrum are plasma-physics books that discuss the in-
teraction of high-intensity photon beams with plasmas. This book bridges these
two extremes by providing a comprehensive coverage of the full spectrum of in-
teractions of low- to high-intensity x-ray radiation with materials. It discusses how
x rays affect the state of matter, and, in turn, how these changes affect x-ray—matter
interaction.

Similar books have been published for the optical wavelength regime. In con-
trast, x-ray wavelengths are on the order of interatomic distances, and x-ray ener-
gies are comparable to the transition and ionization energies of atoms and ions.
Therefore, the relevant physical processes are very different.

X-ray-matter interaction draws from various disciplines, ranging from atomic
physics, laser physics, plasma physics, astrophysics, computational physics, mate-
rials science, to chemistry. Most elements of this book are scattered throughout the
scientific literature and have been published in scientific journals and the more
introductory materials in book form. We aim at enabling the reader to gain an un-
derstanding of the fundamentals and to get an idea of the current state of research
efficiently without being bogged down by either the scientific jargon specific to each
discipline or by the sheer volume of publications. This will be especially useful for
young researchers and occasional practitioners of this field who need to learn about
the most relevant aspects of the various fields quickly.

The recent advent of new powerful x-ray sources such as x-ray free-electron lasers
make the release of this book very timely. Within the context of large-scale facilities,
the scientific community at large is currently shifting its focus away from particle
physics toward photon science. The recent shutdown of the particle physics facil-
ity Barbar and the construction of the LCLS x-ray free-electron laser (FEL) in its

Xt
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place at the SLAC National Accelerator Laboratory in the USA is a testimony to this
change. Numerous large-scale photon-science facilities producing EUV (extreme
ultraviolet) and x-ray radiation are being built all over the world: The first EUV FEL
at DESY in Germany became operational in 2005, Japan demonstrated an EUV FEL
in 2006, and others are planned, for example in Italy, Switzerland, and the USA. To
access the shorter wavelength regime, an x-ray free-electron laser has been built in
the USA (LCLS), and others are in progress, including in Germany (XFEL) and in
Japan (SCSS). In addition to these facilities, new x-ray synchrotron sources such as
PETRA III at DESY will also be available soon.

In light of these developments, this book has several target audiences: (i) Young
scientists, postdoctoral researchers, graduate students, and senior undergraduate
students who recognize the exciting field of x-ray-matter interaction science, and
want to participate in it, (ii) more experienced scientists who want to change their
research focus toward photon science, and (iii) scientists from various disciplines,
such as life sciences, biology, materials science, physics, and chemistry, that plan
on applying these new facilities in their respective fields. The interdisciplinary na-
ture of the field of x-ray—matter interaction may make this book even interesting
for the more casual reader.

The prerequisite for this book is a basic understanding of mechanics, electro-
dynamics, and quantum mechanics, even though most basic concepts are briefly
explained whenever they are introduced, and relevant and introductory literature
is cited. In that sense, the readership level is advanced. We hope that the book still
has appeal to the more experienced research worker (specialist).

We have tried to make this monograph self-contained by including reviews of
the basic aspects of atomic physics, electrodynamic wave propagation, and elec-
tron dynamics, with a specific focus on aspects relevant to high-intensity x-ray—
matter interaction. An introduction to the field of x-ray—matter interaction is given
in Chapter 1, in which we give an overview of available x-ray sources, summarize
the processes relevant to x-ray—matter interaction, and point out the key aspects rel-
evant to high-intensity pulses. In Chapter 2, we discuss the atomic physics relevant
to x-ray-irradiated matter. This subject is essential in order to understand x-ray ab-
sorption processes and the subsequent electron dynamics. In Chapter 3, scattering
of x-ray radiation from atoms, molecules, and other aggregates of atoms and differ-
ent media is discussed. In Chapter 4, we discuss the propagation of electromagnet-
ic waves in different media, and especially focus on the intensity distribution of the
electromagnetic field since this determines the interaction of x rays with materials.
In Chapter 5, we discuss the dynamics of the electrons in x-ray-irradiated materials.

The following chapters focus on high-intensity, short x-ray pulses, motivated by
the recent advent of x-ray free-electron lasers. In Chapter 6, we discuss the charac-
teristics of short x-ray pulses and describe instrumentation to create and diagnose
such pulses. We also include the effects of the pulse duration on x-ray—matter in-
teraction processes. In the related Chapter 7, we discuss aspects of the interaction
of high-intensity x-ray pulses with matter. Since x rays modify matter, their interac-
tion with the material changes with time. This aspect is discussed in Chapter 8. In
Chapter 9, we present modeling approaches for x-ray-matter interaction. Finally,
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in Chapter 10, we give some recent examples of high-intensity x-ray—matter inter-
action. This chapter is strongly biased by the research interests of the author.

I am deeply grateful to innumerable discussions with a large number of long-
term colleagues, who over many years participated in carrying out calculations
and experiments, and in interpreting the obtained results. It is a great pleasure to
specifically mention valuable advice, help, and support from Elden Ables, Jennifer
Alameda, John Arthur, Eduard Arzt, Sasa Bajt, Sherry Baker, Anton Barty, Brian
Bennion, Karl Van Bibber, Richard Bionta, Michael Bogan, Sebastien Boutet, Carl
Caleman, Jaromir Chalupksy, Henry Chapman, Rip Collins, Tilo Déppner, Paul
Emma, James Evans, Gyula Faigel, Roger Falcone, Carsten Fortmann, Matthias
Frank, Jerome Gaudin, Siegfried Glenzer, Jim Glosli, Bill Goldstein, Alexander
Graf, Frank Graziani, Janos Hajdu, Rick Iverson, Verne Jacobs, Jacek Krzywinski,
Jaroslav Kuba, Steve Lane, Dick Lee, Richard London, Stefano Marchesini, Marty
Marinak, Dennis Matthews, Marc Messerschmidt, Paul Mirkarimi, Stefan Moeller,
Michael Murillo, Michael Pivovaroff, Dave Richards, Dmitri Ryutov, Howard Scott,
Marvin Seibert, Ryszard Sobierajski, Klaus Sokolowski-Tinten, Regina Soufli, John
Spence, Eberhard Spiller, Fred Streitz, Hannah and Abraham Szdke, Michael
Thomas, Nicusor Timneanu, Thomas Tschentscher, Jim Turner, and Chris Walton.

I would like to acknowledge my teachers and mentors over the years, who intro-
duced me to the science and the scientific methods. I am especially appreciative to
Detlef Heitmann from the Universitit Hamburg, Judith Prybyla and Walter Brown
from (formerly) AT&T Bell Laboratories, Carl Thompson from the Massachusetts
Institute of Technology, and Harold Frost from Dartmouth College. I owe a debt of
gratitude to the Studienstifiung des deutschen Volkes for supporting me early on in
my career.

I thank the team at Wiley-VCH Verlag who have been a great help in pub-
lishing the manuscript, all the way from the initial planning stage to final pro-
duction. I would explicitly like to recognize the Commissioning Editor Ulrike
Fuchs, the Project Editor Ulrike Werner, and the copy editing of le-tex publish-
ing services. I would like to thank the people who encouraged me to pursue and
finish this project, in particular Jamie. Finally, I deeply acknowledge my friends
and colleagues from the x-ray—matter interaction community for proofreading
the manuscript and providing valuable comments and suggestions. Specifical-
ly, I thank Tilo Déppner, Carsten Fortmann, Richard London, Nina Rohringer,
Eberhard Spiller, Jon Weisheit, and Beata Ziaja.

Fremont, January 2011 Stefan P. Hau-Riege
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1
Introduction

Wilhelm Conrad Rontgen discovered x rays at the University of Wiirzburg in 1895,
and published his results in a groundbreaking report entitled Uber eine neue Art
von Strahlen (On a new kind of rays) [1]. In the twentieth century, x rays have played
an important role in gaining an understanding of matter on the atomic scale and
quantum mechanics in general. Table 1.1 shows some of the key events in this fast-
paced journey of discoveries. The discovery of x rays sparked a new era of science.
One of the major accomplishments, has been the exploration of the microscopic
structural details of molecules, liquids and solids at length scales of interatomic
distances.

X rays can penetrate thick objects that are opaque to visible light. On the basis
of this property, atomic-resolution three-dimensional real-space imaging methods
are used to obtain the at-first invisible interior structure of objects. Several x-ray
imaging techniques have been developed for this purpose. For example, real-space
x-ray microscopy is similar to visible light microscopy, except that traditional re-
fractive lenses are replaced by x-ray lenses such as zone plates. Lensless imaging
does away with lenses altogether [2], and instead reciprocal-space coherent diffrac-
tion patterns are recorded. They are subsequently inverted using computational
algorithms to obtain a real-space image. These techniques allow the recording of
high-resolution images that can be sensitive to elemental composition, chemical
state, and state of magnetism.

With the advent of high-intensity short-pulse x-ray sources, ultrafast processes
have become accessible for investigations. These sources will allow the study of
materials on time scales comparable to the motion of electrons circling around
atoms, on spatial scales of interatomic bonds, and on energy scales that hold elec-
trons in correlated motion with their neighbors. Ultrashort electromagnetic radi-
ation sources are a critical tool for studying material properties, with the ultimate
outlook of recording femtosecond movies of atomic and chemical processes.

The earliest x-ray sources were x-ray tubes. Even though their light output is of
relatively low brightness, x-ray tubes have enabled numerous important discover-
ies, as laid out in Table 1.1. The laser was invented about 50 years ago and has
led to steep progress in the optical sciences. Similarly, the advent of dedicated syn-
chrotron sources around 1970 has enabled enormous advances in the x-ray sci-
ences. We are now witnessing the emergence of short-pulse high-intensity x-ray

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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1 Introduction

Table 1.1 An abbreviated history of x-ray physics.

Year Event
1895  Wilhelm Rontgen takes first medical x ray of his wife’s hand
1901  Wilhelm Rontgen receives Nobel prize for producing and detecting x rays
1909  Charles Barkla and Charles Sadler observe characteristic x rays
by electron bombardment of pure elements
around Discovery that x rays are electromagnetic waves of shorter wavelength
1910  and higher energy than normal light
1912 Discovery of x-ray diffraction by Max von Laue, Walter Friedrich, and E. Paul Knipping
1913  William H. and William L. Bragg build an x-ray spectrometer
1913 William L. Bragg observes the first x-ray spectrum
1913  Henry Moseley establishes the relation between atomic number
and the specific x-ray wavelength of the elements
1914  Max von Laue receives Nobel prize for the discovery of diffraction of x rays by crystals
1915  William H. and William L. Bragg receive the Nobel prize
for determining crystal structures with x rays
1916  Karl Siegbahn and W. Stenstroem observe x-ray emission satellites
1917  Charles Barkla receives the Nobel prize for the discovery
of the characteristic x-ray radiation of the elements
around Wave—particle duality generally accepted
1920
1922 Lise Meitner discovers Auger electrons
1924  Karl Siegbahn receives Nobel prize for his discoveries and research
in the field of x-ray spectroscopy
1927  Arthur Compton receives the Nobel prize for demonstrating
the particle concept of electromagnetic radiation
1936 Peter Debye receives the Nobel prize for his contributions to the study
of molecular structure (by x-ray diffraction)
1962  Max Perutz and John Kendrew receive the Nobel prize
for determining the structure of hemoglobin and myoglobin
1964  Dorothy Crowfoot Hodgkin receives the Nobel prize for determining
the structure of penicillin and other important biochemical substances
1964  Synchrotron radiation available down to 0.1 A
1976 William Lipscomb receives the Nobel prize for his studies on the structure of boranes
illuminating problems of chemical bonding
1979  Allan Cormack and Godfrey Hounsfield receive the Nobel prize
for the development of computerized tomography
1981  Kai Siegbahn receives the Nobel prize for his contributions to the development
of high-resolution electron spectroscopy
1985  Herbert Hauptman and Jerome Karle receive the Nobel prize
for developing direct methods for x-ray structure determination
1988  Johann Deisenhofer, Robert Huber, and Hartmut Michal receive the Nobel prize
for the determination of the protein structures crucial to photosynthesis
1994  First soft x-ray scanning transmission microscope (STXM)
1999  Chandra x-ray observatory in use
2009  First hard-x-ray free-electron laser in use




1.1 Examples for the Application of X-Ray—Matter Interaction

sources such as x-ray free-electron lasers (XFELs), high-harmonic generators, x-ray
lasers, and laser-plasma sources. With these new sources we are at the dawn of a
very exciting time in x-ray science. One can expect progress of similar grandeur as
resulted from the introduction of lasers and synchrotrons.

Reversible interaction mechanisms of x rays with matter, such as elastic x-ray
scattering, are often used to probe materials. Since these interactions are usual-
ly relatively weak, large photon fluxes are required to obtain sufficiently intense
probe signals. Since the absorption of x rays is typically much stronger than the
elastic scattering strength, high-intensity x-ray radiation also modifies the struc-
ture of materials, and this is the main topic of this book: How x rays can be used to
probe and modify matter.

We will now provide examples for the application of x-ray—matter interaction and
discuss methods to produce x-ray radiation. We will then summarize fundamen-
tal models to describe x-ray—matter interaction, such as the Maxwell equations,
semiclassical methods, and quantum electrodynamics. Subsequently, we will dis-
cuss x-ray-matter interaction processes in materials. Finally, we will point to some
databases with information relevant to x-ray—matter interaction.

1.1
Examples for the Application of X-Ray—Matter Interaction

X rays find their application in diverse disciplines, including the life sciences, crys-
tallography, atomic physics, plasma physics, materials science, chemistry, and as-
tronomy. We will now discuss some of the key applications of x rays that highlight
their versatility and that draw on their various unique properties, including their
high penetrating power in materials and their short wavelengths that are compara-
ble to interatomic distances. In addition, x-ray radiation can be prepared to have a
high spectral purity, which is useful for x-ray spectroscopy, a very short pulse du-
ration, which enables time-resolved studies, and high intensity, which can lead to
nonlinear x-ray—matter interaction phenomena.

X-ray astronomy has enabled detailed studies of supernovae, pulsars, and black
holes. Since the Earth’s atmosphere is opaque to x-ray radiation, x rays can only
be observed from outer space. The first rocket launch carrying a scientific payload
that detected a cosmic x-ray source was performed in 1962 by American Science
and Engineering (AS&E) and led to the detection of Scorpius X-1, the brightest x-
ray source in the sky [3]. By today, numerous satellite missions have been carried
out to study high-energy astrophysics with x rays.

In the laboratory, we can build x-ray sources and study the interaction of x rays
with materials systematically. Since the first man-made x-ray sources were relative-
ly weak, x rays were initially used primarily as a probe, and the modification of
materials by x-ray beams was less common. One notable exception is medical x-ray
imaging, which is the earliest application of laboratory x-ray sources, and which
had a phenomenal commercial success. Medical x-ray imaging takes advantage of
the high penetrating power of x rays, as we will discuss in the next section. In or-
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der to minimize damage to the human tissue, the x-ray dose has to be kept low and
the exposure time long, but medical x-ray imaging still increases the cancer risk
through modification of biological molecules by x-ray radiation.

Another way to probe materials with x rays is scattering. In x-ray crystallography,
x rays are scattered from atoms that are arranged in repeating unit cells, leading
to strong interference peaks called Bragg spots. Since the wavelength of x-ray light
is on the order of interatomic distances, x-ray crystallography allows structure
determination at atomic resolution. This technique has led to major advances in
structural biology. When x-ray crystallography is performed using short-duration
x-ray pulses, time-resolved x-ray studies become possible, allowing us to probe
the evolution of materials at atomic resolution. Whereas x-ray crystallography is
used primarily to determine the spatial arrangement of the ions, x-ray spectroscopy
provides information about the electronic structure and chemical state of the ma-
terials. X-ray spectroscopy requires x-ray beams with high spectral purity. Finally,
high-intensity x rays can be used to modify matter so strongly that the interaction
becomes nonlinear. This has become a very active area of research since x-ray
lasers have become available. We will now discuss some of these applications in
more detail.

1.1.1
Medical Imaging with X Rays

Shortly after the discovery of x rays, Rontgen imaged the interior of his wife’s hand
on photographic plates, which was the very first picture obtained using x rays. This
experiment was the first example of radiography, the most commonly used medi-
cal imaging technique to date. In radiography, an x-ray shadow graph is recorded,
which is a two-dimensional projection of the imaged object. X-ray tomography is
an extension of this technique and is used to generate three-dimensional medical
images by measuring multiple one- or two-dimensional projections.

Both these imaging techniques are based on the variation of x-ray absorption in
different types of body tissues. Figure 1.1 shows the linear attenuation coefficient
u of biological materials as a function of x-ray energy. The quantity « is defined
through

I = Ipexp(—ut), (1.1)

where Ij is the intensity of a monoenergetic incoming beam, I the intensity of
the emerging radiation, and t is the material thickness. Relevant biological tissues,
listed in order of decreasing linear absorption coefficient, are bones, muscles, and
fat. X-ray absorption in water is similar to muscle tissue. Typically, x-ray energies in
the range of 15-30 keV are used for imaging soft tissue, such as in mammography,
and larger energies are used to image bones. Sometimes, opaque contrast materials
are used, such as barium compounds, to visualize certain structures of the human
body.

X rays are ionizing radiation since they ionize and dissociate molecules. These
kinds of modifications can cause biological damage, including mutation and genet-
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Figure 1.1 Linear absorption coefficient u of
human body tissue as a function of x-ray en-
ergy. For comparison, the data for barium, a
common constituent of contrast enhancers, is

also shown. The linear absorption coefficients
of water and muscle tissue are very similar.
Data were taken from [4].

ic modifications due to changes in the genetic sequence, radiation sickness caused
by a too large x-ray dose over a short period of time, and an increase in the probabil-
ity of cancer occurrence. The radiation exposure a patient receives from a full-body
computer-tomography scan, often referred to as a CT or CAT scan, is often 500
times larger than for a conventional x-ray radiograph.

1.1.2
X-Ray Scattering and Spectroscopy

Most x-ray photons that interact with materials are absorbed through photoion-
ization or are inelastically or elastically scattered. Figure 1.2 shows the interaction
cross sections of 10-keV x rays as a function of the atomic charge number Z. The
scattered x-ray photons are valuable in material diagnostics to obtain information
about the crystal structure, chemical composition, and physical properties. For ap-
plications of structure determination, a short wavelength is required in order to re-
solve interatomic distances, whereas for spectroscopy applications, a narrow band-
width and a tunable x-ray source, preferably near an absorption resonance, are de-
sirable.

For elastic scattering, the phase relationship and the energy of the incoming
and outgoing photons are preserved. In crystallography, the periodic arrangement
of atoms or molecules leads to sharp Bragg peaks in the scattering pattern, from
which the structure of crystals can be determined. For example, protein crystallog-
raphy can be used to investigate complex biological macromolecules. Typically, x
rays in the 3.5-20-keV energy range are used for atomic-resolution structure de-
termination of matter. Currently, about 80% of new macromolecular structures

5
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Figure 1.2 Atomic photoionization, incoherent scattering, and elastic scattering cross sections
of 10-keV x rays as a function of the atomic charge number Z [5].

are determined through x-ray crystallography at synchrotron facilities. For higher-
Z materials, x rays in the energy range from 20 to 100 keV are used to increase
penetration and to reduce absorption and damage. X-ray scattering also allows
the measurement of the grain size in materials, the thickness and roughness of
layers and films, and the mechanical state. Now that high-intensity x-ray sources
have become available, x-ray diffractive imaging of single nanoparticles has be-
come possible. In the small-angle-x-ray scattering (SAXS) technique, the structure
of matter is probed with a resolution down to a um or nm. In wide-angle-x-ray
scattering (WAXS), the diffracted light is measured at higher (sub-nm) resolu-
tion.

For inelastic scattering events, the energy of the photon changes due to inter-
action with the electron system. By measuring the spectrum of the scattered pho-
tons, we can obtain information about the electronic structure. Multiple techniques
have been developed for this purpose, including x-ray Thomson scattering as a
plasma diagnostic. By measuring the spectrum of the scattered photons, we ob-
tain fundamental information about the plasma, such as density, temperature,
and collective properties [6]. Resonant inelastic scattering (RIXS) is an x-ray spec-
troscopy technique to obtain information about the electronic structure by mea-
suring the momentum transfer near intrinsic excitations. By operating near the
resonance of the system, the x-ray interaction cross sections are relatively large.
Another important class of x-ray analysis techniques are x-ray absorption spec-
troscopy (XAS) methods. By tuning the x-ray radiation, the absorption edges of
materials can be mapped out. Similar to the optical regime, the most intense fea-
tures in the spectrum are related to electric-dipole transitions. When specific ab-
sorption edges are studied in detail, the technique is called x-ray absorption fine-
structure spectroscopy (XAFS), which encompasses two techniques: (i) Studying
the rising edge of the absorption spectrum is called extended x-ray absorption near-
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edge structure (XANES) or near-edge x-ray absorption fine structure (NEXAFS).
(ii) When the region above the edge is studied, the ejected photoelectron scatters
off neighboring ions, so that the absorption spectrum is sensitive to the chemi-
cal environment. This technique is called extended x-ray absorption fine structure
(EXAFS).

1.1.3
Short-Pulse X-Ray Probing of Matter

Short x-ray pulses can be used to obtain snapshots of material properties, thereby
enabling the study of the dynamics of material processes. X-ray pulses with fem-
tosecond duration potentially allow probing the evolution of chemical reactions
through x-ray spectroscopy, which holds the promise of detecting the formation
and breaking of molecular bonds, and the identification of intermediate transition
states. X rays can also be used to generate and probe the evolution of excited states.
Short-pulse optical lasers have enabled time-resolved studies of chemical reaction.
Short-pulse x-ray radiation additionally promises to provide spatial resolution of
the chemical reaction process.

In the field of time-resolved macromolecular x-ray crystallography, short optical
and x-ray pulses are used to obtain information about the function of molecules,
specifically transient structures and reaction mechanism. Reactions are typically
initiated with short pulses from an optical laser with a duration ranging from a
few femtoseconds to 100 ns, and then the crystal is probed with short x-ray puls-
es from a synchrotron light source with pulse length as short as 10 ps. A major
concern is x-ray radiation damage to the crystals, since when short-duration x-ray
pulses are used to probe materials, the photon flux is often increased in order to
maintain required signal levels.” A larger photon flux may lead to modification of
materials through x-ray-induced ionization and subsequent atomic motion which,
in turn, can lead to changes in the optical properties and the x-ray—matter inter-
action mechanism. In recent experiments using free-electron lasers it has been
demonstrated that atomic motion can be delayed on the time scale of tens of fem-
toseconds due to the inertia of the atomic nuclei [7], whereas the optical properties
are determined by the evolution of the electron system which occurs much faster.
For example, materials may become transparent due to the depletion of electrons
from resonance states [8].

1.2
Electromagnetic Spectrum

X rays can be described as electromagnetic waves, just like optical and ultraviolet ra-
diation. A portion of the spectrum of electromagnetic waves is shown in Figure 1.3,

1) The photon flux is defined as the number of photons per unit area per unit time, and the photon
fluence of an x-ray pulse is defined as the number of photons per unit area.
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along with the names of the energy regimes. The boundaries of these regimes are
not very well defined.

For x rays, it is often convenient to express the wavelength A in units of
Angstréms, abbreviated by the symbol A. One Angstrém equals 0.1 nm, 10~% cm,
or 1071 m. X rays lie approximately in the wavelength regime between 200 and
0.1 A. Wavelengths are also often given in energy units, hc/A, where h is the Planck
constant, and c is the speed of light. In convenient units,

12398.417

AleV] ~ N

(1.2)
In this book, we consider photons in the soft and hard x-ray regime, ranging from
250 eV to 100 keV.

Also shown in Figure 1.3 are liner absorption coefficients for different kinds
of materials. Whereas for energies below 100 eV the linear absorption coefficient
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Figure 1.3 Overview of the electromagnetic spectrum. IR = infrared, vis. = visible, UV = ultravi-
olet, VUV = vacuum ultraviolet, and EUV = extreme ultraviolet. The top graph shows the linear
absorption coefficient u for different material types [9].
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shows a complex dependence on the photon energy since it is determined by the
valence and bonding environment of the atoms, in the x-ray regime this depen-
dence is much more straight-forward since inner-shell isolated-atom response is
dominant.

13
X-Ray Light Sources

Progress in x-ray physics has been tightly coupled to the advancement of light
sources. Since the discovery of x rays in 1895, the average brightness of x-ray
sources has been increasing steadily over three orders of magnitude every ten years.
The brightness B is defined as the number of photons N divided by the product of
the beam area A, the divergence ¢, the pulse length 7, and the fractional bandwidth
of energy AE/E,

N

B = .
AE
AGTT

(1.3)

The divergence is the opening solid angle of the radiation beam. A typical unit for
the brightness is number of photons/(s mm? mrad? 0.1% bandwidth).

We will now give an overview of the various x-ray sources and their output char-
acteristics. Specifically, short-pulse x-ray sources that are required for time-resolved
studies are described in more detail in Section 6.2.1.

1.3.1
X-Ray Tubes

X-ray tubes are the oldest kind of laboratory x-ray source. In an x-ray tube, electrons
are extracted from a cathode and then accelerated toward an anode in vacuum by
applying a voltage ranging from a few to 100 kV. Typical cathode and anode mate-
rials are aluminum and platinum, respectively. When the electrons hit the anode,
x rays are generated. A special kind of x-ray tube is the Crookes tube, in which the
number of x rays is increased by replacing the vacuum environment with a dilute
gas. In the gas, additional secondary electrons are generated through electron im-
pact ionization and accelerated toward the anode, leading to the emission of a larger
number of x rays. The anode is angled to make it easier for the x rays to escape. It
is often desirable to make the electron beam as small as possible to create an x-ray
point source, but then heating is a concern and the anode needs to be cooled since
the x-ray power is limited by heat dissipation from the focal spot on the anode. This
limit can be substantially improved by rotating the anode, and letting the electron
beam sweep over it. A schematic of this rotating-anode x-ray source is shown in
Figure 1.4. This setup requires an anode made out of high-temperature materials,
and cooling of the anode in vacuum, which is a challenging task.
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Figure 1.4 Schematic of a rotating-anode x-ray source.

1.3.2
Laser-Produced X-Ray Sources

By irradiating solid and gas targets with high-power optical lasers, high-energy den-
sity plasmas are generated that emit photon radiation in the x-ray regime. As shown
in Table 1.2, various methods have been proposed to use this radiation as x-ray
sources, which we will summarize now. For more details, the reader is referred
to [10].

Two very large laser facilities are currently being constructed, the National Igni-
tion Facility (NIF) at Lawrence Livermore National Laboratory (LLNL) in the USA,
and the Laser Megajoule (LM]J) at the Commissariat a I'Energy Atomique (CEA)
in France. These lasers produce visible-light pulses with energies of more than
1 M]J. Focusing them onto a high-Z target leads to the creation of a hot plasma with
electron temperatures of several keV. These electrons emit x rays as line radiation
(characteristic x rays) and in the continuum through bremsstrahlung.

More readily accessible are table-top solid-state lasers with TW (102 W) pulse
powers, which can reach PW (10" W) power in larger-scale facilities. Ti-doped sap-
phire lasers with a wavelength around 806 nm are commonly used. These lasers
can produce visible-light pulses with a pulse energy of up to 1] that are only a few
wave cycles in duration. Large pulse intensities of 10'7—10?! W/cm? can be achieved
using the technique of chirped-pulse amplification (CPA), where short optical puls-
es are dispersively stretched, amplified, and then compressed again [11], coupled
with techniques for diffraction-limited focusing. When matter is irradiated with
such laser light, electrons in the material quiver (oscillate) with quiver energies
of up to 1 MeV, which is comparable to the rest mass of an electron. When these
electrons hit a target, line emission by inner-shell ionization and continuous hard-



1.3 X-Ray Light Sources

Table 1.2 Some laser-produced x-ray sources.

Name Photon regime Pulse length  Coherence
High-harmonic-generation (HHG) x-ray up to 1keV ultrafast coherent
sources

M]-class laser-produced plasmas up to tens of keV  ns incoherent
PW-class laser-produced plasmas up to MeV ns incoherent
X-ray lasers hard x rays ultrafast coherent
Laser-wake acceleration techniques up to GeV incoherent
Inverse-Compton sources hard x rays ultrafast incoherent

bremsstrahlung occur. The source size of this radiation is relatively large due to the
large interaction volume of the relativistic electrons with matter.

In laser-wake acceleration techniques, a visible light pulse shorter than 1 ps and
with intensities larger than 10'® W/cm? propagates through a plasma. Since elec-
trons tend to leave volume with a high electromagnetic field (this is called the pon-
deromotive effect), electrons are ejected from the wake of the laser pulse, thereby
exciting a plasma wave that is transverse to the laser pulse direction. For plasma
waves with a sufficiently large amplitude, electrons can be accelerated to very high
energies. Upon further interaction with matter, these electrons induce the emis-
sion of x rays.

Inverse-Compton sources are compact x-ray sources that emit relatively mono-
chromatic x-ray pulses. In these sources, electron and laser beams intersect. Utiliz-
ing the effect of linear inverse Compton scattering, in which photons are scattered
from electrons with a kinetic energy that is larger than the photon energy, ener-
gy is transferred from the electron to the photon, leading to tunable, short x-ray
pulses.

Various other methods for producing x rays with high-intensity lasers exist, in-
cluding the technique of high-harmonic generation that is described in more detail
in Section 6.2.1.1 on short-pulse x-ray sources.

133
X-Ray Lasers

In a laser, light is amplified through stimulated emission [12]. Typically, a laser
requires a medium that is inverted, which means that the population of the excited
state exceeds the ground-state population [13], so that light propagating through the
medium gains intensity. It becomes increasingly difficult to build lasers at larger
photon energies since the lifetime 7 of the excited states decreases roughly with
the square of the wavelength 4 [14],

T[fs] ~ A2 [A?]. (1.4)

n
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Therefore, at shorter wavelengths, significantly more pump energy is needed in
order to establish a population inversion. Since traditional solid and gaseous gain
media are often inadequate, it has been proposed to use a very high-energy electron
beam in an undulator, leading to the free-electron laser described in Section 6.2.1.7,
or to use a plasma instead. The plasma state can be obtained with optical lasers or
optical discharges. In these kinds of lasers, a transient population inversion is cre-
ated Dby collisional excitation of the pumped plasma of carefully selected atomic
systems, which may lead to the amplification of spontaneous emission. Soft x-ray
lasers were demonstrated first in 1985 [15, 16]. Transitions in x-ray plasma lasers
are typically between excited states of highly charged ions to achieve short wave-
lengths, such as Ta®* for 4.5-nm light. The first hard x-ray lasers with a plasma
medium were pumped using nuclear explosions, see below.

Since low-loss laser resonator cavities are difficult to build due to the lack of effi-
cient normal-incidence x-ray mirrors, it has been suggested to operate x-ray lasers
as single-pass devices in an amplified spontaneous emission mode (ASE) with-
out mirrors, assuming that the gain of the medium is sufficiently large. In this
scheme, the x-ray pulse is simply amplified by stimulated emission when propa-
gating through the population-inverted material once [17]. The worse spatial and
temporal coherence associated with this approach can be offset by using injection
seeding with a suitable narrow-band seed source.”

As an extreme measure for creating materials with a population inversion suit-
able for x-ray lasing, it has been proposed to use the extremely intense x-ray flashes
produced by nuclear explosions [14, 19, 20]. A nuclear explosion is an exothermic,
self-sustaining chain reaction based on nuclear fission, that is the splitting of atom-
ic nuclei. Nuclear fission leads to the isotropic emission of neutrons and x rays.
Such a laser was a candidate component for the US Strategic Defense Initiative
(SDI), and details remain classified. Robinson wrote that LLNL had demonstrated
a laser device pumped by x rays from a small nuclear detonation [21].

1.3.4
Z-Pinch

We now consider a plasma in the shape of a cylinder and an electric current run-
ning parallel to the cylinder axis. The electric current generates a magnetic field
that squeezes or pinches the plasma due to the Lorentz force, leading to its col-
lapse. This effect is called a Z-pinch, named after the propagation direction of the
current in the z direction. In general, Z-pinches are unstable dynamical systems
since the plasma tends to twist and wriggle before breaking up. One of the most

2) The coherence is a measure for the correlation over a limited distance or for a limited time

of the electric field at different points in
space and time. A sinusoidal wave that exists
everywhere in space is perfectly coherent
since if the electric field is known at a certain
location and time, it is known everywhere
for all times. In practice, waves are only
partially coherent, i.e., coherence exists only

duration. Typically, coherence is divided into
temporal or longitudinal coherence, which
means coherence in the direction of the
wavefront propagation, and spatial or lateral
coherence, which means coherence in the
plane of the wavefront [18].
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important applications of Z-pinches is providing a source of x rays and neutrons.
The emitted photon spectrum typically consists of 100 to 1000-eV continuum ra-
diation, and in addition some characteristic K-a line radiation of several keV. The
actual power output and spectral intensity distribution depend on the current in
the plasma and its rise time, and is difficult to estimate since the dynamics of Z-
pinches is not perfectly understood. The broad spectral range is often useful for
x-ray lithography, spectroscopy, and microscopy.

Z-pinches are commonly implemented as metallic wire arrays, called a liner, driv-
en by high-power current pulses. One of the largest implementations is the Z ma-
chine at Sandia National Laboratory. At that facility, a very powerful discharge with
a current of tens of MA and a duration of less than 100ns is fired into an array
of metallic wires. The large current transforms the wires into a high-temperature
plasma and induces the powerful magnetic field that leads to the Z-pinch. Using
steel wires, a temperature of 3.7 GK has been achieved [22]. The emitted powerful
x-ray pulse has an integrated pulse energy of 2.7 M] and a duration of 5 ns.

135
Novel X-Ray Source Capabilities

Nowadays, a variety of other x-ray sources exist. For many applications, a large peak
instead of average brightness is desirable. Figure 1.5 shows the evolution of the
peak brightness of x-ray sources. Most large-scale x-ray sources require an elec-
tron accelerator and an undulator, and the performance is determined primarily
by the accelerator technology. Such large-scale x-ray sources include storage rings,
energy-recovery linear accelerators, and free-electron lasers and are described in
more detail in Section 6.2.1.

Even though x-ray free-electron lasers are just starting to become available, plans
are already being made to improve on these sources. Of particular interest is the
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Figure 1.5 Typical peak brightness for some x-ray light sources (BW = band width).
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control of the time structure of the x-ray pulses, which includes the creation of
attosecond pulses for improved temporal resolution, Fourier-transform-limited
pulses of a few fs to sub-fs (see Section 6.1.3), the control of the temporal pulse
shape in amplitude and phase, and the improved synchronization with convention-
al lasers [23]. Short pulses are needed for various applications, including studies
of chemical reactions, nonthermal melting, the dynamics of phase transitions, and
flash imaging.

There is also a need for full transverse coherence for real-space imaging, diffrac-
tion imaging, and photon-correlation spectroscopy. Some of the x-ray sources, such
as free-electron lasers, already provide lateral coherence, and there is a need to de-
velop optical systems that preserve the coherence. Nowadays, a large peak bright-
ness can be achieved, and the next improvement will be a large average brightness,
as well. This will probably be made possible by increasing the repetition rate of the
photon pulses. In addition, tunability, polarization control, and a larger range of
photon energies will be required.

1.4
Fundamental Models to Describe X-Ray—Matter Interaction

Multiple basic theories are available to describe x-ray radiation and its interaction
with matter, including classical electromagnetic theory, semiclassical theory, and
quantum electrodynamics (QED). We will first discuss the classical treatment, in
which both the particles and the electromagnetic field are treated classically. We
will then discuss how this classical treatment relates to the more exact but also
more complex quantum treatments. In the semiclassical theory, the particles are
treated quantum mechanically, while the electromagnetic field is still treated clas-
sically. Finally, quantum electrodynamics is the most exact treatment in which both
particles and electromagnetic field are treated quantum mechanically.

1.4.1
Maxwell Equations

In the classical picture, the equations governing electromagnetic phenomena in
vacuum in the presence of charges and electric currents are the Maxwell equations,
which in differential form are given by

V.-E=L 15
- (15)
V-B=0, (1.6)
B
VxXE=——, 1.7
x ot (1.7)

0E
VxB =#o]+#oéo§~
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E is the electric field vector, B is the magnetic field vector, p is the electric charge
density, t is the time, up = 41 x 1077 NA™?2 is the permeability of free space,
€0 ~ 8.854 187817 x 10712 A2s* kg~ m™3 is the permittivity of free space, V- is
the divergence operator, and Vx is the curl operator. The force on a particle with
charge g and velocity v is given by the Lorentz force equation,

F=gq(E+vxB). (1.9)

We can derive a continuity equation for the electric charge from the Maxwell equa-
tions by inserting the time derivative of (1.5) into the divergence of (1.8),

V-E

0
V-V x B=uV- J+ uoco

1.10
i (1.10)
dp

= oV - J + o5 - (1.11)

Since the divergence of a curl is zero, we obtain the continuity equation

dp

ViJ=——. 1.12
J=-3 (112

It is often convenient to introduce the scalar potential @ and the vector poten-
tial A. Since V- B = 0, we can always find a vector function A(r, t) such that

B=VxA, (1.13)

and then (1.7) can be rewritten as

VX(E-F%):O. (1.14)
ot
Therefore, there exists a scalar function @ (r, t) such that
E=-V® — A . (1.15)
at

The Maxwell equations then reduce to

d P
V2 4 — (V- A) = -2 1.16
+ v ==L (1.16)
1 9°A 100
VZA——— —-V(V- A+ =— ) =—uoJ, 1.1
c? 0t2 ( + c? ot ) #o] (117)
with ¢ = 1/uge€o. The Lorentz force equation (1.9) can then be rewritten as
0
F:q[—V(D—&A—i—vx(VxA)] (1.18)
The fields E and B remain unchanged under the gauge transformation
A— A+VA and (1.19)
a1
DD, (1.20)

at
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where /1 is a scalar function of r and t. A useful gauge that we will use in this book
is the radiation gauge for which

V-A=0 and (1.21)

vip =L (1.22)
€0
In the absence of charges, p = 0. In that case we can choose @ = 0.
In macroscopic media, the Maxwell equations in differential form are given by

V-D=p, (1.23)
V-B=0, (1.24)
0B
VXE=—— 1.25
x at ’ (1.25)
D
VxH:]+aa—t. (1.26)

Here D is the electric displacement field, and H is the magnetizing field.
Using Stokes’s and Gauss’s theorem,® the Maxwell equations in differential form
for macroscopic media, (1.23)—(1.26), can be rewritten in integral form as

/D.dA1 :/pdvl, (1.29)

S1 Vi
/B dA; =0, (1.30)
S1
JB

E-dl,=— | —.dA 1.31
¢ 2 5 2, (1.31)
Cy Sa

oD

¢H-d12:/(]+g)-dAz. (1.32)
Cy S2

V; is a finite volume in space with the closed surface Sy, and dA; = n1dA;. dA; is
an area element on the surface and n; a unit vector normal to the surface pointing
outward from the enclosed volume, see Figure 1.6a. As shown in Figure 1.6, S, is
an open surface with the closed boundary C,, dl, is a line element on the contour,
and dA; = nydA; is an area element on the surface. n; is a unit normal pointing
in the direction given by the right-hand rule from the sense of integration around
the contour.

3) Stokes’s theorem, often also referred to as Gauss's theorem, often also referred to as
the curl theorem, relates the surface integral the divergence theorem, relates the volume
of a vector field F over a surface S to the line integral of a divergence of a vector field F
integral of the vector field over its boundary over a volume V to the surface integral of F
C, over the surface Sof V,

/VxF-dA=S£F-dl. (1.27) /V-FdV=/F-dA. (1.28)
S C \4 S
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Open surface S,

Close boundary C,
(a) Close surface S, (b)

Figure 1.6 Geometry for (a) Stokes’s and (b) Gauss’s theorem.

The Maxwell equations together with the Lorentz force equation provide the
foundation for classical electrodynamics and classical optics. There are, however,
cases when this set of equations fails to describe observations, as we will discuss
next.

1.4.2
Relation of Maxwell Equations to Quantum Electrodynamics
and the Semiclassical Treatment

The photoelectric effect demonstrates that the electromagnetic field is quantized:
When light falls onto a metal surface, electrons are only emitted if the frequency
of the light is larger than a certain threshold value. The number of emitted elec-
trons is proportional to the light intensity, whereas the average kinetic energy of
the electrons is independent of it. Einstein invoked a simple quantum picture in
1905 to interpret these findings [24]. He proposed that electrons are bound in a
quantum well with a minimum energy E,, that light consists of discrete particles
(photons) of energy hw and frequency w, and that absorption only occurs when
hw > E,. The intensity of the light in this picture is proportional to the photon
flux.

A full description of this phenomenon requires quantum mechanics and quan-
tum electrodynamics, which is also able to describe very high intensity effects such
as multiphoton absorption. QED provides the ultimate description of light as single
photons, which involves a quantization of the electromagnetic field [25]. In many
cases, however, a semiclassical description is sufficient. In the semiclassical ap-
proach, particles are treated quantum mechanically, but the electromagnetic field
is not quantized and is treated as an external perturbation instead.

Classical electromagnetic theory has had great success in describing a large va-
riety of optical phenomena, including electromagnetic wave propagation and in-
terference and diffraction phenomena [26]. Semiclassical treatments can explain
phenomena such as photoelectric bunching, which means that photoelectric emis-
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sion is more likely to occur close together than far apart in time, and photoelectric
counting statistics [27]. In certain cases, internal contradictions of the semiclas-
sical treatment are revealed, and the electromagnetic field needs to be quantized
also. For example, the concept of an absolute phase of an oscillatory field becomes
meaningless when only a few photons are involved [27]. Also the fluctuations of the
electric field strength are infinite in vacuum, which means that the field strength
is completely uncertain [28].

In Section 2.2.1.1 we describe the quantization of the electromagnetic field in
free space by introducing a Fourier decomposition of the vector potential A in the
radiation gauge. This is a Fourier expansion in terms of transversal plane wave
modes, characterized by a wave vector k and angular frequency oy = ck. The ener-
gy of each mode can be written like a harmonic oscillator. In a quantum-mechanical
treatment, this leads to a quantization, which means that the spectrum of eigen-
values is discrete, given by Zwy(ny + 1/2) with ny = 0,1, ... Discrete quanta or
excitations of the electromagnetic field are known as photons. ny, is the number of
photons belonging to mode k (and polarization s). In classical electromagnetic the-
ory, the linear momentum P of the field is proportional to the volume integral of
the Poynting vector,

P(t) = 60/ E(r, t) x B(r, t)d’r, (1.33)

whereas in QED the linear momentum of a photon in mode k of polarization s
is iik. A photon is associated with a plane wave and is therefore not localized. A
more localized wavepacket can be created through superposition, but then k is
spread out. Note that the zero point energy of a quantum-mechanical harmonic
oscillator causes problems: A major difficulty in QED that has never been resolved
satisfactorily is that the zero field contribution Zw /2, summed over all modes, is
infinite.

The question remains as to why classical electrodynamics works so well. In gen-
eral, a classical description is only sufficient when noncommutivity of dynamical
variables is not important, which is the case for large occupation numbers. In the
case of the electromagnetic field, the number of photons per A3, sometimes called
the degeneracy parameter, has to be much greater than 1. This is typically the case
only for lasers [28, 29]. For example, the occupation operator of photon modes does
not commute with A, E, and B, so that any pair cannot be determined with ar-
bitrary degree of accuracy. This explains why in vacuum, where the occupation
operator is by definition exactly zero, the field fluctuations are arbitrarily large. It
turns out, however, that classical optics is very often sufficient even for small pho-
ton numbers since we mainly deal with light intensities and phase differences, and
not absolute phases [27].
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1.5
Introduction to X-Ray—Matter Interaction Processes

Macroscopically, the propagation of x rays in matter can be treated using Maxwell’s
equations. In this approach, the x-ray absorption is described by the dielectric func-
tion. We will now consider the microscopic processes underlying the interaction of
x rays with matter, and discuss the effects on the material properties. When x rays
irradiate a material, the photons are either absorbed or scattered. Photoabsorption
is often the most likely process to occur and involves the emission of a photoelec-
tron. This high-energy electron then propagates in the material and interacts with
other atoms, leading to the emission of secondary electrons. Eventually, the kinetic
energy of the electrons becomes so small that they cannot excite atoms any further.
On a similar time scale, electrons and ions begin to equilibrate, followed by various
materials processes, including melting, ablation, and spallation. We will now give
an overview of these processes. A much more thorough treatment is the subject of
the remaining chapters in this monograph.

1.5.1
Atomic and Electronic X-Ray—Matter Interaction Processes

When x rays irradiate matter, they interact primarily with the electrons in the
material. Photons can be absorbed and disappear from the system, or they can
be scattered, which means that they change their direction and possibly their
energy. For frequencies close to atomic resonances, atoms may also be excited.
Absorption occurs mostly through photoionization, leading to the ejection of an
electron from the ion. This process is sketched in the top left part of Figure 1.7.
X-ray photons interact primarily with the firmly bound inner-shell electrons of the
atoms. For moderate x-ray intensities, photoionization occurs only for photons
above a certain threshold energy, independent of their intensity [24]. The released
photoelectrons pick up the difference between the photon energy and the elec-
tron binding energy as kinetic energy to ensure energy conservation. Recently,
nonlinearities have been observed in the photoionization process at very high
intensities [30].

Photon scattering can be either an elastic or an inelastic process. Elastic scatter-
ing, for which the photon energy does not change, is also called Rayleigh scatter-
ing. Strictly speaking, elastic scattering is an idealized concept since energy and
momentum can only be conserved when the scatterer has an infinitely large mass.
This situation is most closely realized for atomically bound electrons since then the
massive atomic nucleus can balance the change in momentum of the photon with-
out requiring a large energy change. For free electrons, only lower-energy photons
have a sufficiently small momentum for quasi-elastic scattering. In inelastic scat-
tering, the energy of the photon changes. Inelastic scattering off free electrons is
called Compton scattering. Considering the momentum and energy of the photon,
a conservation balance shows that the scattered photon is downshifted in energy,
see (3.10) and (10.11). As described in Section 3.1.2, the scattering cross section for

19



20

1 Introduction

[, (B,
& (e |
[ L O o

\'1,_ .-I/ ; °_ __s’

photoionization
1

Auger decay fluocrescence
|I' ]
. r - -
\‘p’_".\ P --——-;__? b +_t e, n/‘
,_./ . L ¥ r \'. -’/ \ .'_; h "

i — A f e B | — i e
T -
Y, / % o J ! J
- i S, b >, A

: gy il
electron impact ionization three-body recombination
|

L 3

. H _—
X o - . 4

/ N Ht f8) 1+t (o) !
P \ h S g\ par? /

electron-electron .
equilibration electron-ion equilibration

Figure 1.7 X-ray, electronic, and atomic processes when materials are exposed to x-ray radia-
tion. Reprinted with permission from [31].

Compton scattering from free electrons is given by the Klein—Nishina formula. For
photon energies beyond 2m,c? ~ 1.02 MeV, spontaneous electron—positron pair
production can occur, where, m, is the electron mass, and c is the velocity of light.
This is discussed in Section 7.5.1.

Figure 1.8 shows the relative importance of the three dominant energy absorp-
tion processes: The photoeffect, inelastic (Compton) scattering, and the pair pro-
duction process. At low photon energies, photoelectric absorption dominates, at
intermediate energies, Compton scattering is prevalent, and at large energies of
more than 1.02 MeV, primarily pair production occurs. Figure 1.7 shows the x-ray,
electronic, and atomic processes that are relevant for x-ray—matter interaction at
moderate x-ray energies. Most x rays are absorbed by inner-shell electrons, creat-
ing excited atoms. For example, 10-keV x-ray photons lead to the ejection of pho-
toelectrons with a kinetic energy of several keV. The atom then relaxes through
fluorescence or auto ionization, such as Auger decay, with the emission of anoth-
er electron with an energy of several hundred eV. For lighter atoms, Auger decay
dominates over fluorescence, as discussed in Section 2.2.2. Both Auger- and pho-
toelectrons interact with other atoms in the material through electron impact ion-
ization. The ejected secondary electrons have kinetic energies of typically a few to
tens of eV. Each x-ray absorption step leads to a cascade of ionization events. When



1.5 Introduction to X-Ray—Matter Interaction Processes

108 . . . ;

pair production

10° | inelastic scattering i

X-ray photon energy (keV)

photoionization

100 1 1 1 1
0 20 40 60 80 100

Atomic charge number

Figure 1.8 Dominant interaction processes of x rays with atoms as a function of atomic charge
number and photon energy [5, 32].

the electron density becomes sufficiently high and the electron temperature is low,
electrons start to recombine through three-body recombination. At the same time,
electrons equilibrate among themselves. On a somewhat longer time scale, elec-
tron—ion equilibration occurs.

1.5.2
Energy and Time Scales

Figure 1.9 shows characteristic time scales and energies of the processes occurring
in materials irradiated by short x-ray pulses. Within tens of fs, the relatively high
photon energy is transferred to a photoelectron and then distributed over multiple
secondary electrons in a cascade process [33]. The intensity and duration of the
x-ray pulse determine the temperature and density of the quasi-free electron gas.
The electron dynamics, characterized in large part by the electrons’ inelastic mean
free path, determine the evolution of the material.

For short pulses, such as generated by x-ray free-electron lasers, energy trans-
port is usually insignificant during the pulse, and the absorbed x-ray dose roughly
corresponds to the energy density in the material. For relatively large x-ray doses
in excess of 1eV/atom, the irradiated material turns into a plasma. Between ap-
proximately 1 and 50 eV/atom, the plasma is warm and dense, and beyond about
50 eV/atom, the plasma is hot. On a time scale of 1 ps = 10712 s, the hot electrons
equilibrate with the cold ions. For high x-ray doses, this leads to a thermalized plas-
ma, whereas for low x-ray doses around 1 eV/atom or less, the material can undergo
thermal melting on a time scale of 1-10 ps. Then ablation can occur, which is the
removal of material from the surface. Since ablation requires the motion of large
amounts of masses, it proceeds on a significantly longer time scale. Even if the
x-ray dose is too low for thermal melting, it can still generate large temperature
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Figure 1.9 Characteristic time scales and energies in short-pulse x-ray—matter interaction for
a low-Z material irradiated by a 10-keV x-ray pulse of 70-fs duration. Reprinted with permission
from [37].

gradients, which will induce a pressure wave. When this pressure wave is reflected
from the free surface of the material, large tensile stresses are generated, which,
in turn, can lead to spallation (internal rupture followed by ejection). Spallation oc-
curs on a time scale of 10-100 ps. If the x-ray dose induces tensile pressures that
are too low for spallation, the material may still undergo thermal fracture on a time
scale of 100 ps to 1ns. Thermal melting, ablation, and spallation are discussed in
more detail in Sections 8.3.1, 8.4, and 8.6, respectively.

At around 1 eV/atom, the number of dislodged electrons may be so large that the
energy structure holding the atoms in place is significantly perturbed, leading to an
ultrafast order—disorder transformation on the time scale of hundreds of fs. This
process is also called nonthermal melting and is discussed in Section 8.5.1.

During the time the electrons interact with the material, heat conduction is tak-
ing place. Various channels exist for extracting heat from the x-ray interaction zone,
ranging from quasi-ballistic fast-electron transport over thermal-electron heat con-
duction to atomic-(phonon)-heat conduction. Not all these processes may be op-
erational, and the relevance of heat extraction from the interaction zone depends
also on the size of the sample and the characteristics of the x-ray beam. Electron
transport is treated in Chapter 5.

153
Length Scales

Multiple length scales are relevant for characterizing the energy deposition through
X rays in matter. As a clarifying example, we will analyze the case of a 10-keV x-ray
beam irradiating a semi-infinite solid. We denote the grazing angle of incidence
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by 6, so that & = 90° corresponds to normal incidence. This example is directly
relevant for grazing-incidence x-ray optics. The penetration depth d, of the x rays
depends on the angle of incidence, the x-ray wavelength A, and the optical proper-
ties of the material through (4.47). Figure 1.10 shows d,, as a function of the atomic
charge number Z for different angles of incidence. Overlaid on these curves in gray
is the range d, of the photoelectrons that are created by the 10-keV x-rays. When an
electron penetrates a solid, it gets scattered and deposits its energy in a plume-like
volume. The electron range is the straight-line penetration distance in a solid and
is approximately [34]

1.66
d, ~ 0.07—— (1.34)
p

where d, is given in um, E, is the initial electron energy in keV, and p is the mass
density in g/cm?. The electron straggle dy,, is the width of the interaction volume
of an electron in a solid perpendicular to the penetration distance. Typically, ds;, is
smaller than d,.

The interaction volume of an x-ray beam in a material depends strongly on the
angle of incidence and the polarization of the incidence x-ray beam due to two
effects. First, the relative magnitude of the x-ray penetration depth d, and the
electron range d, are dependent on the angle of incidence. For normal incidence,
dy > d., whereas for grazing incidence there are multiple materials for which
d. > d,. Secondly, the emission direction of the photoelectrons is in the direction
of the electric field vector, which is perpendicular to the direction of the x-ray beam.
The different interaction modes are illustrated in Figure 1.11. In this analysis we
assume that the pulses are sufficiently short so that we can neglect thermal trans-
port. Since photoelectrons escape from the interaction region of the x rays with

Depth (um)

electron

10—4 I 1
10 20 30 40 50 60 70 80 90

Figure 1.10 Penetration depth of 1-keV x-ray photons in materials of different atomic charge
numbers Z for different off-normal angles of incidence. Also shown in gray is the range of the
photo electrons.
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(a} (b) {c)

Figure 1.11 Interaction volume of a linearly polarized, small x-ray beam with a semi-infinite
sample for normal incidence (a) and grazing incidence (b and c). The sum should be taken as
the geometric sum, for example (d; ' + d;)) ™.

str

the material, this volume will be positively charged. The full excitation volume de-
pends on d,, the electron range d,, and the electron straggle ds,,. To bring out the
different effects, we neglect the effect of the beam size and assume that the x-ray
beam has a relatively small diameter in comparison with d, and d,. For normal
incidence, the lateral size of the interaction volume is determined by the electron
range and straggle. This effect is washed out for larger-diameter x-ray beams. For
grazing incidence radiation, the actual interaction volume is larger than the x-ray
penetration depth due to the range or straggle of the photoelectrons, depending on
the polarization of the x-ray beam. This effect occurs both for small and large beam
diameters.

1.5.4
Size Effects

In structures that are small in comparison to the electron range d,, a substantial
fraction of the electrons escape the sample, leaving a positive charge behind. For
high-intensity x-ray pulses, the accumulated charge becomes so large that the elec-
tron dynamics is affected by electrostatic forces. As a consequence, electrons with
lower kinetic energy are electrostatically trapped. In increasing order of cumulated
positive charge, secondary electrons, Auger electrons, and photoelectrons are con-
fined to the sample. Electrostatic charge trapping is strongly dependent on the x-ray
pulse characteristics, such as pulse energy and length, as well the detailed sample
geometry. It is described in more detail in Section 5.8.

1.6
Databases Relevant to Photon—Matter Interaction

Numerous databases are available that list constants and materials data relevant
to x-ray-matter interaction. Most of these databases can conveniently be accessed
through the Internet.



References

The x-ray data booklet lists x-ray properties of the elements, describes properties
of synchrotron radiation, x-ray optics, and detectors, and discusses x-ray and elec-
tron scattering processes. It can be accessed at http://xdb.Ibl.gov (last access: 15
May 2011). The x-ray data booklet is published by the Center for X-Ray Optics at
the Lawrence Berkeley National Laboratory. They also provide access to the Henke
tables [35] for the atomic scattering factors and other x-ray properties of the ele-
ments at http://henke.lbl.gov/optical_constants (last access: 15 May 2011). On this
website, one can also find online calculators for the index of refraction, attenuation
length, transmission, and reflectivity of compound materials.

The Physics Laboratory of The National Institute of Standards and Technology
(NIST) makes several x-ray databases available. The X-Ray Attenuation and Absorp-
tion for Materials of Dosimetric Interest (XAAMDI) database lists the photon atten-
uation coefficients for elements with Z from 1 to 92 and some compounds, be-
tween 1keV and 20 MeV. The XAAMDI database is available at http://www.nist.
gov/physlab/data/xraycoef/index.cfm. The Photon Cross Section Database XCOM
provides the photon cross sections for scattering, photoelectric absorption, and pair
production between 1keV and 100 GeV for elements, compounds, and mixtures
with Z < 100, accessible at http://www.nist.gov/physlab/data/xcom/index.cfm
(last access: 15 May 2011). Finally, the X-Ray Form Factor, Attenuation and Scattering
Tables (FFAST) lists atomic form factors, photoelectric attenuation coefficients for
atoms and just the K shell for Z ranging from 1 to 92 between 1eV and 1 MeV. The
database [36, 37] can be accessed at http://www.nist.gov/physlab/data/ffast/index.
cfm (last access: 15 May 2011).

Lawrence Livermore National Laboratory has assembled multiple databases of
photon and electron data. Of particular interest are the Evaluated Photon Data Li-
brary, *97 Version (EPDL97) [5], the Evaluated Electron Data Library (EEDL) [38], and
the Evaluated Atomic Data Library (EADL) [39]. The EPDL97 database describes
the interaction of photons with matter and the production of secondary photons
and electrons. It contains data on coherent and incoherent scattering, photoelec-
tric reactions by atom and subshell, pair production reactions, and triplet produc-
tion reactions for photon energies between 1eV and 100 GeV. The EEDL database
describes the interaction of electrons with matter for Z from 1 to 100 and for
electron energies between 10eV and 100 GeV. It contains information on elas-
tic scattering processes, ionization reactions, Bremsstrahlung, and excitation. The
EADL database describes the relaxation of ionized atoms through fluorescence
and Auger and Coster—Kronig reactions, and it specifically contains information
on transition probabilities. The documentation and the databases can be accessed
at http://www-nds.iaea.org/epdl97.
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2
Atomic Physics

X-ray—matter interaction is based on the interaction of radiation with individual
atoms since x-ray energies allow access of the inner atomic shells and the wave-
lengths are on the order of the mean distance between nuclei and electrons. The
detailed atomic configuration needs to be considered to understand these dynam-
ics. The interaction may be modified by the environment of the atoms in plasmas,
solids, or molecules. In Section 2.1 we summarize the physics describing the states
in which atomic systems can be found, and in Section 2.2 we discuss the transitions
between these states. Both topics require a quantum-mechanical description.

2.1
Atomic States

We now summarize how quantum mechanics can be used to obtain the detailed
configuration of atoms with single and multiple electrons. This can be used to
determine the electron density distribution around a nucleus and with that the
x-ray scattering properties of atoms, as discussed in Section 3.2. We also outline
the structure of the periodic system of the elements since we will consider the
trends of x-ray—matter interaction processes as a function of the nuclear charge
number throughout this book. In Section 2.1.3.3 we mention the Dirac equation
which is needed to understand some high-intensity x-ray-induced processes (see
Section 7.5.1). We then simplify the discussion by introducing the hydrogenic mod-
el in Section 2.1.6; it is sufficient for our purposes to limit the description of most
atomic transition processes in Section 2.2 to this approximation.

We use the coordinate representation of the Schrodinger picture. We consider
an atomic system consisting of a nucleus with charge Ze, mass M, coordinate
vector R, and spin coordinate ¥, and N electrons, each with charge —e, mass m,,
coordinate vector ry, and spin coordinate 0. The state of this system is described
by a time-dependent wavefunction

b (Rn,Zn, r1,01,...,¥N,ON, t) = <Z5(Xn,x1,...,xN, t) (21)

=& (X, X, 1), (2.2)

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
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with X, = (R,, 2y), ¢ = (rk, 0k), and X = (x1,..., xy). The time evolution of
this state is described by the Schrédinger equation
0D (X, X, t)

H® (X, X, t) = ih (2.3)

at '
where H is the Hamiltonian of the system. If H does not explicitly depend on time
and if ¥ (X, X, t) is an eigenfunction of H with eigenvalue E, viz.,

HY (X, X)= E¥ (X,, X) , (2.4)
then the solution of the time-independent Schrodinger equation (2.4) is
D (X, X, t) = e H W (X, X) . (2.5)

Because H is a Hermitian operator,” E is a real number.

2.1.1
Center-of-Mass Motion

We first decouple the center-of-mass (CM) motion of the system. We will ignore the
effect of the spin initially but will include it later in the framework of the relativistic
Dirac equation. The nonrelativistic Hamiltonian is given by

P’ ANy Ze?
H = 1 e —
St = oM, +;(2me 4JT,EO|I','—Rn|)

+Z Z 4J'ceo|r,—rj|’ (2.6)

i=1j=i+1

where P, and p, are the momentum operators for the nucleus and electrons, re-
spectively. The CM coordinate is given by

M, R, + m, Z,N=1 r;

="M tNm, 27
and the relative distance coordinates are given by

Fi=r;— Ry (2.8)
We can then rewrite the full Hamiltonian from (2.6) as

Hpui = Hey + H,  with (2.9)

HCM— oM M, Z Z pip;; (2.10)

i=1j=i+1

1) A Hermitian operator A is a special operator for which [ W*A¥,dV = ([ ¥} A¥, dV)*. The
eigenvalues of a Hermitian operator are real. Observable quantities in quantum mechanics are
represented by Hermitian operators.
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N p N 72 N N o2
Fi B — (2.11)
Z:Z §4neo|r | Z;J:Zi_:i_l 4eo|r; — 7
M =M, + Nm,, (2.12)
= _M.me (2.13)
= M, +m,’ '
N
P=P,+) p,=—ihVg, and (2.14)
i=1
Pi=1D.,— %P = —ihV; . (2.15)

Assuming M, > m,, we neglect the p; - p; mass polarization term in (2.10),
and the CM motion is decoupled from the internal motion of the electrons: The
eigenfunctions of the CM motion are known, @c (R, t) o< exp(—i K-R—i Ecpt/h)
with eigenvalues Ecy = hK2/M, and we only need to solve an effective N-body
Schrodinger equation for the relative motion of the electrons,

HY (f1,...,7x) = E¥ (F1,..., 7) - (2.16)

The solution of the Schrédinger equation of the N + 1-body system is then given
by the product @¢ (R, t) D (r) exp(—i Et/h).

2.1.2
Constants of Motion

The mean value of a Hermitian operator A representing an observable of a system
in a state described by the wavefunction @ is given by

= / DFADAV . (2.17)

Using the time-dependent Schrédinger equation (2.3), the temporal evolution of A
is given by

*
dA /@*_¢dv+/(3§ AD + @* A"’aﬁ) av (2.18)

= —+ -[H A 2.19
L e 219
where the commutator is defined by [H, A] = HA — AH. If A does not explicitly
depend on time, dA/dt = 0, and the expectation value of A is a constant of motion
if A commutes with H. For example, the energy of a system that is described by a
time-independent Hamiltonian is conserved.
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2.13
Atoms with a Single Electron

We will now discuss the one-body (hydrogenic) Schrédinger equation and how it
relates to the relativistic Dirac equation.

2.1.3.1 One-Body Schrédinger Equation
By separating out the CM motion, the nonrelativistic hydrogenic Hamiltonian can
be simplified to

Ho Py v(r), (2.20)

2u
where u = M,m,./(M, + m,), p is the momentum operator (2.15) for the rela-
tive nucleus-electron motion, and r = r, — R, is the relative distance coordinate.
We then need to solve an effective one-body Schrédinger equation for the relative
motion,

HY(r)= E¥(r). (2.21)

2.1.3.2 The Radial Schrédinger Equation
We now consider a two-body system with a potential energy V(r) that depends only
on the separation r = |r|. In this case, the components of the angular momentum,

L=rxp (2.22)

as well as > = L% + L2 + L% are constants of motion. In general, a physical
system is fully described by a complete set of commuting observables, where com-
plete means that there is no other independent observable that commutes with all
members of the set. In this case, H, L? and one component of L, for example L,,
form a complete set of observables for the particle.

We can rewrite the Hamiltonian (2.20) as

Ly (N i 2.3
T 2u \drt T oror  r2h? () - (2.23)

The eigenvectors of L? and L, are the spherical harmonics Y;,,(6, ¢),

LYy ,(0,¢) = (1 + DAY, (0, 9), and (2.24)
with the angular momentum quantum number I = 0,1,... and the azimuthal
quantum number m = —I,—1 4+ 1,...,]1 — 1, 1. The solution to the Schrédinger

equation (2.21) can then be written as

W (r) = Ry(r)Yim(0, 9) . (2.26)
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It is convenient to set

1
Ri(r) = Zwi(r), (2.27)
where u(r) satisfies the radial Schrédinger equation
2
Hyu(r) = [_ﬁﬁ + ngf(r):| ui(r) = Euy(r), with (2.28)
I+ )n?
Vegs(r) = —5—5— + V(). (2.29)

Physically admissible solutions to (2.28) require that u(r) & r'+'as r — 0, and
that u;(r) be square integrable, that is fooo ui(r)dr is finite.

For a general potential energy V(r), the radial Schrédinger equation (2.28) can
be solved numerically. For the specific case of a Coulomb potential,
1 Zé?

VI =~ (2.30)

the radial eigenfunctions of the bound states are
Tn—1—)"2 0 2r N\ e L [ 2r
| (LD w7 L =), e
na(r) n [ az(n+1)! naz ¢ b nay (2:31)

where L¢ is the generalized Laguerre polynomial, and a the radius,

_ 4meh’ 0.529A

= ~ 2.32

bz mZe? Z ( )

The radius a; for hydrogen is called the Bohr radius and is typically designated
ao. The principal quantum number » is limited to n = 1,2, ..., the angular mo-
mentum quantum number [ is limited to I = 0,1,...,n — 1, and |[m| < I. The

energy eigenvalues, which are independent of the angular momentum quantum
numbers, are

Hh2
m 2
E, = -2 ZZ ,  with the Rydberg energy (2.33)
n
me* h? 5
Ry, = ~13.61Z2eV. (2.34)

- 8e2h?  2mal

2.1.3.3 The Schrédinger Equation as the Nonrelativistic Limit of the Dirac Equation

The time-dependent Schrodinger equation is not form-invariant under Lorentz
transformation since it is linear in time and quadratic in spatial derivatives. To
describe a free electron in a relativistically covariant way, Dirac showed that it is
necessary to replace the one-component wavefunction by a four-component spinor,

(
D(r,t) = E (2.35)
(
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The spinor @ (r, t) fulfills the covariant Dirac equation,

D
iha (r,t)= h_c otli~|—otzi~l—ot3i + Bmc? | D(r,t),
i 0x! 3

ot dx? 0x
(2.36)
where in standard representation
oo
1
a; = 00.0 o o | (2.37)
! 0 0
1 0 O 0
01 O 0
F=1o 0 -1 o (2.38)
o 0 0 -1

The Pauli matrices are given by

0 1 0 —i 1 0
01=(1 0)’ azz(i 0), and 03=(0 _1). (2.39)

Setting @ (r,t) = W (r)exp(—iEt/h) and inserting in (2.36), we obtain the time-
independent Dirac equation,

E¥(r)= (ca-p+ Bmc*) ¥(r). (2.40)

To describe the motion of a particle in a central potential energy V(r) instead of in
free space, we add V(r) to the Hamiltonian in (2.36) and (2.40). Using the notation

_ | Pl
Y(r) = [,I,:(r)] , (2.41)
_ [
Wy(r) = [‘I’l (r)} , and (2.42)
.
Wy(r) = [Wigﬂ (2.43)

instead of (2.35), we can rewrite the time-independent Dirac equation (2.40) as two
coupled equations,

0-pWs(r)=—[E— V(r)— mc®| Wa(r), and (2.44)

Q= o

0-pWa(r) = = [E = V(r) + mc*] Wg(r). (2.45)

For a free electron at rest, the Dirac equations (2.44) and (2.45) reduce to 0 =
(E — mc®)Wa(r) = (E + mc?)Wp(r). There are two solutions with positive energy
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E = mc*(Ws = 0and ¥, = (10)7 or (01)7), and two solutions with negative
energy E = —mc? (W4 = 0and W5 = (10)7 or (01)7). The solutions with positive
energy describe an electron in its two spin states, and the solutions with negative
energy can be interpreted as a positron, the antiparticle to the electron, also in its
two spin states. For particles that are not at rest, the positive energy solutions show
a component ¥p(r) # 0 that is usually small unless E > mc?.

We now consider the nonrelativistic limit of the time-independent Dirac equa-
tion (2.44) and (2.45). As described in more detail in [1], we solve (2.45) for Wg(r)
and insert it in (2.44), and obtain

-1
(€ = V(1)) Wa(r) = % {a-p |:1 + e——V(r)i| 0'-p§ Wy(r) . (2.46)

2mc?
Here we set € = E — mc?. With {1 + [e — V(r)]/2mc?} 71 ~ 1 —[e — V(r)]/2mc?
and (¢ - p)(o - p) = p?, we obtain the lowest order correction (x v%/c?) to the
nonrelativistic Schrédinger equation,

e—V(r)7] p? ho 1dV(r)
<aln = 1[1 T ame ] am Tamay ar 7P 247
ho1dV
4m2c2 ?%0 (r 0)} Falr) (249
v’
~ [E ~ i VI + His + HDi| Wy(r) (2:49)

where we have set S = %0/2 and L = r x p for the electron spin and orbital
momentum, respectively, and

H 1 14V d 2.50
=——— n .
BT omac2y dr ? (2:30)
n o,
for the so-called spin—orbit interaction and the symmetrized Darwin term, respec-
tively. For the Coulomb potential energy V(r) = —Ze? /47e,r we obtain
His= 22 115 and 252
f— —L- n .
ks 47eq 2m2c? 13 4 (2:52)
1 h? Ze?
T2 5(r). (2.53)

D="T"">55
4mtey 2m?c?

Solving the (2.49) for this case, the energy eigenvalues can be written as

e~ Ry | Lo n 3 (2.54)
n,j Yz n2 n2 j+% 4 B .

with the total angular momentum quantum number j = [ + m, and the spin
quantum number m; = 4+1/2 or —1/2. The fine structure constant is given by a =
€2/(hc) ~ 1/137. The second term in (2.54) describes the fine structure lowering
of all energy levels.
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2.14
Atoms with Multiple Electrons

We now consider the N-electron problem. Even though the decoupling of the
center-of-mass motion from the full Hamiltonian (2.9) is a significant simplifi-
cation, the electron—electron interaction, represented by the third term in (2.11),
makes accurate calculations difficult. If this third term were absent, the Hamil-
tonians in (2.11) would simply be the sum of N single-particle Hamiltonians,
whose eigenfunctions ¥;(x}) are given by the one-electron solutions (2.26). Even
so, the indistinguishability of the electrons does not allow us to simply write
W(x1,...,%5) = [11—; Pi(x): If the coordinates of any two particles j and k are
exchanged, the value of the probability density | ¥ (x1, ..., xy)|* does not change.
In nature, the exchange of any two coordinates in an electron system is equiva-
lent to multiplying the wavefunction by a factor —1. Particles with this property
are fermions, and their wavefunction has to be totally asymmetric. In this case,
Y(ry,...,ry) can be constructed from the Slater determinant, which is the anti-
symmetrized product of single-particle eigenfunctions,

1 'I’l(xl) Wl(xN)

II/(.’)C'l,...,.’)C]\])=—,m

: (2.55)
'I’N(xl) II’N(XN)

Generally, the electron—electron interaction term in (2.11) is important and can-
not be neglected. Various approximate schemes for solving (2.16) have been de-
vised. A particularly successful class of schemes uses a mean single-particle po-
tential, which is a modified (non-Coulombic) single-particle potential V(r) that ac-
counts for a large part of the electron—electron interaction. Such schemes formally
retain the independence of the electrons, and states can still be classified by the
principal quantum number n, the angular quantum number /, the azimuthal quan-
tum number m, and the spin coordinate m,. We designate states with the same
principal quantum number n as shells, and states with the same value of n and 1
as subshells. It is customary to label the shells for n = 1,2,3,4,5,6,7, ... with the
capital letters K, L, M, N, O, P, Q, ... According to the Pauli exclusion principle [2],
the number of single-particle states in each subshell is 2(2] + 1), so that in the
1=0,1,2,3,... subshells, denoted by s, p, d, f, .. ., there are 2, 6, 10, 14, . . . unique,
one-electron states. As discussed in the next section, the ground-state wavefunction
is built up by successively filling the subshells. For a pure Coulombic potential, all
states within a shell are degenerate, see (2.33). In a more general central potential,
this degeneracy with respect to ! is lifted; a noncentral interaction lifts the degener-
acy with respect to m.

One particular mean single-particle potential method is the Hartree—Fock
method, which is based on a total wavefunction given by the Slater determinant
(2.55). We assume that the single-particle eigenfunctions ¥;(x) are orthonormal-
ized. Using a variational approach it can be shown that the optimal wavefunction,
that is the wavefunction with the lowest total energy among wavefunctions of
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the form (2.55), can be constructed from single-particle states ¥; that fulfill the
Hartree—Fock equations

N 2 W, N2
€W (¥) = h(x)Vi(x) + Y U %d"} v, (x) (2.56)
j=1
N W (x')Wi(x')
J . .
_J; [/ m} ¥j(x), with (2.57)
by =~ v N (2.58)
2m 4meor

where ¥} are occupied and unoccupied single particle states. Note that the sum
in (2.56) runs only over the occupied single particle states ¥,..., ¥y. Equa-
tions 2.56 are nonlinear eigenvalue equations in that the operator depends on
the eigenfunction, so that this is a self-consistent-field approach. In practise, a
self-consistent solution to the Hartree—Fock equations is obtained numerically by
guessing an initial solution, calculating the mean potentials, and then solving
the eigenvalue equations for an improved guess of the wavefunctions and so on.
Electron—electron correlation effects are neglected in the Hartree—Fock approxi-
mation, and a number of approaches have been devised, called post-Hartree—Fock
methods, to address this issue.

Other methods have been suggested to solve the N-electron problem (2.16), in-
cluding the Thomas—Fermi model, based on the single-particle density of a de-
generate free-electron gas, as well as more elaborate density-functional methods,
based on Hohenberg-Kohn theorems. The reader is referred to the literature [3, 4]
for details.

2.15
The Periodic System of the Elements

The atomic ground-state wavefunction can be built up by successively filling the
subshells of single particle states. The subshells are filled in the order 1s, 2s, 2p,
3s, and 3p. The next subshells are 4s and 3d which are nearly degenerate. The
outer electrons determine the chemical properties of the atoms. The complete
set of quantum numbers n and ! of the occupied shells define the configuration
of an atom. Figure 2.1 shows the configuration of the atoms in their ground
state. For example, the configuration of a carbon atom is [Be] 2p* = 1s%2s%2p?,
which means that the 1s and 2s single-particle states are completely filled and
that the 2p shell contains two electrons. As an abbreviation, we denote all the
filled subshells of an element by brackets around the element symbol, for example
[He] = 1s2.

The electron configuration does not completely determine the state of an atom.
For example for carbon, there are 2(2] + 1) = 6 possible states for the first 2p elec-
tron, and 2(2] 4+ 1) — 1 = 5 possible states for the second 2p electron. Since the
electron—electron interaction of these states is slightly different, their energies vary.
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2.1 Atomic States

In addition, spin—orbit interaction, see (2.50), further lifts the degeneracy. Whereas
states with different configurations differ in energy by several eV, energy differ-
ences due to electron—electron interaction for the same configuration are on the
order of 0.1 eV. For light elements, spin—orbit splitting is even weaker, on the order
of 1072 to 103 eV.

We now introduce the spectroscopic notation to characterize the state of the
atoms. If the spin—orbit interaction is negligible, then L = Y. L; and § =
ZiN=1 S, are constants of motion, so that their components and L% and S? com-
mute with the Hamiltonian. The eigenvalues of L? are L(L + 1)%%, with L =
0,1,2,..., labeled S, P, D, ... The states are (2L + 1) times degenerate in L,. The
eigenvalues of §? are S(S + 1)A%, and are (2S5 + 1) degenerate in S, so that the
total degeneracy is (2L + 1)(2S + 1). The state is characterized by the term symbol
25411, For example, 3 P corresponds to a state with S = 1and L = 1. If spin—orbit
coupling is not negligible, then L and S do not commute with the Hamiltonian
anymore, but ] = L + S is still a constant of motion. Possible values for J are
|[L—S|,|[L—S|+1,...,]L+ S|. These states are 2] + 1 times degenerate in J,.
The term symbols for these states are 2571 L ;. For example, * D5/, means S = 3/2,
L =2,and J = 5/2. Note that only at the beginning of the periodic table can one
clearly assign a value for L, S, and ], since L and S are approximately constants
of motions. For heavier atoms, the spin—orbit coupling is so strong that for each
electron J; = L; + §; is approximately a constant of motion instead, and these
angular momenta are strongly coupled.

The term symbol corresponding to the ground state can be determined using an
empirical set of rules, Hund’s rules, to yield the total J = ", J; and its projection

J. = Zi (]z)i:

1. For a given configuration, the state with the largest value of S has the lowest
energy.

2. For a given value of S, the state with the largest value of L is energetically lowest.

3. For given values of Sand L, ] = |L — S| if the shell is filled less than half, and
J = L+ S if the state is more than half filled.

The first two rules are due to the minimization of the effect of the short-range
electron—electron repulsion. The periodic table in Figure 2.1 also shows the term
symbols of the atoms in their ground states.

2.1.6
Screened Hydrogenic Model

The many-electron models discussed above are rather involved. If atomic ioniza-
tion and emission profiles of systems with various ionization states are to be de-
scribed (e.g., for plasma spectroscopy), the screened hydrogenic ionization model
is much more practical and sufficient for our purposes. The screened hydrogenic
ionization model can be justified in the framework of the WKB method [1, 5-7]
that is a semiclassical approximation to quantum mechanics.
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2.1.6.1 Semiclassical Approximation (WKB Method)

Similar to geometrical optics being the limiting case of wave optics for short wave-
lengths, a quantum-mechanical system tends toward classical behavior if the de-
Broglie wavelengths of the particles are much smaller than characteristic dimen-
sions of the system. Considering the case of a single particle, the wavefunction
describing the system can generally be written as

D(r,t) = a(r, t)er SO | (2.59)

where S and a are real functions. To determine the time evolution of S and a (and
therefore @), we insert (2.59) into the time-dependent Schrédinger equation (2.4).
Separating into a real and imaginary part, we obtain

s 1 n?

0= — + — (VS + V— V2 2.60
ot 2m( e+ 2ma “ ( )

0S 1 2
— o + o (VS)"+V forh — 0,and (2.61)

da? Vs
o a_atJrV' (az_)_ (2.62)

m

Notice that in the classical limit# — 0, (2.61) is the classical Hamilton—Jacobi equa-
tion for the evolution of the action S of a particle. Equation 2.62 is the continuity
equation for the probability density as the particle evolves according to the laws of
classical mechanics, (2.61).

In the WKB approximation, we consider the one-dimensional motion of a point
particle, and we assume that the wavefunction @ (r, t) = ¢'8(e*F*/? is a stationary
solution of the time-dependent Schrédinger equation with eigenvalue E. Inserting
e'8(") into the time-independent Schrodinger equation (2.21), we obtain a differen-
tial equation for the complex-valued function g(r),

S M W /7"
g(r)==* 5 14+ lp(r)zg (r) (2.63)
~ 20 ~
~ + - + sz(r)g (r) forsmall#, (2.64)
where p(r) = /2m[E — V(r)] is the local momentum. Since g'(r) ~ £p(r)/h,

g’ (r) &~ £p’(r)/h. Inserting g”(r) into (2.64) and integrating over r, we obtain the
WKB approximation to the wavefunction,

; 1 i (T 7 /
Wya(r) = e o _p(r)eiﬁf prydrt (2.65)

Note that Wygp can simply be obtained from an integral over p(r) which often
allows for analytical solutions. Wy is an oscillating function in the classically
allowed region E > V(r), and is monotonically decreasing or increasing in the
classically forbidden region E < V(r). A necessary condition for the semiclassical
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solution Wykp to be a good approximation to the exact solution of the Schrédinger
equation is that the de-Broglie wavelength A(r) = h/p(r) varies only slightly over
distances of the order of itself,

<1. (2.66)

Yykp is a poor approximation near the classical turning points for which E = V(r)
or p(r) = 0. To obtain a solution for the whole space, different Yyxg functions,
each solution between classical turning points, have to be matched. Connection
conditions can be obtained by using the exact of the Schrédinger equation near the
turning point, assuming a simplified form of the potential, or by formally regarding
Yywis(r) as a function of a complex variable r, and integrating along a path around
the turning point, thereby avoiding the divergence. For the specific example of a
turning point at r = a, where only one side is classically accessible, and the other
side is classically inaccessible, and assuming that Yygg(r) — 0 for |r| — oo in the
classically inaccessible region, the connection condition is [1, 6]

; IC( )le_}T Ja pnar] for V(r) > E
IIIWKB(T’) = pir i . (267)
%cos[%“a p(r)dr|—%] for V(r) < E

In the case of a finite one-dimensional motion of a particle in a potential well b <
r < a, bounded by the two turning points a and b, the connection condition (2.67)
leads to a quantization of the energy levels. According to the boundary condition at
r = b, the wavefunction in the classically accessible region is

Yywis(r) = ¢ cos l /p(r)dr _z , (2.68)

V() _h / |

and according to the boundary condition at r = a,

Yywis(r) = \/%cos %/p(r)dr —% . (2-69)

r

Considering that both expressions (2.68) and (2.69) have to agree throughout the
region, we obtain the quantization rule

1
¢p(r)dr=23‘ch (n—l—z) withn =0,1,..., (2.70)

and C = (—1)"C’. $ p(r)dr = 2 [, p(r)dr is the integral over one period of the
classical particle motion.

2.1.6.2 Semiclassical Approximation for Single Electrons

in a Centrally Symmetric Field

In a centrally symmetric field, the solution @ (r, t) can be written as the product of
an angular part Y}, (6, ¢) and a radial part R;(r), as in (2.26). It has been shown
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that u;(r) = rRy(r) satisfies the radial Schrédinger equation (2.28) with u;(0) = 0.
We can apply the WKB formalism to this case and set for the classical momentum
I(+1))"

p(r) = {Zm[E— V(r)]—hz%} , (2.71)
where the electrostatic energy V(r) may be obtained from a (separate) self-consistent
field calculation. p(r) is zero at the classical inner and outer turning points r; and
r,. We can then use the quantization rule (2.70) to obtain the electron energy levels
E, ;. Using (2.69), the radial wave function is given by

Ryi(r) o \/%sin {% + %h/p(r’)dr’:| . (2.72)

The semiclassical approximation is only valid if condition (2.66) is satisfied, which

means that I > 1. If | is small, the semiclassical approximation is not valid for
small r, and we have to determine the phase of u;(r) by matching the phase for
large r. It can be shown that in that case we have to use [2]

1)2 /
p(r) = {Zm[E — V()] - hz%é (2.73)

instead of (2.71).
We now introduce a screened charge Z(r) and an effective charge Q(r) by defin-

ing
2
V(r) = —ﬂ?; . and (2.74)
AUy Q(r)é
=~ dr — 4mepr? (275)

Q(r) is the nuclear charge reduced by the inner screening associated with the elec-
trons at ' < r, and Q(r) = Z(r) — rZ’(r). For each shell with principal quantum
number n and average orbit radius r, we approximate

Z'(r, et Qne?

V(r) =~ Y(r) = — , 2.76
" o 47e) 47egr (2.76)
with Q, = Q(r,). We define the quantum defect 4, as
0
2 1y
Ay = i/ (rydr — i/ (rydr’ (2.77)
T I ah ) PO ' ’
i1 r?

with

r2

1212
Po(r) = {M[E - Vo(r)]—hzu§ : (2.78)
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and ¥ and r? are the classical turning radii associated with potentials Vy(r). The
shell radius r, is taken as (9 + r9)/2. The quantum defect 4, is zero for a hydro-
genic potential V(r). Applying the quantization rule (2.70), we obtain

1
wh (nr + E) = /p(r/)dr/ (2.79)
= nthd, +/po(r’)dr’, (2-80)

with n, = n— 1 — 1. Since

2 " 1

/po(r’)dr’ — “mQ —h (l n —) , (2.81)
ZZZ/(YVL) 2

0 4meg, [ —2m [E — e ]

we obtain the WKB approximation for the energy levels,

270 22
B =2 e, _, (2.82)
47eg 8megag (n — A,)

with ag = 4megh?/me?. The first term in (2.82) is an energy shift due to outer
screening, and Q,, is the effective charge including inner screening.

2.1.6.3 The Screened Hydrogenic lonization Model

The screened hydrogenic ionization model provides a simplified description of the
energy levels of ions in various charge states. It is of modest accuracy (25% rms
deviation from the ionization potentials calculated using Hartree—Fock—Slater the-
ory) but it is very fast and gives energy levels of atoms even in very exotic states.
The model is motivated by the semiclassical WKB theory. We denote the population
of the nth shell by P, with 0 < P, < 2n?. Similar to (2.82), we write the energy
eigenvalue E, of the nth shell as

2 ,2
En:EO— Qne

, 2.83
8megagn? (283)

where we neglected the quantum defect 4, given by (2.77). We assume that the
screened nuclear charge Q, depends linearly on the population of inside shells,

n—1

Qu=2-) o(nmP,— %o(n, nP,, (2.84)

m=1

where the coefficients o(n, m) describe the screening of an electron in the nth shell
by one in the mth shell. For the outer screening, we assume an expression of the
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Table 2.1 Screening constants for screened hydrogenic ionization model [8].

o(m,n) n=1 n=2 n=3 n=4 n=5 n=6 n=7 n=8 n=9 n=10
m=1 0.3125 09380  0.9840  0.9954 0.9970  0.9970  0.9990  0.9990  0.9999  0.9999
m=2 0.2345  0.6038  0.9040  0.9722  0.9779  0.9880  0.9900  0.9990  0.9999  0.9999
m=3 0.1093  0.4018 0.6800  0.9155 0.9796  0.9820 0.9860  0.9900  0.9920  0.9999
m=4 0.0622  0.2430  0.5150  0.7100  0.9200  0.9600  0.9750  0.9830  0.9860  0.9900
m=5 0.0399  0.1597 0.3527 0.5880 0.7320  0.8300  0.9000  0.9500  0.9700  0.9800
m=6 0.0277  0.1098  0.2455  0.4267 0.5764  0.7248  0.8300  0.9000  0.9500  0.9700
m=7 0.0204  0.0808 0.1811  0.3184  0.4592  0.6098 0.7374  0.8300  0.9000  0.9500
m=38 0.0156  0.0624  0.1392  0.2457 0.3711  0.5062  0.6355 0.7441  0.8300  0.9000
m=9 0.0123  0.0493  0.1102  0.1948  0.2994  0.4222  0.5444  0.6558 0.7553  0.8300
m=10  0.0100 0.0400 0.0900 0.1584 0.2450  0.3492  0.4655 0.5760  0.6723  0.7612

form
1 ¢? A
E'= - ,n)P —"o(m,n), 2.85
" 24meyr, o(n,m) P+ m=2n+1 45enT (m. ) (285)
where r, = agn?/Q, is the orbit radius of the nth shell. The total ion energy is
given as
o0
Q¢
Eion = —— | P,. 2.86
on Z ( 8neqaont ) (2.86)

n=1
Using a least-squares optimization procedure, a ten-by-ten matrix of screening
constants was proposed in [8], see Table 2.1. Figure 2.2 shows the ionization en-
ergies of the different atomic shells for neutral atoms as a function of the atomic
charge number Z calculated with the screened hydrogenic ionization model. Over-
laid are experimentally obtained and calculated subshell ionization energies [9]. It
can be seen that the simple model does describe the ionization energies well, espe-
cially for lower-Z materials.

2.2
Atomic Processes

A number of different atomic transition processes operate, depending on the en-
vironment of the atom. If energy is added to the atom (or ion), an electron is
excited from a lower-level into a higher-level state. If the added energy is suffi-
ciently large, the electron may leave the atom. This promotion of an electron into
the continuum is called ionization. We generally distinguish between particle- and
photon-induced excitation and ionization processes. Table 2.2 lists the most im-
portant atomic processes in x-ray-matter interaction, along with their reverse pro-
cesses [10]. For molecules, the processes are even more diverse since in addition
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Figure 2.2 lonization energies Ej,, for the different shells as a function of the nucleus charge Z,
calculated using the screened hydrogenic ionization model (thick). Overlaid are experimentally
determined subshell ionization energies [9).

dissociation can occur. Usually only one or a few of the processes are dominant,
depending on the environment and the time scale.

2.2.1
Interaction of Atoms with Photons

In many cases it is sufficient to describe the interaction of an electromagnetic field
with an electron—ion system within the semiclassical model introduced in Sec-
tion 1.4.2, in which the field is treated classically. In certain cases, for example
for the absorption and emission of photons, it is better to consider the quantized of
the electromagnetic field. Such a framework allows us to describe x-ray scattering
(Section 3.2.1.1), photionization (Section 5.2), and multiphoton absorption process-

Table 2.2 Important atomic processes relevant to x-ray—matter interaction. X9 indicates an
atom of type X with g electrons removed. The symbol * indicates an excited state.

Process name

Process

Inverse process

Photo ionization

Photo excitation

Electron impact ionization
Electron impact excitation
Autoionization

Inverse Bremsstrahlung
absorption

X9+ hy — X9t 4 ¢~
X1+ hy — X9*

X9+~ — X9t 426~
XT+4 ¢~ — XT* ¢~

X% — x9tl 4 e~
Xl4+e 4+ hy—> X1+ *

Radiative recombination
Spontaneous emission
Three-body recombination
Collision of the second kind
Dielectronic recombination

Inverse Bremsstrahlung
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es (Section 7.2.1). We will now discuss the quantization of the free electromagnetic
field [11] including the applicability of the dipole approximation in the x-ray regime,
and introduce the principle of detailed balance, which is a useful tool to determine
the rate of inverse processes from information about the forward processes.

2.2.1.1 Quantization of Free Electromagnetic Fields

We choose to describe the radiation field by the vector function A(r) in the radia-
tion gauge, see (1.21) and (1.22). Gauge-invariance of observable quantities can be
achieved with the minimal coupling principle by replacing p; with p; + eA(r;) [12].
The electronic part of the nonrelativistic N-electrons Hamiltonian for an atom of
nuclear charge Ze and a radiation field is given by (2.11),

N 2
p; + eA(r:) .
H= Z % + V4 H,pq with (2.87)
i=1
N 2
V=- and 2.88
§4neo|r,| ;J_Zl_:{_l J'l:eo|r,—rj| (2.88)
6E-E*+ B ﬁo X
H, a4 :/fd (2.89)

We introduce a quantization of the electromagnetic field by expressing A in
terms of creation and annihilation operators for quanta of plane wave basis states,

h . "
- kz raey ke (aroe™*" +af 7)), (2.90)
o

where k is the wave vector, €, are polarization vectors perpendicular to k for
both polarizations 0 = 1,2, V is volume of a large box with periodic boundary
conditions, and wj = kc. a and a* are the annihilation and creation operator for
quanta of the field, respectively,

ko |- Mho--) = /Pho |- Bro—1...), (2.91)
OpoloBho--) = Vlko+1]onpe+1..0), (2.92)

where |...ng5...) =[], [P,0) is an eigenstate of the electromagnetic field with
n,e photons in the mode described by k and o, often referred to as the Fock or
number state. Equations 2.91 and 2.92 follow from the commutation relations

* * *
[akya, ak/,a/] = Okoly o — Oy 5 Oko = O 00,0 - (2.93)
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We can rewrite H as

H = Hy + H;,, with (2.94)
N pz
H(): ;ﬂ‘i‘ V+Hmd7 (295)
Hip = Z —p- Alri) + —A( 02 (2.96)
1—1

We assume that the interaction between the atom and the field, described by H;,,;,
is small and that we can treat it perturbatively. We can then describe the state of the
system by |atom + rad) = |atom)]|...nt, ...), where |atom) represents the many-

particle system. Note that H;,; isa sum of an p - A term, H" in t, and of an A® term,

H i(i)t, so that H;,; can be written as
Hi"t = mt + Hmt ’ with (297)
1 €
Hi(n)t — ;p - A(r) (2.98)
e i Z LP - €g (ak e_ik.r + a* Bik.r) and (2 99)
mi— 2¢gVwy 7 7 ko '
o _ ¢ | 2
Hint = ﬂA(T) (2100)
= € o 2.101
zk/z/%v e (2.101)
X [ak,gak/yo/e ikt k) g Ok o€ gihAK )T
X Ok oak/ /€ (k) "+ ak o ;ck/ € (k+k/).r:| ’

We did not include the summation over the electrons for simplicity.

The probability of transitions per unit time of an electron from an initial atomic
state i to a group of adjacent atomic continuum states fwith a density (number of
states/unit energy) p r(Ey) is given by Fermi's Golden Rule, here written to include
the higher-order terms in H;,, as

21 .
Wi = 7|M,,f|2pf(5i = Ey), with (2.102)

. Hins| D) (It | Hipg|
Mi,f = (f|Hint|l) + Z (f| E.nﬂ ;')I< j_| i17mt| )
i 1

+ Z lemtlll IllHint|12)<IZ|Hint|i)
(E; — Er, + in)(E; — Ep, + in)

(2.103)

I, I

|I1),|I), ... are complete sets of intermediate states through which higher-order
transitions occur, and # — +0. E; and E; are the total energy of atom and field
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before and after the transition, respectively. A more extensive discussion is given
in [2].

2.2.1.2 Dipole Approximation in the X-Ray Regime
The interaction Hamiltonian (2.97) contains exponential factors of the form e'*"
that can be expanded as

. kr)?
e~ 1+ikr—%+... , (2.104)

where k = 27t/ is the magnitude of the wave vector and r is the magnitude of the
radius vector. In the dipole approximation, e**" is approximated by 1. This zero-th
order has been used extensively in the optical regime where it tends to be a good
approximation because the wavelength is much larger than atomic dimension. In
the x-ray regime, this is not necessarily the case. Nevertheless, even in the x-ray
regime calculations are often performed in the dipole approximation since retain-
ing the higher-order terms in e**" is often fairly difficult. The validity of such an
approach needs to be evaluated on a case-by-case basis.

2.2.1.3  Principle of Detailed Balance
Every process has its inverse process. If we denote the forward and inverse transi-
tion rates by w;— ¢ and ws_,;, respectively, then the ratio of these rates is given by
the principle of detailed balance,
Wims _ PrE) (2.105)
wisi  pi(E)
A more extensive discussion is given in [2]. It is often useful to define the cross
section o(v) for an ionization process to occur, defined as the transition rate divided
by the current density of incoming electrons or photons.
The number of transitions per unit volume and unit time is given by multiply-
ing the reaction rate R by the densities of the reacting particles. For a two-particle
process, R is defined as

R :/f(v)vo(v)dv, (2.106)

where o(v) is the velocity-dependent interaction cross section and f(v) is the den-
sity distribution of particles with relative speed v. Similarly, we can define a reaction
rate R for a particle irradiated by a spectral photon flux d F(w)/dw as

dF(w)

We will now discuss these atomic processes and their rates in more detail.
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2.2.2
Radiative Excitation and Spontaneous Decay

In a spontaneous decay transition an excited ion relaxes from an upper level u to a
lower level I through the emission of a photon of energy AE = E, — E; = ho
equal to the energy difference between the two states. The rate of an electric dipole
transition between state u to state [ is given by [18]

2me? 2me?

_ 2 _
Ay = WAE | fus1l =

N : 2.108
mCEOhZ g |fl—>ul ( )
where g, = 2], + 1 and gy = 2], + 1 are the statistical weights. fj—., is the
absorption oscillator strength

N 2
2m 1
3y 2 (Pl ol W) (2.109)

M, My i=1

fl—)u =

which is a dimensionless quantity by which the classical absorption cross section,

1 €

47wey mc?’

Oclass = r> with . (2.110)
has to be multiplied to give the quantum cross section 04 = fi—u0lass. The ab-
sorption oscillator strength f;_,, decreases rapidly with increasing quantum num-
ber n, which means that transitions involving low-lying excited states are much
faster than those involving highly excited states. f;—., relates to the absorption os-
cillator strength through fi—, = — fu—igu/g. ' =), , A, is the sum of
the decay rates to all lower states I, then due to Heisenberg’s uncertainty relation

103; e A

107 [ i

TO L -

Linewidth T" (keV)
Life time (fs)

i i i i i i i i i
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Figure 2.3 Dependence of the partial radiative and nonradiative linewidths and the correspond-
ing vacancy lifetime on the atomic number Z for the atomic K shell [13].
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Figure 2.4 Dependence of the partial radiative and nonradiative linewidths and the correspond-
ing vacancy lifetime on the atomic number Z for the atomic L shells [13]. L1 and L; 3 indicate
missing 2s and 2p electrons, respectively.
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Figure 2.5 Dependence of the partial radiative and nonradiative linewidths and the correspond-
ing vacancy lifetime on the atomic number Z for the atomic M shells [13]. My, M2 3, and My s
indicate missing 3s, 3p, and 3d electrons, respectively.

the spectral linewidth of the emitted light is given by #I". Figures 2.3-2.5 show
the dependence of the radiative linewidths for holes in the K, L, and M shell as a
function of the atomic number Z. Generally the radiative life time decreases with
increasing atomic number, and the radiative life time is smaller for inner shell
holes.
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The transition rate for stimulated emission, U(v)B,—, is simply related to the
transition rate A, for spontaneous decay by

63

4hy3

U(v) is the radiation density. In stimulated emission, the presence of photons en-
hances the transition rate from state u to state I. The transition rate for stimulated

Ay (2.111)

Bu—)l =

emission also simply relates to the transition rate for absorption through photoex-
citation from state [ to state u, U(v) Bj—, by

gu c?

= —A . 2.112
g1 4hv3 =l ( )

By, = g_uBu—H =
A,—1, By, and B, are called the Einstein coefficients.

223
Photoionization and Radiative Recombination

During radiative recombination an electron is captured into a state where it is bound
by energy E; > 0, and a photon is emitted while conserving energy and momen-
tum. In the inverse process of photoionization, a photon excites an electron into
the continuum. Using the principle of detailed balance, we can derive the Milne
relation that connects the cross sections for these processes,

Uphoto(hw) _ 2mc? E, gi+1

= . 2.11
Orecamb(Ee) (hw)z gi ( 3)

Here, 0,po10(fiw) is the photo ionization cross section as a function of the pho-
ton energy hw, Orecomp(E.) is the cross section for radiative recombination as a
function of the free electron energy E, = hw + E;, and g;4+1 and g; are statistical
weights of the atomic states after and before ionization, respectively.

For hydrogen-like ions with nuclear charge Z, the ground-state photoionization
cross section for linearly polarized light and for 7w >> | Ey| is approximately

B 167/2r2a*2° (mcz)3'5

ok(hw) (2.114)

3 hw
where « is fine structure constant, E;; = Z2Ey, and Ey is the ionization energy
for hydrogen, and ay is the Bohr radius. Near the absorption edge for aiw > | Ey4],

By e40
O'K/(ha)) = O'K(ha))ZJ'[ ho W (2115)
with & = /| Eis|/hw — | Eq;|. These features are illustrated in Figure 2.6 which

shows the dependence of the photoionization cross section on the x-ray energy for
H, C, and Ta. The jumps in the curves are due to contributions from different
subshells. The photoionization cross section per electron is not strongly affected
by the ionization state of the ion, except for shifts in the threshold due to shifts in
the ionization energies.
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Figure 2.6 Dependence of the photoionization cross section on the x-ray energy [9].

2.2.4
Electron Impact lonization and Three-Body Recombination

During the process of electron impact ionization a free electron interacts with an
atom or ion and knocks out another electron. Usually the ejected electron origi-
nates from the outermost shell of the ion, but inner-shell ionization can also occur.
Various semiempirical parametrizations of the cross section exist, for example the
Lotz formula that gives relatively accurate results for low-Z ions, and Bethe’s for-
mula for larger impact energies. Figure 2.7 shows the near-threshold dependence
of the electron impact ionization cross section on the energy of the incoming elec-
tron for some neutral and ionized elements. Unlike the photo ionization cross
section, for electron impact ionization the cross section is zero at the ionization
threshold, increases sharply to a maximum at a few times the binding energy, and
then decreases slowly.

The inverse process to electron impact ionization is three-body recombination, dur-
ing which two electrons simultaneously approach an ion, one electron is captured,
and the second electron carries away the extra energy. Since this process requires
two electrons in the vicinity of the ion, it is most likely to occur in high-density
plasmas. The rate coefficient for electron impact ionization, I(i, m — i + 1, m’), is
related to the rate coefficient for three-body recombination, R®) (i 4+ 1, m’ — i, m),
through the principle of detailed balance,

I(im—i+1m) me?T, 1°* Sitim
RO (i 4+1,m —i,m) 2m(hc)? Zim

Eiprw — E;
X exp (—y) . (2.116)
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Figure 2.7 Dependence of the electron impact ionization cross section on the energy of the
incoming electron for neutral H, C, and Fe, and singly ionized C [15].

Here i and i + 1 denote the ionic charge, m the excitation state, and T, is the
electron temperature. The rate of electron-impact-ionization events per unit vol-
ume is N;n,I, and the rate of three-body-recombination events per unit volume is
N;n2R®), where n, and N; are the electron and ion densities, respectively. Colli-
sional ionization processes couple the outer electron states to the continuum. Re-
combination is most likely to occur in the uppermost states. These states are also
most strongly targeted for electron impact ionization.

Generally, the innermost electrons are most effectively ejected by photon absorp-
tion (photoionization), whereas electron impact ionization affects primarily the
outer electrons. Similarly, radiative recombination occurs preferably into the lower
ionic states, which is opposite to the process of three-body recombination.

225
Electron Impact Excitation and Deexcitation

A free electron interacting with an ion may also cause electron-impact excitation
during which a bound electron undergoes a transition to a higher/lower bound
energy state. The latter (deexcitation) process is sometimes referred to as a colli-
sion of the second kind. Figure 2.8 shows electron-impact excitation cross sections
for hydrogen. Similar to electron impact ionization, the cross section for electron-
impact excitation starts at zero at the excitation threshold AE, increases sharply,
and then has a maximum at a few times the excitation energy. If we denote the rate
coefficients for electron impact excitation and deexcitation by E;—,, and D,_,, re-
spectively, then we can find a relation between these two coefficients through the
principle of detailed balance,

D, AE
et _ B exp (— ) . (2.117)
El—>u 8u Te
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Figure 2.8 Electron impact excitation cross section of hydrogen for different shell transitions
(solid lines). Overlaid are the electron impact ionization cross sections (dashed lines).

Excitation-rate coefficients tend to be highest between two states with small differ-
ence in their quantum numbers.

2.2.6
Autoionization and Dielectronic Recombination

In the process of autoionization a doubly excited ion spontaneously relaxes by eject-
ing a bound electron into the continuum. One excited electron imparts excitation
energy to the second excited electron, which is ejected without the absorption or
emission of electromagnetic radiation. Commonly the outer electron is ejected
which requires that the excitation energy of the inner electron must be larger than
the binding energy of the outer electron. This process occurs often after x-ray ab-
sorption since x rays are able to excite or remove core electrons, leaving behind a
highly excited ion. Particularly common are Auger and Koster—Cronig transitions.
During an Auger transition, a vacancy in a certain main shell is filled by an elec-
tron from a higher main shell with the emission of an electron from that same or
higher shell. During a Koster—Cronig transition, a vacancy in a certain subshell is
filled by an electron from another subshell in that same main shell, leading to the
emission of an electron from the same or a higher main shell. Figures 2.3-2.5 show
partial linewidths and lifetimes of ions with inner-shell vacancies for nonradiative
(autoionizing) transitions. As discussed in Section 2.2.2, the linewidth AE relates
to the transition rate I” through AE = A I, and the lifetime is 1/7".

Dielectronic recombination is a two-step process. First, an electron is captured
by an ion into an excited state. The energy released is transferred to a different
bound electron, so that the ion then contains two excited electrons. This first step
is the inverse of the autoionization process. In the second step, the doubly excited
ion relaxes through radiative decay (stabilization). Typically the lower state decays
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since it has the larger transition probability. Note that if the second step were an
autoionization event, this process would, instead, represent just resonant scatter-
ing.

The principle of detailed balance relates the rate coefficient for autoionization
A(i, 0V, n”’l"” — i+1, nl) between an ion with excited electrons in states n’, I’ and
n’’,1” and an ion after ionization and the rate coefficient for recombination into the
doubly excited states (before radiative stabilization) R(i + 1, nl — i,n’l’, n”1”) by

R(i+1nl—inl',n"l")= >
2 gitim [ mctT,
Esw vV w1 —Eit1nil

A@nl,n"l" > i+ 1,nl)e” = (2.118)

1 il /1" |:23'E(hC)2 i|3/2

which has the same form as (2.116).

2.2.7
Shake Processes

Shake processes modulate the number and the energies of electrons released from
an atom upon photon absorption. The departing photo electron can interact with
the relaxing electron system and lose kinetic energy, leaving the system in an ex-
cited state. This effect gives rise to intense satellite structures in inner-shell spec-
troscopic experiments, and the intensity of these structures is proportional to the
probabilities of various shake processes.

Photoemission can be described in the adiabatic limit and in the sudden limit.
In the adiabatic limit, photoemission is assumed to be sufficiently slow so that the
escaping electron feels the relaxation of the core-ionized atom. In the sudden limit,
the photoelectron is assumed to be emitted promptly after the photon absorption
event, before core relaxation has occurred. The sudden approximation (or sudden
perturbation theory) is valid for high-energy photons. In this case, the absorption
process is often accompanied by shake-up, shake-off, and plasmon loss processes.
In shake-up processes, an electron is promoted into a higher, unoccupied state,
which is in a sense a collective excitation. In shake-off processes, an electron is
promoted into a continuum state.

It has been shown [16] that the relative probability per electron of shake from the
subshell nql after ionization of the inner subshell nyly can be approximated by

a

Pi(nolg: i) = m ,

(2.119)
where Z is atomic number and a and b are fitting parameters given in [16]. In this
context, relative means the probability for shake with respect to the probability of
an initial single nyly photo ionization event. Typical relative probabilities are shown
in Figure 2.9.
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Figure 2.9 Relative probability Py of the occurrence of shake processes from the subshell nl,
given that the subshell 1s was photoionized [16].

2.3
Effect of Plasma Environment

Low-density plasmas can usually be described by means of independent particles
undergoing occasional collisions. With increasing density, when the interatomic
separation is comparable to the atomic dimensions, the ions cannot be treated as
isolated particles anymore, leading to a perturbation of the electronic structure and
to modifications of the atomic processes. Perturbation of the electronic structure
causes shifts of the energy levels and with that modifications of the partition func-
tion which describes the thermodynamic equilibrium properties of a system. In
a rapidly evolving dense plasma with nonthermal level populations, the rates of
various atomic processes can change significantly.

A plasma can be characterized by the degree of coupling between its con-
stituents, which is described by the Coulomb coupling parameter I'4 p of species A
and B. I'y p is given by the ratio of mean potential and kinetic energies as

| ZAZge?|

AB = ———
4TE€0RAB@AB ’

(2.120)
where Ryp = (Ra + Rp)/2 is a reduced ion-sphere radius, Ry p = (3/47wn4 )/
are electron or ion sphere radii of species A and B, n,4 p the respective densities,
and Oup = (MaOp + mpO,)/(ma + mp) is the reduced temperature in energy
units. For I’y > 1, the species A and B are strongly coupled, and for I'yg < 1 they
are weakly coupled. Unless the electron temperature @, is larger than the Fermi
energy Op,

h? (37l52ng)2/3

@ =
F 2m,

: (2.121)
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the electron system is degenerate. The degree of degeneracy is characterized by a
degeneracy parameter 7,

T .
o,

(2.122)

For T « 1, the electron system can be described by a Maxwellian energy distribu-
tion at thermal equilibrium.

2.3.1
Modification of Atomic Structure

Dense plasmas can be described through physical or chemical models. In the phys-
ical models, bound and free states are treated in a consistent quantum-mechanical
framework. It is the most general way to describe a plasma, but its rigorous imple-
mentation is rather difficult. In the chemical models, bound and free electron states
are clearly distinguished. Plasma effects are taken into account by considering the
long-range attenuation of the Coulomb interaction due to plasma screening, lead-
ing to the reduction of the number of bound states. In the physical models, these
effects and degeneracy are included naturally in a self-consistent way.

2.3.1.1 Physical Models

In the simplest physical model, we consider each ion as being at the origin of a
sphere of radius R; = (3/4mn;)!/?, where n; is the ion density. We then perform an
electronic structure calculation for the electron density n,(r) such that the sphere is
charge-neutral and dn.(R;)/dr = 0. Using n,(r), various physical quantities may
be inferred. In the simplest statistical models, we obtain the electron density and
the potential energy V(r) from finite-temperature Thomas—Fermi calculations [2],
typically extended to include the effects of exchange forces and electron correlation.
The Thomas—Fermi model treats the electrons as a partially degenerate electron
gas with a continuously varying electron density n.(r) in an electrostatic potential
@rp(r) that represents the nuclear charge Ze and the electrons themselves. With
this information we can calculate various thermodynamic quantities, such as free
energy and pressure, as well as the average ionization. Note that due to the prox-
imity of the ions, they are ionized even for T = 0. This effect is termed pressure
ionization. Average ion models extend the statistical models in that an electron struc-
ture calculation is performed, resulting in an atomic shell structure, and the levels
are populated according to the Fermi-Dirac distribution.

It is the nature of the physical models to neglect penetrations of neighboring
ions into the sphere of radius R;, and whereas it allows one to calculate average
ionization, it does not provide information about the actual distribution of charge
states.

2.3.1.2 Chemical Models
Plasma screening reduces the long-range part of the Coulomb force, which affects
the eigenvalues and wavefunctions of the bound electrons, leading to a reduction
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of the number of atomic ground states. In a charge-neutral, weakly coupled plasma
(I' < 1), the screened Coulomb potential of a test charge at rest can be written as

1 ﬁe_r/De ,

Dp(r) (2.123)

- 4mey T
where D, is the Debye length. For strongly coupled plasmas (I > 1), the ion-
sphere model is more appropriate; here, a static charge Ze is surrounded by Z
electrons uniformly distributed over a sphere of radius R;, so that the potential
inside the sphere is given by

Ds(r) = ! Zie[l—%Ri(3—r—z)] (2.124)

47e, r R?

2.3.1.3 Energy Level Shifts

Plasma screening is mainly due to free electrons being attracted to ions. This leads
to an upward energy shift of each bound state. In the simplest description, this cor-
responds to the reduction of the ionization threshold by some energy AI, termed
continuum lowering, and the elimination of states whose binding energy is less than
Al At sufficiently large densities, even occupied ground states are eliminated, lead-
ing to full atomic ionization even at zero temperature. In agreement with experi-
ments, spectral lines do not shift significantly. Continuum lowering has a direct
impact on the partition function,

(e} _ Enp

QAT)= > gue T, (2.125)

ny=1

from which other thermodynamic properties such as pressure and entropy can be
derived. Here n,, is the principal quantum number. Note that Q(T) would diverge
for an isolated ion, but since Q(T) is a statistical property it is meaningless in this
case. In a plasma, an ion cannot have an infinite number of states, and Q(T) is
finite.

Simply truncating the summation to describe the effects of continuum lowering
and pressure ionization does not lead to thermodynamically consistent results, and
it is better to gradually decrease the statistical weight of highly excited states with
increasing density [17]. This approach is less sensitive to the number of terms in
Q(T) than a simple cut-off value AI. With increasing density, excited ions perturb
nearby ions, so that quasi-molecular states and eventually conduction bands form.

In a plasma, space- and time-dependent fluctuations create a microscopic electric
field that gives rise to spatially-varying perturbing configurations, so that, more
realistically, one single value for AI cannot be applied to all ions. It is more accurate
to describe the plasma as an ensemble average of perturbed ionic states than by a
single average ion.
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2.3.2
Modification of Atomic Processes

The study of atomic processes occurring in a plasma environment is an active area
of research, but some general statements can be made [18]. Besides perturbing
the atomic states, the plasma environment screens long-range forces and alters
atomic transition rates, especially for processes involving outer electrons, such as
electron impact ionization. Radiative rates also change since changes in the atom-
ic wavefunctions leads to changes in oscillator strengths and Einstein coefficients.
Generally, plasma screening reduces line strengths. The reduction factor increases
toward the series limit since the oscillator sum rule still applies, and a reduction
in total bound-bound oscillator strength is offset by increased bound—free contri-
bution. Dielectronic recombination is a two-body process and is common in hot
low-density plasmas. At larger densities, continuum lowering removes the highly
excited ionic levels, so that less phase space is available for dielectronic recombina-
tion, and this process becomes less common.
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3
Scattering of X-Ray Radiation

In this chapter we review the principles of x-ray scattering. When an electromag-
netic wave irradiates an atom or ion, a photon may be absorbed or scattered. If
a photon is scattered and its energy is conserved, the photon is said to undergo
elastic or Thomson or Rayleigh scattering. Elastically scattered light is useful for
structural investigations using x rays, such as for x-ray crystallography or for co-
herent diffractive imaging. If the photon transfers energy to the atom and changes
its wavelength, it is said that the photon undergoes inelastic, modified, Compton
or Raman scattering. In the first part of this chapter we will describe scattering
of photons by free charges like electrons and nuclei, followed by a description of
scattering by bound electrons, crystals, and plasmas.

3.1
Scattering by Free Charges

We will first review the classical electromagnetic theory for scattering which is
based on the periodic motion of charges in a time-varying electric field that leads to
the emission of scattered radiation [1, 2]. The phenomenon of Compton scattering
demonstrates that actual x-ray scattering does not follow classical electromagnetic
theory and needs to be treated in a quantum theoretical framework. Nevertheless,
we will still discuss the classical theory since scattering is often described and tab-
ulated in units of classically derived expressions.

3.1.1
Classical Description (Thomson Formula)

We consider the case of a monochromatic plane wave with amplitude E, exp[i(ko -
r — wt)] irradiating a free particle of charge q and mass m located at the origin.
Ey is the electric field vector, and k, is the wave vector of magnitude 27t/1. In
vacuum, ¢ = wA/2mw, where c is the velocity of light, 4 is the wavelength, and @
is the frequency. The electric field accelerates the particle, and therefore radiation
is emitted. In classical nonrelativistic electrodynamics, the incident and emitted
radiation have the same frequency. From Maxwell equations (1.5) to (1.8) it can

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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be derived [3] that the amplitude of the scattered light at a position r far from the
particle (r > 1) is given by

1 1 ¢?

E(r,t) = —
(1) 47ey ¥ mc?

E} sin 0 e/Fr—0") (3.1)

which is often referred to as the Thomson equation. ¢ is the vacuum permittivity,
k is the wave vector of the scattered light, here k = kor/r, and Ej = (rx Eo) xr/r2.
6 is the angle between E, and r as sketched in Figure 3.1. The minus sign in (3.1)
indicates that the scattered light is phase-shifted by an angle of & with respect to
the incoming radiation.

We now consider the intensity of the scattered light, which is proportional to the
square of the electric field amplitude. The differential scattering cross section of a
particle is defined as

do;—y _ radiated energy per time per solid angle

3.2
aQ incident energy per area per time (3-2)
For scattering by a free particle, it follows from (3.1) that
doi—y q’ ’ 2
= 1 6 . .
a0 (43‘(601’}162) s (3-3)

Integrating this differential cross section over all angles results in the total scatter-
ing cross section,

8w q° :
o=">(—2 ). (3.4)
3 \4megmc?

Figure 3.1 Scattering geometry for Thomson scattering.
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Since o o« m™2, scattering by atomic nuclei is much weaker than scattering by
electrons and can usually be neglected.

For electrons we have g = —e. In this case it is common to introduce the classical
electron radius,”

62

fo= ——— ~282x10 B cm. (3.5)
4megme?

The differential classical scattering cross section of a free electron can be written
as

do T 2 2

—— =1r1,s8in" 0 . 3.6

aQ ¢ (3.6)
For unpolarized incoming light we need to average over all azimuthal angles and
obtain

2
% = rz—e (1+cos*6) . (3.7

The total classical elastic scattering cross section of a free electron o1 = 87r?/3 ~
0.665 x 107%* cm? = 0.665 barn is called the Thomson cross section. From now on,
we will measure the scattered light in units of light scattered classically by a free
electron, It = Idor/d €2, where I is the intensity of the incoming radiation.

3.1.2
Relativistic Quantum-Mechanical Description (Klein—-Nishina Formula)

The scattering from a free electron can be described correctly only within the frame-
work of relativistic quantum theory. Deviations from the classical theory are notice-
able for short x-ray wavelengths where the photons’ kinetic energy is comparable
to the rest mass of the electron so that their momentum cannot be ignored. As-
suming the electron is initially at rest, we can write the equations for energy and
momentum conservation as [4]

mc? + heko = \/m2c* + p2c? + hck;  and (3.8)
hko = hki + p, . (3.9)

Here, kg = 2m/Ay and k; = 2m/A; are the wave vectors of the incoming and
scattered light, respectively, and p, is the momentum of the electron after the scat-
tering took place. It can be shown that the energy of the scattered photon fw; is
then given by [3]

ha)o
1+ 2291 —cos6) '

hoy = (3.10)

1) The classical electron radius is obtained by equating the electrostatic energy of a uniformly
charged sphere of charge —e to its rest mass mc?.
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where Ay is the photon energy of the incoming radiation field and 6 is the scat-
tering angle. In the nonrelativistic limit mc? > #hw;, and (3.10) simplifies to
hwo — hw, = h?k%/2m, with k = 2kosin(0/2). The magnitude of this energy
shift is significant for scatterers with small mass, such as for electrons. The max-
imum Compton shift occurs in back-reflection for & = 180°. Using relativistic
quantum mechanics, the differential scattering cross section for Compton scatter-
ing of unpolarized light can be derived to be [5]

do r2 (W Liwr wo B

— == — — + — —sin“ 6 |. 3.11

ae 2 ( N ) ( wo w1 ) (3-11)
This equation is referred to as the Klein-Nishina formula. In the elastic limit w; —
o, and (3.11) reduces to the classical Thomson scattering result, see (3.7).

3.2
Scattering by Atoms and lons

The amplitude of the light scattered by atoms is usually given in units of the clas-
sical scattering amplitude of a free electron, see (3.1). The proportionality factor
f(q, w) is called the atomic form factor, often also referred to as the atomic struc-
ture factor. For small scattering angles and for photon energies much larger than
atomic transition energies, fis close to the number of electrons Z in the atom.
fdrops rapidly for larger scattering angles [2]. In general, fis a complex number
that can be calculated from the atomic properties. Around atomic resonances, fis
strongly energy-dependent. The imaginary part of frelates to the absorption of pho-
tons and tends to zero for very high photon energies beyond the absorption edges.

3.2.1
Quantum-Mechanical Treatment of Scattering

In classical calculations, electrons are treated as point charges located in the vicin-
ity of the atomic nucleus. Classical theory is not able to explain various important
scattering phenomena, including inelastic Compton scattering. Realistic values for
fcan only be obtained from quantum theory. In such calculations, expressions for
the scattered radiation are obtained assuming an electromagnetic wave falls onto
an atom whose wavefunction is known in the unperturbed state. We will now cal-
culate photon scattering from an atom by treating both the atom and the radiation
together as a quantized system as introduced in Section 2.2.1.1. The primary goal
is to give the reader a sense of the origin of the quantum-mechanical aspects of the
atomic structure factor. There are a variety of more precise theoretical techniques
available to calculate light scattering by atoms, for example the relativistic S-matrix
approach [6, 7].

A simpler approximate semiclassical treatment is described in the classic book
by James [8], which is based on the calculation of the time dependence of the prob-
ability current J in an atom that is exposed to a weak electromagnetic plane wave.
The probability current describes the flow of the probability density in a quantum-
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mechanical system. For scattering, —eJ is identified with an oscillating electric
current density, from which one can calculate the emitted radiation using classi-
cal electromagnetic theory. Our fully quantum theoretical approach gives results
similar to this semiclassical treatment but has the advantage that it can readily be
extended to higher-intensity x-ray fields.

3.2.1.1 Scattering by Atoms

Since the interaction between the radiation field with the atom is small, we follow
the perturbative treatment summarized in Section 2.2.1.1. The unperturbed system
can be described by the state vector

|atom + radiation) = |gq)|...Hks...) - (3.12)

Here, |g) represents the atomic state, and |...ng,...) is an eigenstate of the ra-
diation field with ny, photons in the mode characterized by wave vector k and
polarization o. The states |...ny, .. .) are chosen to be orthonormal.

During the scattering process, a photon is removed from the radiation mode
k;o; and is added to the radiation mode k s ;. This two-photon process requires
both an annihilation (a;) and a creation operator (a’j’}). To first order in the inter-
action Hamiltonian (2.96), we therefore need to consider the A” term H i(i)t given
by (2.100), whereas the pA term (2.99) is linear in A and does not have to be
considered.

We can write the initial state of the system as

linitial) = |gi)|. . .Pijoi - Bhjop o) s (3.13)
and the final state as

final) = |q )| ko, — Lo ko, +1.00) (3.14)
The scattering matrix element M;_, ¢ given by (2.103) can then be written as

M = (final| H? |initial) (3.15)

2
= (qfl(. Mo, = Lo tiyo, + 1. [HY

int

1gi)]- - Pl Phegop o) (3.16)
Since digl.. . Mho...) = /Tkol--Mko — 1...) and af |.. .o ...) = /Hpo +1

|...nge + 1...), and the eigenstates are orthonormal, we can rewrite (3.16) as

h
M; = oo — 1. 1...|—————
i—f <qf|( Nk;o; Pkrog + |4GOVW
% (Gi . €f) I:aia?ei(kf—ki)-r + aﬂ}aiei(kf—ki)v]
... Ak ...nkfaf...)|qf) (3.17)

2mhc?
= rgm(ei €f) fimpl@)/miJns+1, (3.18)
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with

fimr(a) = (qs1€""1qs) , (3.19)

and g = ky — k;. r. is the classical electron radius defined by (3.5). Using the
discrete form of Fermi’s Golden Rule, we can write the transition rate (2.102) to the

first order in H i(ft)t as

, (2m)3hct

2 2
i i— i 1)0(Ef — E;) . 3.20
Cwrw g €€l i p@Pmitny + DO(E — By (320)

Wi—f =T

The differential scattering cross section from an atomic state i into any allowed
final atomic state fis then given by

doiy =3 2=t (3.21)
ks ‘]
1 o0
= T/N(w)wi_”rdw, (3.22)
0
where
g =1 (3.23)
\%

is the incoming photon flux,

__V 2
N(w)dQdw = (2n)3c3hw dQdw (3.24)

is the photon density of states, and d & is a solid angle. We then obtain for the
differential scattering cross section (3.22)

(o)

. 2
0
= (A 0 i st [ ] (326)
=(ns+ 1)6;))_{|fi—>f(‘1)|2% : (3.27)
where dor/dQ = r’|e;-€ f|2 is again the classical Thomson scattering cross

section. The scattering cross section (3.27) is enhanced when photons are already
present in the final state (ny > 0). As it is usually the case and as we will assume
now, ny = 0.

Elastic scattering occurs when the state of the atom does not change, so that
i = f.In this case, the scattering by the atom is described by the atomic structure
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factor f, ,(q), which for an atom with N electrons can be written as

Sun(@) = (an IZB'“" |94) (3.28)

N
/w/ (ri, 12, tn) > Y €T AVId V- d Wy (3.29)

k=1

Equation 3.29 is referred to as the nonrelativistic form factor approximation. We
can use it to calculate the elastic structure factor of light atoms in different ion-
ization states by calculating the electronic wavefunctions, extracting the electron
densities, and simply taking the Fourier transform.

For inelastic scattering, i # f. The total inelastic scattering cross section can be
obtained by summing (3.27) over all final states f. If the photon energy is much
larger than the atomic transition energies, w; ~ w s, and we obtain for the inten-
sity of the elastically scattered light

elastw = |fn n | IT ’ (330)

and the total intensity of the scattered light is given by

I = TLastic + Tinelastic (331)

Yo lfiss@iIr. (3.32)
;

The derivation of (3.32) from (3.27) is based on the orthonormality of the atomic
states and is described in [8].

Often ¥, (r1,r2,...,ry) can be approximated by a Slater determinant of one-
particle states” as discussed in Section 2.1.4,

. Ya(ry, s1)  --. Yi(rn, sn)
er):ﬁ ,

Yn(r, 1) - YN(rN,SN)

'I’n(rl,rz,... (333)

where ¥ (r;, s;) are spin orbitals. The subscript k identifies a particular choice of
the four quantum numbers n, |, m;, and m;, and r; and s; represent the space and
spin coordinates of the ith electron. Using (3.29), the atomic structure factor is then
given by the sum of the structure factors of the individual electronic wavefunctions

fe

N
font@) =D fela), (3.34)
k=1
with
Se(a) =/|1/»k(r)|2 eIrdv . (3.35)

2) For open-shell systems, the wavefunction ¥, is usually written as a linear combination of
multiple Slater determinants.
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According to (3.30), the elastic part of the scattered intensity is

N 2

ka(‘J)

k=1

Ielastic(q) _

T = | fun(@l®. (3-36)
T

The inelastic part of the scattered intensity is then according to (3.31) and (3.32)

N

Iine
# = (1 - Ifk(q)lz) - > Ifisal (3.37)
T k=1 Jk=1,j%k
N N 5
=Z-Y fi@’— > |fie(@ (3.38)
k=1 Jk=1,j#k
with Z = N and
Sik =/1/)}"(r)eiq"wk(r)dv (3.39)

in case electrons j and k have the same spin. If the electron spins are different,
fix=0.

3.2.1.2 Tabulated Atomic Structure Factors
In the vicinity of atomic resonances, inelastic scattering beyond the form factor
approximation given by (3.29) needs to be considered. Lets call fy(q) the atomic
structure factor far from resonant energy levels, so that it is independent of the
photon energy. We can calculate a complex correction for the atomic form factor,
Af(q, w) = Af'(q, ) + iAf”(q, ) that accounts for the dispersion. Whereas
fo(q) strongly depends on the scattering angle, the angular dependence of A f is
often small and can be neglected [9]. We can then approximate f(q, w) ~ fo(q) +
A f'(w) 4 iA f”(w). Values for the dispersion correction are tabulated in the Inter-
national Tables for Crystallography, Vol. C [10].

The atomic structure factors that describe elastic scattering by isolated atoms
and ions in their ground state are usually given in the form of fitting parameters to
simple algebraic expressions, such as

fly=c+> a;+e 0. (3.40)

i=1

n is the number of terms in this expansion. Fitting parameters {c, a1, a,, ..., ds}
for low-Z elements are given for example in [10, 11]. In (3.40), the atomic structure
factor is assumed to be spherically symmetric. Since the atomic structure factor
simply relates to the Fourier transform of the electron density, it is easy to deal
with deviations from spherical symmetry, as for example due to chemical bonding.
However, these effects are usually small and can be ignored. In case they have to
be taken into account, it is useful to perform a multipole expansion of the electron
density.
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Figure 3.2 Atomic structure factors of the 1s, 2s, and 2p subshells f, in neutral carbon (solid
lines) and in carbon with a single core hole (dashed lines) [12]. Reprinted figure with permission
from [12]. Copyright (2007) by the American Physical Society.

When x rays interact with atoms, photoionization often occurs, leading to the
removal of electrons from different atomic subshells. In this case, we can still use
the form factor approximation to calculate the elastic structure factor of ions in dif-
ferent ionization states by calculating the electronic wavefunctions, extracting the
electron densities, and taking the Fourier transform. The atomic form factor f(q)
can be written as the sum of the atomic form factors f,(g) of the occupied orbitals
n, see (3.34). As an example, Figure 3.2 shows the atomic structure factors of the 1s,
2s, and 2p subshells f,(g) in neutral carbon and in carbon with a single core hole.
fx(0) is equal to the natural orbital occupation number. With increasing ¢q, f,(q)
drops once 1/q is smaller than the size of the atomic subshell. The electrons from
all subshells contribute similarly to the atomic structure factor for small g, whereas
for larger g only the inner subshells contribute significantly. Note that core ioniza-
tion does not only affect fis but also fjs and f;, due to electronic rearrangement
(core relaxation).

3.3
Scattering by Gases, Liquids, and Amorphous Solids

We now consider the scattering of an electromagnetic plane wave with wave vector
ko and frequency wy by a system of N identical atoms, such as a gas, liquid, or
amorphous solid, where each atom contains Z bound electrons. The wave vector
and frequency of the outgoing light are k; and w1, respectively. We denote the scat-
tering vector by q = kq — ko, as sketched in Figure 3.3, and the (negative) energy
transfer from the incoming light onto the scatterer by hw = hwq — hwy. At first
glance it seems that the positions of the atoms are completely random, and we sim-
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)28

Figure 3.3 Relation of the scattering vectors.

ply would have to add the intensities of the light scattered by each atom. However,
each atom occupies a finite volume in space, and atoms cannot get infinitesimally
close, giving rise to structure in the material that is observable in the diffraction
pattern. We will now calculate this pattern.

In a classical model, the electron number density of the system is given by

N Z
Alrt) =Y > O[Ru(t) + realt)], (3:41)
k=1a=1

where Ry (t) is the position of atom k at time ¢, and ry ,(t) are the positions of all
electrons belonging to atom k relative to the position of atom k. It is more conve-
nient to consider the Fourier transform of the electron density instead,

pla. = [ epir,nav (3:42)
N Z
_ Z Z ig[Ri(t)Fria()] (3.43)
=i
:Z iq R (s Zewka i (3.44)
k=1 a=1

We now derive a quantum-mechanical description of the scattering process. The
ensemble average of an operator A(r, t) for the electrons of a single atom described
by the wavefunction @ is

<A(1’, t)) = / (p* (1’1, ry,...,rz, t) A(r, t)(p (1’1, ry,...,rz, t) dZV . (345)
In this notation, the atomic structure factor in (3.29) can be written as
fa) = {ps(q. 1)) (3.46)

= (p5(q)) (3.47)

where pg(q, t) is the Fourier transform of the electron number density of the bound
electrons of one atom k,

z
= Z £l Thkalt) (3.48)

a=1
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We now extend the concept of averaging over a single atom to an average over a
system of atoms and denote {...) as the ensemble average. We also extend (3.32)
and write for the intensity of the scattered light I(q, t) by an assembly of atoms

(g )

T = (g t)p*(q,0)) , (3.49)
T

where I7 is the intensity of classical Thomson scattering. We approximate the elec-
tron density in (3.44) by the product of the atomic form factor f(q) and the atomic

density pa(q).

z N
t) ~ <Z eiq"%“(”> Z 'R (3.50)
k=1

a=1
= f(@)pa(q 1), (3.51)
with
N
=Y TR, (3.52)
k=1
We can then rewrite for the intensity of the scattered light, (3.49),

Z( iR+ ()~ Rm—n,ﬁw)l) (3.53)
Z< iq[Re(t)Fria(t)— ()_'jﬁ(o)]>

N Zz
=2

ik ap
N Z
=2

j#k ap
N
TN

Z
Z< 141[Rk —Ri (0 ]elq[rka() rkv/g(O)]> (354)
a.p
= N| f( )| Faa(q,t)
+ N[ZF“(q,t) = | f(a)*] Fs(a. 1), (3.55)

where we used the intermediate scattering functions describing the atom-atom
correlations

Faa(g,t) i < )]> and (3.56)

Fs(q,t) = (e”f[Rk RHO)]). (3.57)
The electron—electron correlation between the core electrons of an ion is

ZF%(q,t) = (ps(q, t)p5(4,0))- (3.58)

The first part in (3.55) represents the elastic scattering from the bound electrons
that follow the motion of the nuclei, and the second part describes the inelastic scat-
tering by the bound electrons. Taking the Fourier transform of (3.55) with respect
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to time, we obtain the intensity of the scattered light as a function of momentum
and energy transfer [13],

o

1(3’:’) = I(q, t)e'“" dt (3.59)
= le( *Saa(g, @)

+ NZ/ S(q, w — ') Ss(q, w)da’, (3.60)

where S, is the atom—-atom dynamic structure factor,

Saa(d, @ :—/ Z )1>dt, (3.61)

—00 J» k—l

Ss(q, w) is the Fourier transform of Fg(q, t), and the dynamic structure factor of
the bound electrons is given by

5°(g,0) = 5(g,0) ~ | fla)* 22, (3.62)

where S°(q, w) is the Fourier transform of F®(q, t), which is, in turn, related to
the matrix elements f;;, compare to (3.39). Integrating (3.59) over all frequencies,
we obtain the scattered intensity as a function of the scattering vector q [14],

1(q)

I NIf(a)*San(q) + NZS, (9) , (3.63)

with

Z S (q) =/z/ S(q, 0 — ') Ss(q, 0')dw dw (3.64)

Z
~Z-Y|fixla|
Jjk

where f(q) is defined by (3.39). Equation 3.63 is the generalization of the scatter-
ing from a single atom, (3.37), to an assembly of atoms.

, (3.65)

As an example, we now consider the scattering from an amorphous sample that
contains N identical atoms in a volume V and that is homogeneous and isotropic.
The structure of this sample may be described by the radial distribution function
p(r). In the literature, often the pair distribution function g(r) = p(r)/pave is used
instead, where p,,, is the average atomic density in the sample. The average num-
ber of atoms at a distance between rand r + dr from any atom is 4w r?p(r)dr. The
intensity of the elastically scattered light is [15]

(

= N|f(a)*Saa(q
N . .
+1fl@l ) e‘“’"’”/pme"]'*dV, (3.66)

m=1 v
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where
o0
47 .
Saalg) =1+ / Hp(r) — pave] sin(qr)dr . (3.67)
0

The last term in (3.66) relates to the sample shape and is usually very small, even
for small angles. If we neglect this term, we can invert (3.66) to obtain the radial
distribution function from a measured diffraction pattern,

oo

L e FAC
p() = Pase + 3 0/ 4= sinlanda (3.68)

Numerical techniques are available to reduce the effects of artifacts in p(r) due to
experimental limitations to measure I(q) for large g, see for example Section 10.6
in [15].

3.4
Scattering by Plasmas

Plasmas are statistical systems of mobile charged particles, such as electrons and
partially or fully ionized ions. The mobility of the particles leads to a wide variety of
plasma phenomena and a very rich response to electromagnetic radiation. Similar
to solids and liquids, in a plasma radiation is scattered predominantly by (free and
bound) electrons. The motion of particles in a plasma is complex but correlated,
giving rise to structure that is apparent in the diffraction pattern.

Particle densities and temperatures in a plasma can vary over several orders of
magnitude, ranging from dilute hot plasmas over metals and semiconductors to
highly condensed cold matter. Hot dilute plasmas are fairly well understood, where-
as plasmas in other regimes, for example warm degenerate plasmas in which quan-
tum effects are important, are an active area of research.

Scattering of optical light has been a useful tool to probe plasmas. It allows one to
measure important basic plasma parameters, including ionization states and elec-
tron temperature and density, as well as transport properties. A major limitation of
optical light is that it can only penetrate low-density plasmas since electromagnetic
waves with frequencies w smaller than the plasma frequency

1
e?n \?
= 3.69
wp (meéo) ( )

are reflected. Here (e) is the magnitude of the electron charge, m, is the electron
mass, and #» is the electron density. For higher-density plasmas, x rays are a viable
alternative to optical light. Optical light interacts primarily with the free electrons
and is elastically scattered. X rays, on the other hand, interact with both the free
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and bound electrons, and energy can be transferred from the light to the electrons
through the Compton effect, that is inelastic scattering.

To derive an expression for the angularly and spectrally resolved scattering inten-
sity, we consider scattering by a uniform plasma with N ions. The frequency of the
incoming light is much larger than the ionization energies of bound electrons and
we neglect photoabsorption processes. The number of kinematically free electrons
perionis Zy = Zj,, + Z,, where Zj,, and Z, are the number of free (ionized)
electrons and number of weakly bound (valence) electrons per ion, respectively.
The number of core electrons per ion is Z,. Electrons with binding energies larger
than the Compton shift are referred to as core electrons. The nuclear charge num-
ber of the ions is Z = Z¢ + Z;. The total electron density p can be written as
the sum of the core-electron part p, and the free-electron part pr. As before, we
consider the Fourier components instead of the real space representation,

r(4,t) = pe(qt) + pg(4, 1) (3.70)
ZN

=) el (3.71)
k=1

Here ri(t) is the time-dependent position vector of the kth electron. The scattered
intensity of a plasma is usually described by the total dynamical structure factor
S(q, w) of all the electrons involved in the plasma,

I(q, w) = NIrS(q, w), (3.72)

where It is the intensity due to classical Thomson scattering, ko and k; are the
wave vectors of the incoming and scattered light, respectively, and w is the fre-
quency shift of the scattered light. The total dynamical structure factor is the power
spectrum of the intermediate scattering function F(q, ),

1 [ee)
S(g.0) = o~ / F(q, t)e'“tdt , (3.73)
—0o0

with
1
Fla, 1) = 3 (p(a.1)p" (q. 1)), (3.74)

where (...) denotes again the ensemble average.
Extending (3.60) to the case of a plasma, the dynamical structure factor can be
written as [13]

S(q. @) = | f1(q) + d(@)]” Si1(q, @) + Z;S,(q, )

+ Zp / S°(q, 0 — @) Si(q, w')do’ . (3.75)

This equation is valid for a wide range of plasma parameters, even for cold dense
plasmas that are degenerate. The first term relates to the density correlations due
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to electrons that follow the ion motion, which are the core electrons, described by
the atomic structure factor f(q), and the screening electrons surrounding the ion,
described by d(q). Similar to the case of a liquid, see (3.61), the ion—ion density
correlation function Sy;(q, ®) is the power spectrum of the intermediate ion—ion
scattering function

N N
Fii(g 1) = Zz<eiq'["k“>—"l<<’>1>, (3.76)
k=11=1

where Ry (t) is the time-dependent position vector of ion k. Usually S;; is very
small for larger values of w since ions are much heavier than electrons, and we
can assume Sj;(q, w) =~ S;;(q)0(w). The first term in (3.75) also includes the
correlation of the free electrons with the ions since it can be shown that the ion—
electron density correlation function depends on the ion—ion density correlation
function,

d(q)

Se[(q; t) = \/Z_f

The second term in (3.75) describes the scattering from the free electrons that do
not follow the ion motion. S%,(q, ) is the electron—electron density correlation
function without the Debye-screening feature,

2
See(d @) = See(q, @) — I(Zq)l Sii(q, w) - (3.78)
f

S][((],(U) . (377)

The third term in (3.75) describes inelastic scattering by core electrons. The dy-
namic structure factor of the core electrons is S°°(q, ® — @’), and, similar to (3.62),
Ss(q, ) is the power spectrum of the self-motion intermediate structure factor of
the ions,

Fs(q,t) = <e"'1'[Rk“>—Rk<°>]>. (3.79)

Very often the de-Broglie wavelength of the ions is much smaller than the inter-
atomic spacing, so that the ions are nondegenerate, whereas the de-Broglie wave-
length of the electrons is comparable or larger than the electron—electron spacing,
so that quantum interference effects are significant for the electrons. If this degen-
erate electron gas is cold, it needs to be described by the Fermi-Dirac distribution.
If the frequency of the incoming light is much larger than atomic transition ener-
gies, the last term in (3.75) can be written as

Z5S}yold, ) ~ Z55%(q,0) . (3.80)

The dynamic structure factor in (3.75) can be extracted from measurements of
the spectrally resolved scattering signal. For a given scattering angle, it features a
central peak due to elastic scattering by core electrons, and a peak due to Compton
scattering at somewhat lower energies. The Compton peak is Doppler-broadened
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due to the finite velocities of the free electrons, characterized by their temperature
or, in case of low temperatures, the Fermi energy.

The invariance of a scattering system to time inversion requires the microre-
versibility of physical processes, also called the principle of detailed balance. As a
consequence of detailed balance, the total density correlation function must obey
the relation [16]

S(q,—w) = e 7" S(q, ) . (3.81)

Integrating the dynamic structure factor S(q, ) over all frequencies gives the static
structure factor of a plasma,

S(q) = | fi(q) + d(@)I” S11(q) + ZS%(q)
+ Zg S}, (a) (3.82)

which is an extension of the usual formula for x-ray scattering, (3.59). It describes
the spectrally integrated angular dependence of the scattering signal. As described
above, Zg S/
the bound electrons in each ion,

Zg SiInc(q) ~ Zp— Z |f1k(q)
ik

(q) corresponds to the incoherent Compton scattering produced by

2 (3.83)

where f;1(q) is given by (3.39). We can identify f;(q) 4+ p(q) with the structure
factor of the plasma, and Z;S%(q) + Zp S/, (q) describes the inelastic structure

inc
factor. References for various models for S(gq, ) are given in Section 10.4.3.

3.5
Scattering by Crystals

Crystals exhibit translational periodicity and can be defined as a region of mat-
ter within which identical groups of atoms, each of which is called a motif or ba-
sis, are arranged in a three-dimensional translationally periodic pattern, the lattice.
The periodic arrangement has a profound effect on the physical properties of crys-
tals, including the response to x-ray radiation. We will first review key aspects of
the kinematical (or geometric) theory of diffraction. Kinematical diffraction theory
is based on numerous simplifying assumptions but has been very successful in
describing diffraction from imperfect crystals. We will then briefly review the dy-
namical theory of diffraction that describes the diffraction of a wave by a perfect
crystal [17, 18]. It differs from the kinematical theory in that it accounts for the
response of the crystal to the incoming radiation.

As an example, we will apply kinematical and dynamical diffraction theory to
calculate the intensity of x-ray diffraction signals from single crystals. It will be-
come apparent that dynamical diffraction theory is suitable for describing diffrac-
tion from a perfect crystal, whereas kinematical diffraction theory describes a per-
fectly imperfect crystal. In a perfectly imperfect crystal, different volume elements
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are slightly misaligned with respect to each other without correlation, so that the
light diffracted by each element adds incoherently. Most real crystals lie in between
these two extremes.

3.5.1
Kinematic Diffraction by Crystals

In the kinematical diffraction theory, we assume that the incident radiation does
not interact with the scattered radiation, so that the phase velocity of the light is
equal to the speed of light in vacuum. This is equivalent to the assumption that the
index of refraction is one. We further neglect multiple scattering in the sample, so
that scattered light is not rescattered. Initially, we also neglect absorption effects.

3.5.1.1 Diffraction by a Lattice of Finite Volume

We denote a1, a,, and a; as a set of lattice vectors with which we can express
every lattice point Ry in the form R, = nqa; + nya, + n3a;, where nq, n,, and
n3 are integers. The positions of the n atoms in the motif are designated by r;,
and the elastic scattering by each atom is described by atomic structure factors f;.
We consider scattering by atoms located within a finite volume V. To describe this
restriction mathematically, we introduce a simple shape function S(r),

1 ifrinsideof V,

S(r) = 3.84
") 0 otherwise . (354
We can then write the atomic density of the system as
o0 oo o0
py =S Y Yy
np=—00 ny=—00 N3=—00
n

Zé(nlal + nya; + nyas +r, —r). (3.85)

k=1

We consider the scattering of an incoming electromagnetic plane wave with wave
vector ko. The wave vector of the outgoing light is k;. We denote the scattering
vector by q = kq — ko, as sketched in Figure 3.3.

The amplitude of the diffracted light in units of the amplitude of classical Thom-
son scattering Er, given by (3.1), is

E B , oo o0 oo
el ECEXID DD DD

n1=—00 Ny=—00 N3=—00

n
Z fk(q/)eiq/'(n1a1+nzaz+n3a3+rk)dq/ . (3.86)
k=1
Here we used the Fourier transform of the shape function,

S(q) = / S(r)e'rrdv . (3.87)
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We define the structure factor of the crystal motif as
n
Flg) =Y filge ™. (3.88)
k=1

It can be shown that [18]

oo ) oo
Z Z Z gl (maitmnaa;+nsas) (3.89)

np=—00 ny=—00 N3=—00
o0 o0 o0
= > > > 6(hbi+kby+1bs—q), (3.90)
h=—00 k=—00 |=—00
where
by =2 —2 2% (3.91)
ay - (ay X a3)
by =2n— 2% and (3.92)
a1 - (az x as)
by = 2m— 1 ° %2 (3.93)

a1 - (ay x a3)

are the reciprocal lattice vectors. We can then rewrite the scattering amplitude,
(3.86), as

EE<_?= S S > F(hby + kb, + 1by)

h=—00 k=—00 l=—00

S (q— hby — kb, — 1b3) (3.94)

For the case of an infinitely large crystal, S(r) = 1, so that S(q) = d(q). Inserting
this into (3.94), we see that the diffracted light consists of regularly spaced diftrac-
tion peaks at the position of the reciprocal lattice vectors By = hby + kb, + 1bs,
and that the diffraction peaks exhibit the shape of delta functions. Diffraction max-
ima are sometimes also called reflections from the crystal. We can use the Ewald
construction to find the peaks that are observed in a two-dimensional diffraction
pattern: If we draw the wave vector of the incoming light ko from a point P to the
origin in reciprocal space, then diffraction peaks occur for all outgoing wave vec-
tors ky for which a sphere of radius ky around point P, the sphere of reflection,
intersects a reciprocal lattice point. This geometry is sketched in Figure 3.4. An
alternative interpretation of the position of the diffraction peaks is that diffraction
maxima occur in directions in which the incident beam is reflected by a set of lattice
planes, given a specific relation between the distance of the lattice planes, dj,;, and
the wavelength is fulfilled,

2dppsin® = 4. (3.95)
Equation 3.95 is called the Bragg equation. The vector Bjy; is normal to the lattice
plane, and djy is given by

27

dppl = —— .
[ Bl

(3.96)
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Figure 3.4 Ewald construction to determine the position of the diffraction maxima for an in-
finitely large crystal.

If h, k, and | have a common factor m, then the diffraction maximum can be in-
terpreted either as the mth-order reflection from the h/m, I/m, I/ m planes, or as
first-order reflection from a set of planes that are parallel to the actual lattice planes
but with 1/m of the true spacing.

For a crystal of finite size, the diffraction maxima are located at the same posi-
tions as for the infinite crystal, but their shape is now given by S(g), which is the
Fourier transform of the shape function in real space, see (3.84) and (3.87). The
smaller the size of the crystal, the larger is the extent of the diffraction peaks. For
example, if the crystal is a parallelepiped with N;, N,, and N; motifs in directions
1, 2, and 3, respectively, then

Gy - Sn(Mig- ) sin(Nog- F) sin (Naq - 3) 3.97
W= (e g) sn(a-9) snle-5) 6
which exhibits a center maximum around q = 0. The widths of this peak are

2b;/N;j. This relationship is also referred to as the Scherrer equation [19, 20]. The
finite size of the diffraction peaks relaxes the conditions for which diffraction maxi-
ma are observed. As shown in Figure 3.5, the diffraction peaks now have a finite ex-
tent in reciprocal space, and diffraction maxima occur whenever the Ewald sphere
intersects such a peak.

3.5.1.2 Structure Factors for Monoatomic Crystals

For a monoatomic crystal, the atomic structure factor for all atoms is the same, and
the structure factor of the lattice F(q), given by (3.88), can be written as

F(q) = f(q) ) e . (3.98)
k=1
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Figure 3.5 Ewald construction to determine the position of the diffraction maxima for a crystal
of finite size.

F(q)/f(q) is a simple geometric quantity independent of the atomic properties. For
a body-centered cubic (bcc) crystal described in terms of a simple cubic lattice, the
motif has two atoms, and the structure factor Fyi; = F(hby + kb, + 1b3) is given
by

2 ifh+k+1i ,
Fhkl={ S AEh A+ K + Vs even (3.99)

0 otherwise .

Here by, b,, and b; are the reciprocal lattice vectors, and f,x; = f(hby+kby+1bs).
For a face-centered cubic (fcc) crystal described in terms of a simple cubic lattice,
the motif has four atoms, and the structure factor is given by

4 furr if h, k, and [ are all even or all odd ,
Fou = (3.100)

0 otherwise .

Finally, for a hexagonal close-packed (hcp) crystal described in terms of a simple
hexagonal lattice, the motif has two atoms, and the structure factor is given by

Fuki = fun {1 + e“"“”zw”m]} , (3.101)
which may be real or complex, and

4| fuii|* if h 4+ 2k = 3n,and | is even
3| furi|*> ifh+2k =3n+1,and lis odd
| fukil*> ifh+ 2k =3n 41, and | is even

0 otherwise .

| Fpuil* = (3.102)
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3.5.1.3 Finite Temperature

At finite temperature, the atoms oscillate around their equilibrium positions. We
now consider the effect of this oscillation on the diffraction pattern of an infinite
crystal. To simplify the notation, we denote the position of the kth atom with atomic
structure factor f} in the system by the vector #;. If we denote the time-dependent
deviation from the equilibrium position of atom k by (t), then we can rewrite the
atomic density of the system, given by (3.85), as

p(r) =D 0 [t + dk(t)—r]. (3.103)
k=1

The intensity of the elastically scattered light in units of the classical Thomson
scattering is

I(q) G * iq[Rj—Rp+3; (1) —dk(1)]
1o =2 2 fia fi@et TR T, (3.104)

j=1lk=1

where (...) denote a time average. If we assume the deviation 0 (t) from the equi-
librium positions t; to be small, we can rewrite (3.104) as

I(q) NZ NZ '
TR DD fila)eT S (@)e Mgt TR (3.105)
T j=1k=1
NZ NZ
+ D filae™ fif(g)e Ml RimRY (3.106)
j=1k=1
x (e<('1'5k)(q'5l)) _ 1), (3.107)
where
My = %<(‘1 : 5k)2> (3.108)

is a measure for the square of the time average displacement in the direction of
the diffraction vector. Here we have used (e'*) ~ (1 + ix — x2/2 — ix3/6) ~ e’
for small x with equal probability for x being positive and negative. The first term
in (3.105) shows that the sharp crystalline reflections are reduced by the terms
e~ Mi and e~ Mt The second term represents diffuse background scattering without
sharp reflection peaks since the expression ¢¢(@94)(4%) _ 1 tends to zero for atoms
that are far apart and are therefore uncorrelated.

For a monoatomic lattice, the intensities of the Bragg peaks are reduced by a fac-
tor of ¢{@9") which is often simply written as e~ (#/47)B(T) = ¢—(sin#/1)’B(T) The
temperature-dependent quantity B is called the Debye—Waller factor. Parametriza-
tions for B(T) based on experimental phonon density of states data has been de-
rived in [21]. Figure 3.6 shows B(T) as a function of temperature for aluminum
and tantalum. B(T) is generally lower for stiffer materials since for a given tem-
perature, the amplitude of the lattice oscillations are smaller. Figure 3.7 shows the
reduction of the Bragg reflectivity due to the atomic motion. It can be seen that this
reduction is smaller for stiffer materials and for lower-order reflections.
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Figure 3.6 Debye—Waller factor B(T) for aluminum and tantalum [21].

0.8

0.6

I(T) / 1(0)

0.4

Aluminum

Tantalum

0 1 1 1 1 1 1 1 1
100 200 300 400 500 600 700 800 900 1000
T (degrees)

Figure 3.7 Reduction in reflectivity /(T) for aluminum and tantalum for the (200) and (800)
reflection [21].

3.5.1.4 Experimental Configurations

For an arbitrary incident wave vector k¢, the Ewald sphere shown in Figure 3.4 will
in general not pass through a second lattice point in reciprocal space. Therefore,
no diffraction peaks will be observed besides the trivial forward scattered peak. To
ensure the observation of nontrivial diffraction peaks, the scattering geometry has
to be varied continuously, so that the Ewald sphere sweeps over a volume in recip-
rocal space. For example, if we irradiate the crystal by a continuous spectrum with
wavelengths between A; and 1, corresponding to parallel incoming wave vectors
ky and k;, we would observe diffraction peaks for any reciprocal lattice point that
lies within the hatched region of Figure 3.8.
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Figure 3.8 Ewald construction to determine the position of the diffraction maxima for a crystal
of infinite size and a continuous spectrum.

In general, the incoming wave vector ky is determined by three scalar variables,
which can for example be taken as the wavelength A4 and the scattering direc-
tion, characterized by the spherical coordinates ¢ and ¢. Diffraction maxima occur
whenever there exist a reciprocal lattice vector By such that the wave vector of the
diffracted light can be written as k; = ko + Byg. If we vary one variable contin-
uously, we observe a diffraction pattern with sharply defined peaks. If we vary two
variables continuously, for example by diffraction off a powder sample, we observe
lines as the diffraction pattern. If we vary all three variables, no distinct features
will be observed.

3.5.2
Dynamical Diffraction by Crystals

In the kinematical diffraction theory that we have discussed so far, we neglected the
back-reflection of the reflected beam inside of the crystal. This effect is small for
only a few atomic layers but becomes more significant for thicker, highly perfect
crystals. This contribution can also be neglected for very imperfect crystals that are
made up of small, independent diffraction units or mosaic blocks that are slightly
misoriented with respect to each other. Darwin proposed the first approach for
dynamical diffraction [22, 23], which is relatively intuitive and relates directly to
the kinetic theory we have discussed so far, so we will follow this treatment. It is
also discussed in [15]. A theoretically more satisfying approach was developed by
Ewald [24] and von Laue [25] based on solving Maxwell equations directly. This
theory is described in more detail in [8, 17, 18].

We will first consider reflection from a single layer of atoms, and then obtain
reflection from multiple layers in the kinematical approach through simple su-
perposition. Finally, we will present a treatment that accounts for dynamical ef-
fects.
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3.5.2.1

(S
S

z

b

Diffraction from a Single Layer of Atoms

We start by considering a point source of x rays called S located in front of an in-
finite layer of atoms arranged in unit cells in the x—y plane. The unit cells have
a structure factor F(0) and an areal density 0. The geometry is sketched in Fig-
ure 3.9a. Our goal is to obtain an expression for the scattered light at point P. We
chose the origin O so that the path length S O + O P is minimal. In [15] it is shown
that the scattered electric field at point P due to linearly polarized light with an elec-

(©

Figure 3.9 (a) Geometry to calculate the diffraction pattern from a single layer of unit cells.
(b) Geometry to calculate the diffraction from several layers of unit cells. (c) Geometry to calcu-
late the diffraction from a large mosaic crystal.
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S(x),C(x)

Figure 3.10 Fresnel integrals S(x) = [y sin(t?)dt and C(x) = [ cos(t?)dt.

tric field vector E, parallel to the y axis due to scattering from atoms in unit cells
in the area element dxdy is given by

dEp = ——= F (26,,) o= (Rotronl By . 3.109
) y
Ty

Integrating (3.109) over the x-y plane gives the total field in point P. Since only the
area close to O contributes to the integral significantly, we approximate 6., ~ 6
and 7y, ~ 1. It can be shown [15] that

. TeF(60) 9AR0 ii[ci—(rotro)]
P T sin(6o)(Ro + 10) - Eo
x2[C(v) = iSW)][C(u) — iS(w)] (3.110)

w i e E O OARy iifosirotr) (3.111)
sin(6p)(Ro + o)

with u = [2sin?(0)(Ro + 10)/A70Ro]"*¥max and v = [2(Ro + 70)/A70 Ro]"? Ymax-
C(u) = [, cos(x?)dx and S(u) = [ sin(x?)dx are the Fresnel integrals sketched
in Figure 3.10. In (3.111) we assumed u, v > 4, so that Cand S can be approximated
by the value 0.5.

3.5.2.2 Kinematical Diffraction from Several Layers of Atoms

Instead of a single layer, we now consider the case of a stack of N layers of atom-
ic unit cells, diffracting light from a point source S to a point P, as sketched in
Figure 3.9b. The spacing of the layers is a. In can then be shown [15] that apply-



86 | 3 Scattering of X-Ray Radiation

900 T T T T
800 - R
700 - — N=200 R
600 - — N=100 R
500 - —— N=50 R
400 b
300 - R

|Ep[? / |Eql” x 10°

200 b
100 b

0 1
40.8 41 41.2 41.4 41.6 41.8
theta
Figure 3.11 Diffracted intensity for the (220) reflection from several layers N of unit cells in
(110)Ta, assuming P = Tand A = 1.54A.

ing (3.111) repeatedly to each layer results in
F V2A3R}
EP(QO) _; Te (00)0 A oo eik[ct—(Ro+Yo)+/JA92]E0
(Ro + 10)*?a sin (26,)
{C(s+u)— C(s) —i[S(s+ u) — S(s)]}, (3.113)

(3.112)

with s = 2(ro/A) Y2 A0, u = 2Nacos(6p)/(ro4)"?, and 6y = 05 + A6. Figure 3.11
shows E,(6o) for the (220) reflection of (110) tantalum for different numbers of
layers. For a larger number of layers N, the diffraction peak is narrower and the
maximum is larger. The integrated intensity scales linearly with the number of
layers N. The reflectivity Ry is given by

o0

> |E,(0)]%d6
Ry = fwlé‘éo(lz) (3.114)
R A30*2cos(6p)

(Ro + r0)? asin’(26y)

r’NP|F (6o)|” (3.115)

where P is the polarization factor.

Equation 3.115 is valid for a small crystal without photon absorption. We now
consider the reflection from a large crystal that is made up of multiple such small
crystals. We assume that the orientations of the small crystals are similar but ex-
hibit a slight independent variation, so that the intensities of the reflected light of
each small crystal add linearly. Such a perfectly imperfect crystal is called a mosa-
ic crystal. We consider the geometry in Figure 3.9c. For the diffraction from each
volume element between z and z + dz we need to consider an absorption factor

exp[—2u z/ sin(6y)] for the intensity of the diffracted light, where u is the linear
absorption factor, defined as the inverse of the absorption length, so that the total
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diffracted energy is
> |E,(0))%d6
R = J=co! _P(ZN (3.116)
| Eol
R A30%2cos(60) [ d
2uz

= 12D |F (0y)F ——0 s U Y (3.117)

(Ro + 70)*  asin*(26y) a

0
RZ 3 .2

= 2P |F (60)]" —° Lo (3.118)

(Ro + r9)2 2ua?sin(26y)

Since R o< 1/u, the reflectivity is higher for materials that attenuate x rays less. For
very small u, R becomes larger than 1, which is unphysical and demonstrates one
of the shortcomings of the kinematic theory of diffraction.

3.5.2.3 Index of Refraction

Equation 3.111 for light scattered by a plane of unit cells also holds for scattering
in the forward direction to point P’ since all the path lengths are the same as for
point P. In this case, F(6p) has to be replaced by F(0). To simplify the algebra, we
restrict ourselves to Ry > 1o, and obtain from (3.111) that

Ep = igoe'tlet—(Rotroll gy (3.119)
with
r F(0)oi
- Jor 3.120
9= ~sin(6o) (3-120)

After transmission through a plane, the incident amplitude E, changes to Ey(1 +
igo)(1 — ') ~ Eo(1 + iqo— f') ~ Eoe'® ' where 0 < 8/ <« 1 describes the
attenuation and is related to the linear absorption coefficient u by
, na

B = Zein(0 (3.121)
Let us assume that the beam passes through several planes with spacing a, and
that the angle of incidence 6, does not correspond to a Bragg angle, so that we
can neglect the reflected beam. After passing through N planes corresponding to
a distance of | = Na/sin(6p), the phase of the beam has changed by —N ¢y, and
the amplitude has changed by exp(—Nf’), so that we can write for the index of
refraction

n=1-p—ip, (3.122)

5 = %‘j@(’) = %paF(O), and (3.123)
B B’ sin(6o) u

p=rt = (3.124)

where p, is the density of unit cells in the material.”

3) In the following we neglect the case of a polar crystal in which case the reflection from a plane
depends on the direction of the incoming beam. This effect is discussed in [8].
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It is often convenient to include the absorption processes in the atomic scattering
factor F(0), often simply called f, In this case, fis a complex number, and the index
of refraction becomes

ZA’ 4 . 4
nzl—%pu(f +if"), (3.125)

where [’ and f” indicate the real and imaginary part of f, respectively, and

f = (re[’;l) 6, and (3.126)
k
"= (WM) B (3.127)

3.5.2.4 Reflection from a Perfect Crystal
We now follow Darwin’s treatment for the reflected intensity from the surface of
a perfect crystal [22, 23], as is also described in detail in [15]. For simplicity, we as-
sume Ry 3> ry, which means that the incoming light resembles a plane wave. The
crystal consists of lattice planes that are spaced the distance a apart. Each crystal
plane is identified by an integer j > 0, and j = 0 corresponds to the surface of
the crystal. We denote the amplitude and phase of the total transmitted wave just
above the jth layer by T, and the amplitude and phase of the reflected light at the
same position by R;, see Figure 3.12. Our goal is to calculate the crystal reflectivity
R() / To.

To allow for absorption in the crystal, we redefine g and g to be complex quanti-
ties and rewrite (3.119) and (3.120) as

Ep = igetlr—(Rotrol gy (3.128)

Ep = igoelet—(Rotrol gy (3.129)
F(0)oA

o= FOOA L ma o d (3.130)
sin(6p) 2sin(6p)
F(6o) oA

g = [EO)oh ,  pa (3.131)

sin(6o) 2 sin(6)

TOBM 9}?0
T \/R1
T; \/R,»
Tieq \/Rj+1

Figure 3.12 Geometry to calculate the diffraction from several layers of unit cells in a perfect
crystal.
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By considering the energy balance between the primary and the reflected beams,
we can derive difference equations for the quantities T; and Rj,

Rj =iqT; + (1 + iqo)e '"Rj41, (3.132)
Tit1=(1+iqo)e "’ Tj +iqe **R;y,, with (3.133)
¢ = kasin(6) . (3.134)

From (3.132) and (3.133), we can derive a difference equation that only depends on
Tj—lv Tj, and Tj+1,

(1 +iqo)(Tj—1 + Tj41) = [qPe " + (1 +igo)’e *? + €] T; .  (3.135)
Since we are interested in the solution of this equation for a thick crystal, we set

Tj41 = xT; (3.136)
with |x| < 1 being independent of j. We can write x as

x = (1—&)eimT, (3.137)

with |§| <« 1. If v characterizes the deviation from the scattering geometry from
the Bragg geometry,

kasin(0) = mx + v, (3.138)

then it can be shown [8] that the reflectivity of a semi-infinitely thick perfect crystal
is given by

Ro ;

o v—got J(v—q0’—¢*

(3.139)

where the sign in front of the square root has been chosen so that Ry/ Ty < 1.

10° T T T - 5 10°
T (right axis)

E ) £
202l kinematic 14nt =
= 10 : 107" 2
o dynamic ™~ (left axis) =
(left axis) * - =

101 | | L 1 10-2

6 7 8 910 20 30

Energy (keV)

Figure 3.13 Comparison of reflectivities of (220) Ta calculated using dynamical and kinematical
diffraction theory.
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Figure 3.13 compares the integrated reflectivity of the (220) reflection from a Ta

crystal with (110) orientation calculated using kinematical theory, see (3.116), and
using dynamical theory by integrating | Ro/ To|* from (3.139) over all angles 6. The
reflectivity calculated using kinematical diffraction theory is usually much larger
than the reflectivity calculated using dynamical theory since in dynamical theory
the reflected light is reflected back into the sample, which is neglected in kinemati-

cal theory. This effect is very noticeable for large x-ray energies in Figure 3.13 since
the physical attenuation due to photoabsorption and incoherent scattering tends
to be lower. Actual crystal reflectivities typically lie between these two reflectivity
values depending on their degree of imperfection.
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4
Electromagnetic Wave Propagation

When an x-ray beam irradiates a material, the electric-field distribution and with
that photon absorption are determined by wave propagation effects. The energy
deposition profile, in turn, determines the nature of the x-ray—matter interaction
process. In this chapter we review wave-propagation phenomena in continuous
and structured materials, and specifically discuss applications to reflective multi-
layers and dispersive grazing incidence optics, which are of particular relevance for
x-ray optics.

4.1
Electromagnetic Waves in Matter

The behavior of electromagnetic fields in matter can be described using Maxwell
equations (1.23)—(1.26). For now, we will limit our discussion to infinitely extended
(unbounded), homogeneous, isotropic media. We consider monochromatic plane
harmonic waves, which are the simplest and most fundamental one-dimensional
electromagnetic waves. They can be written as

E = Epe'*=%"  and (4.1)

H = Hge'lkr=ot | (4.2)

The actual physical electric and magnetic field are the real parts of E and H. At
each instant in time, E and H are constant on planes defined by r - k = const. We
can build arbitrary solutions to the Maxwell equation by linear superpositions of
the plane waves (4.1) and (4.2).

We further assume that the medium is isotropic and linear so that it can be de-
scribed by the permittivity €(w), the permeability u(w), and the conductivity o(w),
so that

D = ¢(w)E, (4.3)
B =u(w)H, and (4.4)
j = o(w)E. (4.5)

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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4 Electromagnetic Wave Propagation

In the general dynamic case, €y(®) is a complex quantity due to absorption losses
in the material.

The plane wave equations (4.1) and (4.2) have to fulfill Maxwell equations (1.23)
to (1.26). We assume p = 0, that is the medium is charge-neutral. Inserting (4.1)
and (4.2) into (1.23) to (1.26) results in

kx H = —%eE , (4.6)
kxE:%ﬂH, (4.7)
k-E=0, and (4.8)
k-H=0. (4.9)

Here we defined the generalized complex permittivity as

4mio
€(w) = €o(w) + pranl (4.10)

From (4.6) to (4.9) it follows that (4.1) and (4.2) have to be transverse, which means
(i) that they do not contain a component in the direction of the propagation direc-
tion k, (ii) that k, E, and H form a right-handed, orthogonal coordinate system,
and (iii) that

k=n—, 4.11
: (#11)

where n(w) = /u(w)e(w)/moeo is the complex index of refraction.
We limit our discussion to nonmagnetic materials so that 4 = wuo. In the

x-ray regime, it is useful to express the complex index of refraction as n = /e =
1—0 + i3, where 0 and 8 are small numbers. For a plane wave propagating in the
positive x-direction, we obtain for the exponential part of the wavefunctions (4.1)
and (4.2)

e,'(k.,_wt) — ei[%(l—é)x—wt]e—%ﬁx . (412)

This wave decreases exponentially with increasing distance x in the direction of
propagation. The distance d = ¢/2wf = A¢/4nf at which wave intensity decreas-
es to 1/e of its value is called the penetration depth. Ly = c/w is the wavelength in
vacuum. The velocity at which planes of constant phase propagate is given by

(4.13)

Since the real part of the generalized permittivity € is (1 — 6)? — 32, and the imag-
inary part is 23(1 — ), the phase velocity v depends on the conductivity o and the
absorption loss in the medium through the imaginary part of €.



4.1 Electromagnetic Waves in Matter

4.1.1
Scalar Wave Propagation

In this section we assume that the medium is nondispersive. The effects of disper-
sion on wave propagation are discussed in Section 4.4. The medium is allowed to
be inhomogeneous, so that the dielectric constant €(r) depends on the position r,
but € is assumed to be time-independent. We can then rearrange Maxwell equa-
tions to obtain [1]

n? ’E

2

(4.14)
A similar equation can be obtained for the magnetic field H. This is very similar
to a wave equation for each component of the electric field vector E, except that
the middle term in (4.14) couples the different component of E. Whenever bound-
ary conditions are imposed on a propagating wave, the various components of E
(and H) couple. In certain cases we can neglect the middle term in (4.14) and ob-
tain an approximate wave equation for each component u(r, t) of E and H,

n? %u

Viu—
c? 012

=0. (4.15)
Evidently, this scalar diffraction theory is much simpler than the vector theory, but
it is only accurate when the diffracting structures are much larger than the wave-
length.

We now consider a monochromatic continuous wave that is incident on a trans-
verse (x,y) plane at z = 0, with a component of propagation in the positive z
direction. We denote the field at z = 0 by u(x, y,0). u(x, y,0) is a very general
expression for a wavefront and can describe anything from the evanescent wave
inside a reflection optic to the exit wave of a photolithography mask. Our goal is
to calculate the field u(x, y, z) at any point z > 0 in a homogeneous medium. It
is convenient to decompose the two-dimensional field at z = 0 into an angular
spectrum of component plane waves, each traveling in a unique direction,

[e@) o0
A(fx,fy,0)=/ /u(x,y,O)e_Z”i(f"""'fYY)dxdy. (4.16)

—00 —00

Each exponential function e ~>*(/+*+fy¥) at z = 0 may be regarded as a plane wave
propagating with a wave vector k = 27w /A(y1 e, + y2€, + v3e;), where the direction
cosines fulfill y2 + y? + y# = 1 and are given by

y1="~4fx, (4.17)

y2=A4f,, and (4.18)

ys=1=vi—v5. (4.19)
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Here, e, ey, and e, are the Cartesian unit vectors. Each component plane wave
propagates according to

j2n
A(fer fyr2) = Alfr f, 006 F77 (4.20)
Using the inverse Fourier transformation, we can then obtain u(x, y, z) at z > 0,
oo o0
u(x,y,z) = / A(fx fy z)ezm(fxxfﬂ)dfxdfy . (4.21)
A

Equations 4.16, 4.20, and 4.21 describe how an arbitrary wavefront propagates from
aplaneat z = Oto a plane at z > 0. We note that y is imaginary when a?+ 2 > 1.
According to (4.20), this corresponds to rapidly attenuated evanescent waves, which
are components in the spectrum of u(x, y,0) that are incompatible with a wave of
wave vector k propagating in the positive z direction.

The numerical implementation of the wavefront propagation is usually done us-
ing efficient algorithms based on the fast-Fourier transformation (FFT). This de-
scription can readily be extended to nonmonochromatic cases and to include atten-
uation, refraction, dispersion, and even nonlinear propagation [1].

4.1.2
Laser Modes

Triggered primarily by the advent of x-ray free-electron lasers, the issue of laser
light propagation in the x-ray regime has gained in significance. The cross-sectional
intensity distribution of a propagating laser field is usually described in terms of
electromagnetic radiation modes. Transverse electromagnetic (TEM) modes are ra-
diation patterns with zero electric or magnetic field components in the light prop-
agation direction, such as a plane wave. In lasers with cylindrical symmetry, TEM
modes are usually best described by a combination of a Gaussian beam profile and
a Laguerre Polynomial. In cylindrical coordinates, the intensity of the light at point
(1, ¢) for the mode TEM,; is [2]

2p!
Ipi(r, @) = Io 4 !,ol [Llp(p)]zcosz(lgb)exp_p ) (4.22)

(14 dw)m(p +1)
where Llp (p) is the associated Laguerre polynomial of radial order p and azimuthal
order I, p = 2r?*/w?, and w is the spot size. Figure 4.1 shows the lowest order
cylindrical TEM modes. The spot size as a function of the propagation distance z
is given by

wl(z) = wl (1 + 2—2) , (4.23)
bZ

where wy is the minimum beam radius of the lowest order mode TEMgg, which is
Gaussian, b the confocal parameter in terms of which wy = /2b/ k, where k is the
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Figure 4.1 Lowest-order cylindrical transverse electromagnetic modes.

wavenumber. The radius of curvature of the phase front at any position z is given

by

2 2
Rz) = 2H0

(4.24)

Of particular practical importance is the Gaussian TEMy, mode which often
dominates. Since L = 1[2], the areal photon density of this mode is of the form

_yEty?
p(x,y,2) = Apeak(z)e w@? with (4.25)
2N
Apeak(2) = ) (4.26)

where N is the total number of photons per mode. The full-width-at-half-maximum
(FWHM) of the beam is given by

Wrwam(z) = vV21n2w(z) . (4.27)

4.2
Reflection and Refraction at Interfaces

We now consider an electromagnetic wave entering a medium. The medium is as-
sumed to be quasi-semi-infinite in extent, otherwise diffraction effects would need
to be considered. At the interface, the incoming wave is both reflected and trans-
mitted. The propagation direction of the transmitted light may be different from
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Figure 4.2 Geometry for refraction and reflection. (a) Transverse electric (TE) polarization, often
also called s-polarization, and (b) transverse magnetic (TM) polarization, often also called p-
polarization.

the propagation direction of the incoming light, a phenomenon called refraction.
We assume that each medium is homogeneous and isotropic, and that their optical
properties can be characterized by complex indices of refraction n;, and n,. This
seemingly simple problem gives rise to a large variety of optical phenomena, in-
cluding total reflection, evanescent waves, polarization, and various dispersive pro-
cesses that can even change the temporal pulse structure of the reflected light [3].

We consider the geometry shown in Figure 4.2 in which a plane electromagnetic
wave is incident on the boundary plane S between media (1) and (2). We denote the
surface normal by n, and the propagation direction of the incident wave by n,. The
plane spanned by the vectors n and n is the plane of incidence. The incoming field
induces oscillatory motions of free and bound charges near the interface, creating a
secondary field in media (1) and (2). Maxwell’s equations require certain boundary
conditions at the interface S to be fulfilled. These boundary conditions determine
the fields in media (1) and (2), and lead to the conditions that [4]

1. n, ng, nq, n, are all coplanar and lie in the plane of incidence,

2. the planes of constant phase of transmitted and reflected waves are normal to
the plane of incidence,

3. the incident angle 6y is equal in magnitude to the angle of reflection 6,, and

4. Snell’s law holds,

nqsin 0 = nysin 6, . (4.28)

In general, 6; and 6, may be complex.
It is convenient to treat the two polarization components of the incident wave
separately: For the transverse electric (TE) component, the electric field vector of



4.2 Reflection and Refraction at Interfaces | 99

incoming light is perpendicular to the plane of incidence, and for the transverse
magnetic (TM) component the magnetic field vector is perpendicular to the plane
of incidence (and the electric field vector of incoming light lies in the plane of inci-
dence). The geometries of both cases are sketched in Figure 4.2. The relationships
between the electric field vectors of the incident light Ey, the reflected light E;, and
the refracted (transmitted) light E, is described by the Fresnel equations, which can
be derived from Maxwell’s equations [4]. For the case of TE- or s-polarization, these
relations are given by
ny cos 6; — n, cos 6,

E, = Ey, d 4.29
! nq cos 6; + n, cos 6, 0 an ( )

2nq cos 6
E, = Ey . 4.30
2 ny cos 6; + n, cos 6, 0 ( )

Similarly, for TM- or p-polarization, these relations are given by

ny cos 6, — n, cos 6,
E = Ey, d 4.31
! ny cos 6, + n, cos 6, 0 an ( )

2nq cos 6;
E, = Ey . 4.32
2 n, cos 6; + nq cos 6, 0 ( )

In general, both the transmitted and reflected waves have phases that are different
from the phase of the incident light. For normal incidence, 6, = 0, the cases of
TE- and TM polarization cannot be distinguished. Writing n; = 1 —6; + if;
(j = 1,2), we obtain from (4.29) and (4.30) or from (4.31) and (4.32) that
po- 020 tiBiop) (4.33)
2—(01+ 02) + i(f1 + B2)
21 =061+ ip)

=5z (01 + 02) + i(B1 + B2) B (4.34)

The mean energy flow or the mean intensity is given by the real part of the Poynting
vector S. In our case of a plane wave,

5; =%?ﬁ{EjXH’;}z?ﬁ{%wﬂz}nJ, (4.35)

where j = 1,2 and ny = n;. The energy per unit area incident (or leaving) the

interface is n - S ;. We define the reflection and transmission coefficients as

.S E?
R=""2L— |2 and (4.36)
n- SO EO
.S 6) | E?
7=l g 5 (4.37)
n-So nycos by | E§

respectively. It can be shown that the energy is conserved, so that R + T = 1.
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4.2.1
Electromagnetic Field in the Reflecting Medium

To understand the energy deposition of an x-ray beam in a material, it is not on-
ly important to consider the magnitude but also the polarization direction of the
transmitted light, since that affects the emission of photoelectrons. We now con-
sider the case in which the incoming wave travels from a dielectric with $; = 0 into
a medium with index of refraction n, = n = 1 — 0 + if. We continue to assume
that uy = uy = po. For TE-polarized light, the angle of refraction 6, is complex,
and the magnetic field of the refracted light is elliptically polarized and not com-
pletely transverse to the electric field. As we will show now, this deviation from a
planar wave is small in the x-ray regime since the index of refraction is close to one.
We define

kz = kz Cos 02 . (438)
We call the angle between the z axis and the actual propagation direction in medi-
um (2), given by the constant-phase surfaces, 7 rg. It can be shown that [5]
ky ky
K,

z

tannrg = (4.39)

" ky|cosa’

with ky = kisin€y = kysin 6, ki = niwe, and k/, denotes the real part of k.
The surfaces of constant amplitude on the other hand are parallel to the interface
z = const. The direction of the time-averaged Poynting vector makes an angle 5
with the z axis. Further, the magnetic field is elliptically polarized with a minor-
axis-to-major-axis ratio of [5]

(1 — V1 —sin? 21)

tant = 7 with (4.40)
SN 2T
in27 2k ky (4.41)
sin = —_— . .
k2| + k2

The minor-axis-to-major-axis ratio (4.40) is typically very small in the x-ray regime
and can usually be neglected. For TM-polarized light, the electric field vector be-
haves similarly to the magnetic field vector in the TE case. In this case, the angle of
the refracted light with the z axis is

tan 9 g

tany = ———— |
g l1+tanatan o

(4.42)
where a is the phase of k, = |k.|e’®, and 0 is the phase of €; = |e;|e™°.

4.2.2
Polarization by Reflection

Of particular interest in x-ray spectroscopy and beam characterization is the phe-
nomenon of polarization by reflection when light irradiates a surface near the Brew-
ster angle, and only one polarization component is reflected. We consider the case
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of an electromagnetic wave impinging on the planar interface between vacuum
and a medium with a complex index of refraction. Using (4.29) and (4.31), we can
calculate the amplitude of the reflected light. As an example, Figure 4.3 shows this
amplitude in units of the amplitude of the incoming light when an 8-keV x-ray
beam irradiates a semi-infinite piece of silicon, as a function of the grazing angle
of incidence ¢. For very small angles ¢, the amplitude of the reflected light is quite
appreciable. This is the phenomenon of total reflection and is discussed in more
detail in Section 4.2.3. For larger angles of incidence, the material does not reflect
the light appreciably since in the x-ray regime the index of refraction is close to
one.” Another feature that can be observed in Figure 4.3 is that the reflectivity of
TM-polarized light drops sharply at around ¢ =~ 45°. Considering the simplified
case in which absorption effects can be neglected, § = 0, Rty is given by

_ tan?(6p — 6,)

= 4.43
tanz(Oo + 62) ( )

Rrym

Equation 4.43 shows that Rt tends to zero when 6, + 6, approaches ¢ ~ 90°.
The angle 6, at which this phenomenon occurs is the Brewster angle. In the x-
ray regime, the Brewster angle is always around ¢ ~ 45°. The Brewster angle is
also called the polarizing angle because under this angle the p-component of the
incident light is filtered out, and only the s-component is reflected.

1 0—8 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90

Grazing angle of incidence ¢ (degrees)

Figure 4.3 Amplitude of the reflected light | E;| in units of the amplitude of the incoming light
|Eo| for an 8-keV x-ray beam irradiating a slab of silicon.

1) This discussion excludes reflection associated with lattice resonances (Bragg diffraction). A
unified treatment combining the effects of the lattice and macroscopic electromagnetic theory can
be done in the framework of dynamical diffraction theory as described below. A computational
method for this case is described in [6].
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4.2.3
Critical Angle

As apparent from Figures 4.3 and 4.4, the reflectivity of a slab in vacuum approach-
es unity for very small grazing angles ¢ — 0. This phenomenon is called total
reflection and occurs when light from a medium of higher optical density (larg-
er index of refraction) impinges on a medium with lower optical density (smaller
index of refraction). In the x-ray regime, the real part of the index of refraction
n = 1— 0 + if is usually slightly less than one, so that total reflection can oc-
cur when the incoming medium is vacuum. For simplicity, we first consider the
absorption-free case of § = 0. We obtain from Snell’s law (4.28) that total reflec-
tion occurs when

sin 01

1-6

sin 02 =

>1, (4.44)

which can only be fulfilled for complex 6,. A complex diffracting angle means that
a phase shift occurs at the interface and that an attenuation factor is present. In
this case, no energy flows into the medium on average, with R = 1and T = 0, so
that we have a perfectly reflecting mirror. We can define a critical grazing-incidence
angle for total reflection ¢ as

cos(¢p) =1-10, (4.45)
and for small values of O, we obtain

P~ V20 (4.46)

(a p=0 1
(b) p=1.77x107"
€ B=1.77x10"° -
(d) p=1.77x107
(6=767x107° -

Reflectivity R

o PR | PR L " PR |
1072 107" 10° 10
Grazing angle of incidence ¢ (degrees)

Figure 4.4 Reflectivity R of an 8-keV x-ray beam from the surface of a slab for different hypothet-
ical values of 5. Case (b) corresponds to the optical constants of silicon. The transmissivity can
be calculated from T = 1—R.
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Figure 4.5 Critical angle (grazing incidence) as a function of the atomic charge number Z [7].

For an absorbing medium with > 0, the reflectivity below the critical angle is
somewhat depressed as shown in Figure 4.4, depending on the magnitudes of
and 0. Figure 4.5 shows the critical angle as a function of charge number Z for
different x-ray energies. The critical angle increases weakly with Z, and it drops
significantly with increasing x-ray energy.

424
Evanescent Waves for Grazing-Incidence Reflection

For a grazing angle of incidence less than the critical angle, the electric field inside
the medium is not zero, even for the theoretical case of f = 0. There is an instan-
taneous energy flow across the surface that oscillates and whose time-average is
zero. For § > 0, part of this energy leaking into the material as an evanescent wave
is absorbed. The penetration of x rays into the material d, is given by [8]

L= ;_f;g with (4.47)
1 .2 .2 2 -
p= \/E [sm ¢ —20+ \/(sm »—20)" + 4,82J . (4.48)

Here, A is wavelength, and ¢ and f are real and imaginary optical constants. Fig-
ure 4.6 shows d, as a function of the grazing angle of incidence ¢ for different
materials. It can be seen that d, is quite small for small ¢. Near and below the
critical grazing angle, the penetration depth becomes constant. For near normal
incidence (¢ — 90°), p — 1, and the penetration depth approaches d, — A/4mp.

The dependence of d, on the angle of incidence ¢ has a profound effect on the
x-ray dose, defined as the x-ray energy deposited per unit volume in the material.
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Figure 4.6 X-ray penetration depth as a function of grazing angle of incidence for graphite,
silicon, and gold.

X-ray dose scaling factor s
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Figure 4.7 X-ray dose scaling factor s (4.49) as a function of grazing angle of incidence for
graphite, silicon, and gold.

The cross-sectional area of a beam irradiating a surface under glancing angle ¢
increases by a factor of (sin #) ! compared to normal incidence, so that the irradi-
ance is smaller by a factor of sin ¢p. However, the x-ray intensity inside the material
that determines the x-ray dose scales as

s = Sin¢mR(¢>) (4.49)
Bl dx(P) ' '
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where R(¢) is the reflectivity given by (4.36). We plotted s as a function of grazing
angle of incidence ¢ for different materials in Figure 4.7. Somewhat surprisingly at
first glance, s is approximately constant for large ¢, suggesting that decreasing the
grazing angle of incidence does not change the x-ray dose inside of the material sig-
nificantly. For much smaller angles, s increases rapidly near the critical angle, and
then decreases again since the x-ray penetration depth d, levels off below the criti-
cal angle. This dependence of the x-ray dose on the angle of incidence is similar for
most materials. Notice, however, that the dependence of the actual energy density
in the material will be quite different since electron transport plays an important
role. This is discussed in more detail in Section 1.5.3 and Chapter 5.

4.3
Reflection by Thin Films, Bilayers, and Multilayers

In the x-ray regime, reflection from a single interface is rather weak as shown in
Figure 4.3, except for lattice resonances (Bragg reflection) discussed in Section 3.5,
and for very small values of the grazing angle of incidence for which total reflec-
tions occurs, see Figure 4.5. In order to achieve larger reflectivity values at larger
grazing angles of incidence, several layers of different materials can be stacked to
produce multiple reflecting interfaces [9]. A useful design are multilayer interfer-
ence coatings fabricated by depositing layers of alternating materials, typically each
with very different atomic charge numbers to maximize the optical contrast. When
the bilayer thickness d is in agreement with Bragg’s law [10],

mi =2dsing , (4.50)

interference effects can lead to relatively large reflectivities even for larger values
of ¢. In (450), m = 1,2,..., and ¢ is the grazing angle of incidence inside the
material. When refraction is considered, ¢ should be taken as an average value over
the multilayer components. The multilayer period d, averaged over the beam area,
has to be precise to within a fraction of an atomic layer, and the roughness of the
multilayer has to be tightly controlled [11]. Another important factor for fabricating
high-reflectivity multilayers is material stability, including compound formation at
the interfaces and material interdiffusion.

4.3.1
Optical Properties of a Multilayer Stack

We now provide an algorithm to calculate the optical properties, such as reflection
and transmission coefficients, of a multilayer stack. This treatment closely follows
the procedure outlined by Windt [12]. We consider a plane harmonic wave irradiat-
ing a multilayer stack of N layers, corresponding to N + 1 interfaces. The thickness
and the complex index of refraction of the ith layer are d; and n;, respectively. The
indices of refraction above and below the stack are ny and ny41, respectively. The
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net reflection (r;) and transmission (t;) coefficients of the ith layer are

rii +rjelthi
rp=—1—J" " and (4.51)
1~|—T’,'j1’j621ﬂ’
t,‘jthZiﬁi
t = —————— 4.52
! 1+ Y,’jT’j@Z'ﬁi ( )
where
ZJ'ITd,' i 0;
g = n; cos 0; (4.53)

A
The angles 6; can be determined from Snell’s law (4.28),

nisin@; = n;sin6; , (4.54)

where 0; are in general complex quantities. Using (4.29) and (4.30), we obtain for
s-polarized light

nicos 6; — n;cos 0

L= , d 4.55
i n;cos 6; + n; cos 0 an ( )

A 2n; cos 6; (4.56)
”_n,-cosei—i—njcosej’ '

whereas for p-polarized light, according to (4.31) and (4.32),

njcos; —njcos6;

L= , d 4.57
& nicos ; + n; cos 0; an ( )

. 2n; cos 6; 458
lJ_n,-cost—i—njcosG,-' (4.58)

In order to compute the net reflection r and net transmission ¢ of the multilayer
stack, (4.51) and (4.52) have to be applied recursively, starting from the bottom-
most layer, i = N, j = N + 1. This calculation can be performed efficiently using
matrix methods. The reflectance R and transmittance T are then given by

R=|r]*, and (4.59)
0

T:g{}w}uf. (4.60)
ng cos 6y

Equations 4.59 and 4.60 are analogous to the corresponding (4.36) and (4.37) for a
single interface. From energy conservation we obtain the absorptance as

A=1-R-T, (4.61)

which measures the amount of light absorbed in the multilayer. The phases of the
reflected and transmitted light are

@, = arctan (;i:i) , and (4.62)
_ 3t} el
@, = arctan m , respectively . (4.63)
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43.2
Field Intensity in the Multilayer Stack

Of particular importance for high-intensity x-ray-matter interaction is the field in-
tensity distribution inside of a multilayer stack, which can be calculated from prop-
agating the waves inside it. At the interface of the ith and jth layer, we have both a
positive- (propagating toward the substrate) and a negative-going (propagating to-
ward the surface) electromagnetic plane wave associated with both layers. By solv-
ing Maxwell’s equations, it can be shown that the field amplitudes at a distance z;
above the interface are given by [12]

1 B rij —iBi(z: —
Ef(zi) = W BEET(0) + ﬁe FEIEZ(0), and (4.64)
_ rij iBilz: 1 iR (s e
E (zi) = %e PEVEF(0) + Te’ﬁl(zl)Ej 0), (4.65)
) )

for the positive and negative directions, respectively, where

2mz;n; cos 0;

Bi(zi) = p (4.66)

EJ+ (0) and E;(0) are the field amplitudes at the top of the jth layer. Starting from
the bottom layer i = N, j = N + 1, with E;,"_H(O) = land Ey,,(0) = 0, the field
amplitudes can be calculated recursively. Finally all the field amplitudes are divided
by EO+ (0) to ensure that EO+ (0) = 1, which means the problem is normalized so
that the incident electric field amplitude has unit magnitude. The field intensity
inside the multilayer is then proportional to | ET(z) + E~(2)|.

433
Multilayers in the X-Ray Regime

Multilayers can be optimized for different properties, such as for the maximum
peak reflectivity, the broadest or narrowest bandwidth, or the lowest radiation dose
especially in the top layers. A useful parameter to characterize a multilayer design
is the ratio of the high-Z layer thickness dy to multilayer period d = dy + d;,

A A

r=-——4%_ 24 4.
dy +d;,  d (4.67)

Inside a multilayer, the incoming and reflected light interfere to form a standing
wave, that is designed so that (i) the intensity minima are located in the high-Z
layers to minimize absorption, and (ii) the Bragg condition (4.50) is fulfilled. To
maximize reflection, the spacer between the high-Z layers is chosen such that as
little light is absorbed as possible. A survey of recently experimentally tested multi-
layer mirrors can be found in [13]. Typical material pairs used around 8-keV photon
energies are Ni/C, Ni/BN, W/Si [14], and Pt/C [15]. Figure 4.8 shows the reflectivity
of a Ni/BN multilayer with 50 bilayer pairs, each of thickness d = 5.5nm, and
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Figure 4.8 Reflectivity of a Ni/BN multilayer.
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Figure 4.9 Peak reflectivity of a Ni/BN multilayer as a function of the number of bilayers.

I' = 0.4, irradiated with 8-keV x-ray light. The polarization of the light has a neg-
ligible effect on the reflectance. Indicated are the reflectance peaks corresponding
to different orders m, see (4.50).

Figure 4.9 shows the peak reflectivity of a Ni/BN multilayer with a bilayer thick-
ness d = 5.5nm, and I' = 0.4, irradiated with 8-keV x-ray light at a grazing angle
of incidence of 0.8°, as a function of the number of bilayers. In this calculation we
only considered the first-order reflection m = 1. It can be seen that the reflectivi-
ty quickly saturates for only a few bilayers since the x-ray penetration is small for
grazing incidence.

Figure 4.10 shows the field intensity inside a multilayer normalized to the in-
cident field, | E|? /|EO+ (0)|2. The incoming medium (vacuum) is located at z < 0.
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Figure 4.10 Field intensity inside a Ni/BN multilayer as a function of the depth into the mul-
tilayer. The atomic charge number of Niis Z = 28, and the average charge number of BN is
Z=6.
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Figure 4.11 Absorbed dose inside a Ni/BN multilayer as a function of the depth into the multi-
layer.

Since the incoming and reflected light interfere and form a standing wave, the in-
tensity in the vacuum is not unity but oscillates. Inside the multilayer structure, the
field is small in the high-Z Ni layer and larger in the BN spacer layers that absorb
less light. Additionally, the field decreases as we go into the multilayer z > 0.

In order to determine the heating of the multilayer, we need to calculate the
absorbed dose which is a function of the field intensity. Let I, be the intensity in
the multilayer stack, then the absorbed dose is given by

i,

N 0,0 1 468
iz = np cos v 2. ( )

A
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Figure 4.11 shows the absorbed dose for the multilayer intensity shown in Fig-
ure 4.10. Even though the maximum field intensity occurs in the spacer material,
the maximum of the absorbed dose still lies in the high-Z layer, as is usually the
case for high-reflectivity x-ray multilayers [16].

In order to reduce the absorbed dose and therefore the damage to a multilayer, it
is generally desirable to reduce the thickness dp; of the high-Zlayer since then radi-
ation is able to penetrate deeper into the material, thereby spreading the dose over
a larger volume, and the absorption in each high-Zlayer is reduced. This approach
has practical limitations since such multilayers are more difficult to fabricate, and
are potentially less stable, especially at the interfaces.

434
Reflection by Thin Films and Bilayers

Often it is advantageous to grow mirror materials as thin films on a substrate.
Since the penetration depth under grazing incidence is rather small, see Figure 4.6,
very thin films are usually sufficient. On the basis of the general analysis in the
previous section, we now give simple (but exact) formulas to calculate the reflection
coefficients for single and bilayer films on substrates.

Thin Films We denote the indices of refraction of the ambient, the film, and the
substrate by n,, ny, and n,, respectively, the film thickness by dr, and the off-
normal angle of incidence by 6,. n ¢ and ny are in general complex numbers. We
further define

2
ﬂ:%dfnfcosﬁf, (4.69)

where 0 is determined from Snell’s law, n,sin 6, = nysin 0y = n,sin 0;. Ac-
cording to (4.51), the reflectance coefficient of film is given by

_ TagFrpse’?

= of T 4.70
1+ raprpe2if (4.70)

where r, ; and r s, are defined through (4.55) and (4.57) for s- and p-polarized light,
respectively.

Bilayers We denote the indices of refraction of the ambient, the top film, the bot-
tom film, and the substrate by n,, 1 71, n r,, and n, respectively, the corresponding
film thicknesses by d r1 and d f, and the off-normal angle of incidence by 6,. As for
thin films (above), n f1, N f2, and ny are in general complex numbers. We further
define

2
p1= TRdflnfl cosOf , and (4.71)

2n
B = Tdfznfz cos Oy, (4.72)
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where 61 and 0y, are determined from Snell’s law, n,sin 6, = ngsinfp =
n gy sin 05, = n,sin 0. According to (4.51), the reflectance coefficient of the bilay-
er stack is then given by

_ rap+rpeth
1+ Vafl"f1€2iﬁl '
2ifs

with (4.73)

rfifa + Trase
Tfl =

= 4.74
1+ rpifarfrse?ih2 *.74)

where 141, 712, and 7y are defined through (4.55) and (4.57) for s- and p-
polarized light, respectively.

4.4
Dispersive Interaction of Wavepackets with Materials

At any instant of time, any electromagnetic pulse or wavepacket can be written as
a superposition of harmonic waves of infinite length and duration. The constant-
phase surface of each harmonic wave propagates with the phase velocity v given
by (4.13). The damping of the harmonic waves is determined by the magnitude
of f(w). A pulse propagates without distortion only if 0 and /8 are not frequency-
dependent. If in addition S = 0, the pulse will also not be attenuated. However,
usually 0 and f are frequency-dependent, and the harmonic component waves
suffer relative displacements and change in magnitude in a medium. Such media
are called dispersive.

We will now estimate the effect of such a dispersion on a wavepacket. We con-
sider a plane pulse characterized by u(z, t) propagating in the z direction of a dis-
persive medium. We assume that the spectrum is centered around the frequency
wy, that the time-domain envelope at z = 0 has the shape of a Gaussian function,
and that at time t = 0 the center of the Gaussian is at position z = 0,

2 .
u(z=0,t) = Age™ T gmioot (4.75)

The time-domain Fourier transform of (4.75) is

Alw) = \/Lz_n; / ug(z = 0,t)e'”"dt (4.76)

LS 2]
V2

Attime t > 0 and for z > 0, u(z, t) can then be calculated from

= A, w—wo)® (4.77)

u(z,t):\/%_n / Aw)eilt@z=otlgy, (4.78)
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Expanding the wavenumber k(w) in a Taylor series around wy,

2 IPRRY
k(w) ~ k(wo) + ﬁ(w — wo) + Ak (© — @)

, 4.79
dw dw? 2 ( )
and defining the group velocity as v, = dw/dk, we obtain
Ao‘[ .
u(z,t) = _el[k(wo)z—wot] 480
== 0m (4.80)
(e @]
rzu)z i( & — w S, a)iz
/ =2 G0 g (4.81)
—0o0
_z((z—ig)z)
vg(r2+2ik” 2
= Ayt e s ei[k(wo)z—wot] } (4.82)

VTt 421k z

where we abbreviate the second derivative of the wavenumber with respect to the
angular frequency by k" = d%k/dw?.
For a dispersion-less medium, k” = 0, and we obtain

(—%)’

w(z, 1) = Ageilk@iz—oo] =3 (4.83)

which is still a wavepacket at any z, modulated by a Gaussian envelope, and with the
same temporal width. The envelope is not distorted during propagation. The speed
of propagation is v,. If the medium does exhibit dispersion, k" # 0, the pulse
envelope changes with time. The center of the pulse still travels with velocity v,.

102 T T T T
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Pulse width increase (t(z) / t(z
3

Figure 4.12 Increase in the pulse width of a Gaussian pulse as a function of the propagation
distance in silicon for a photon energy of 8 keV. The distance is given in units of the photon
attenuation length /5.
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Neglecting attenuation, the pulse shape remains Gaussian. The pulse width in this
case increases with time as

4k//2 2
1(2) = 7(z = 0) |1+ r(z—=zo)2 . (4.84)

The factor in parenthesis in (4.82) also affects the phase of the pulse. Figure 4.12
shows the increase of the pulse width of a Gaussian pulse in bulk silicon with a
center wavelength of 1.55 A, corresponding to a photon energy of 8 keV. It can be
seen that pulse length below about 1fs significantly increase in temporal width
over the distance of one attenuation length since shorter pulses span a larger width
in reciprocal space, and with that span a larger range of phase velocities. Non-
Gaussian pulses can behave differently: For example, especially chirped pulses may
actually first compress and then later expand.

4.41
Interaction with Optical Elements

The response of a plane pulse on an optical element can be calculated using a tech-
nique similar to the one we used to obtain the response of a dispersive medium.
We assume again that a plane pulse characterized by u(z, t) is propagating in the
z direction. We further assume that this pulse impinges on a reflective optical ele-
ment at z = 0, such as a planar mirror. Let the spectrum be centered around wy.
Similar to above, we define the temporal spectrum of u;(z = 0, t), called A (),
through (4.76). We can describe the response of the optical element by the function
r(w) such that

Ag(w) = r(w)A (o), (4.85)

and the reflected wave is then given by
ug(z = 0,t) = — / Ag(w)edw , (4.86)

with r(—w) = r* ().

An important special case is the effect of an optic to a delta-function-like pulse
E;(t) = O(t). In this case A (w) = 1/+/2m, and the impulse response A g(w) is
given by Green’s function

1 T ;
Gr(t)= — | r(w)e"dw . (4.87)

- 2n
—0o0

Then ug(t) in (4.86) can be written as a convolution integral,

ugr(z = 0,t) = % / Gr(7)Ef(t — 7)dT . (4.88)

—00
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An example of the application of this formalism to the reflection of attosecond x-ray
pulses can be found in [17].

4.5
Kramers—Kronig Relation

Methods for measuring () through absorption experiments of thin foils or gases
are relatively well established. The direct measurement of () has proven to be
much more difficult. Using the Kramers—Kronig relations, we can relate f(w) to
O(w) through the atomic scattering factor. As shown in (3.126) and (3.127),  and
O relateto f = f/ + i f” through

, k
= (Yepa/l) 0, and (4.89)

n__k
fr= (repa/l) a (49

where r, is the classical electron radius, p, the atomic number density, A the wave-
length (in vacuum), and k the wavenumber. We then exploit general relationships
between f” and f”, the Kramers—Kronig relations, [18]

o) = %Pjo %dw’ (4.91)
= %Pjo %dw’ ) (4.92)
fw) = —%Pjo %dw’ (4.93)
= —Z?wPJO %dw’ : (4.94)

The P in front of the integral denotes the principal value, meaning that the integral
over o’ is performed from —oo to (w — €), and from (@ + €) to oo, and then we
take the limit ¢ — 0. The Kramers—Kronig relations result mathematically from
the analytic behavior of f, which can be shown to be equivalent to the causality of
the physical system [19].
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5
Electron Dynamics

In this chapter we discuss the dynamics of electrons in x-ray-irradiated materi-
als. Following the absorption of x rays by electrons, it is the behavior of the elec-
trons that determines the material evolution. X rays are absorbed primarily through
photoionization. The decrease of the intensity dI of an x-ray beam upon passage
through a segment of material of length dx can be described by the linear attenu-
ation coefficient a,

dl = —al(x)dx, (5.1)

where I(x) is the intensity of the x-ray beam at position x. Integrating (5.1) over
x under the assumption that a is constant results in the transmitted intensity
through a layer of thickness d, often referred to as the Beer—Lambert law,

I = Ipe . (5.2)

X-ray absorption induces the generation of a whole spectrum of electrons in the
sample. The process is initiated by the emission of photoelectrons with kinetic
energies on the order of the x-ray energy (typically several keV) that propagates
through the sample and excites electrons, ions, and atoms. For linearly polarized
light, photoelectrons are emitted preferentially in the direction of the electric field
vector of the light, which is perpendicular to the direction of light propagation.
The photoionized ions decay through x-ray fluorescence or through Auger relax-
ation, the latter leading to the emission of a lower-energy Auger electron (typically
hundreds of eV in low-Z materials). Both photo- and Auger electrons propagate
through the material and are elastically and inelastically scattered. Inelastic scat-
tering leads to deceleration of the electrons. Typical energy losses per scattering
event due to electron—phonon scattering are on the order of 0.05 eV, due to plas-
mon excitation between 5 and 25eV at solid density, due to valence electron ex-
citation and ionization between 5 and 25 eV, and due to core electron excitation
and ionization between 10 and 1000 eV. Atomic ionization by fast electrons occurs
primarily through electron-impact ionization, leading to the emission of a large
number of secondary electrons. These processes taken together are referred to as
electron cascades. Following the electron—electron thermalization, the lower-energy
electrons couple with the ions. In case of solids, phonons are excited. Both elec-
tronic and ionic heat conductions lead to further dissipation of the absorbed x-ray

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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energy. We consider electron dynamics to be the sum of all these processes, and it
determines, along with the x-ray absorption characteristics, the energy distribution
in the sample following x-ray irradiation and the time scale for energy dissipa-
tion.

In this chapter, we will discuss the electron dynamics in x-ray-irradiated mate-
rials in more detail, including a discussion of the anisotropy of the emission of
the photoelectrons, the elastic and inelastic scattering of electrons in solids and
plasmas, and the escape of energetic electrons from the sample that leads to elec-
trostatic charging. To put these concepts into perspective, we will start out with an
overview of the processes involved in the transition of a solid into a plasma.

5.1
Transition of Solids into Plasmas

An x-ray beam of sufficiently large flux can transform a solid into a plasma. During
this transition the material will enter various transient states. A unified theoretical
description of these states is often very difficult. Only the initial condensed matter
state and the final hot plasma state are relatively well understood, whereas transient
cold- and warm-dense-plasma states are an active area of research.

We now consider a crystal at room temperature and solid density. In a crystal,
atomic vibrations are traveling sound waves, also called phonons. Electronic states
are well described in terms of energy bands and Bloch functions [1]. Core electrons
are associated with a narrow band of propagating states. Even electrons with ener-
gies much larger than the Fermi energy are Bragg reflected due to the periodicity
of the crystal, giving rise to energy gaps at the Brillouin zone boundaries. Because
of the Bragg reflection, we have to use an effective mass instead of the free electron
mass to describe the electron dynamics.

In a hot plasma, no long-range order exists for the ions but only short-range
correlations, so that phonons do not propagate efficiently. Free electrons have well-
defined energies in reciprocal space, and bound electrons are localized on specific
ions instead of forming energy bands. lons typically have definite charge states that
can be determined from the Saha equation. In many cases, a classical treatment of
this plasma is sufficient.

Upon heating a material that was originally in a condensed-matter state, elec-
trons are excited to higher energies, so that bound and free electrons are less
able to screen nuclear charges. Therefore, the self-consistent electrostatic poten-
tial grows stronger, the spacing of the energy levels increases, and emission lines
shift to shorter wavelengths. In liquid metals and cold plasmas, the core bands
become very narrow due to the stronger potential and the spoiled resonant hop-
ping for propagating states associated with the disorder. The band gaps between
states above the Fermi energy become smaller due to the loss of Bragg scattering,
so that the electron mass is closer to the free-electron mass. A cold-dense plasma is
typically strongly coupled and degenerate, requiring a quantum-mechanical treat-
ment of the many-body interactions, for example through quantum-kinetic equa-
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tions. In such systems, electrons and ions need to be described as quasi-particles
with density-dependent self-energies that move inside a dense, interacting medi-
um. Charge screening in this medium depends on the velocity of the test charge,
leading to both static and dynamic screening effects. In simplified treatments, cold-
and warm dense matter states are treated through modifications of semiclassical
models, including effects known from hot dense plasma theory, such as continuum
lowering, pressure ionization, and modification of atomic transition rates.

An important element of the complex solid—plasma transformation is the dy-
namics of the electronic system. The first step is x-ray absorption associated with
the emission of photoelectrons, which we will describe now.

5.2
Directional Emission of Photoelectrons

At sufficiently low x-ray energies, the photoionization process can be treated non-
relativistically. Similar to the treatment of scattering by atoms in Section 3.2.1.1,
we follow the perturbative treatment summarized in Section 2.2.1.1 to describe the
photoionization process. During photoabsorption, a photon is removed from the
radiation mode k;o;. This single-photon process requires one annihilation step,
described by the photon annihilation operator a. To first order in the interaction
Hamiltonian (2.96), we therefore need to consider only the (p - A) term H i(i)t given
by (2.99). We can write the initial state of the system as

[initial) = |q;)].. .Pki0; ---) (5.3)

and the final state as

[final) = [qf)|.. Mgy, —1..0) . (5.4)
The photoabsorption matrix element M;_, s given by (2.103) can then be written
as
M; s = (final| H{!) |initial) (5.5)
= (g7l o — Lo |HL G Pk ) (5.6)
e h
== | —/ui f, 5.7
m\ 2¢pVoy Vi f 67)
with

“gi) - (5:8)
Using Fermi's Golden Rule, we can write the transition rate (2.102) to the first order

in H i(i)t as

f: (Qf|p'€kiaie

(2m)2c?

pr(Ef, eannil fI7, (5.9)

Wi—sf =T
i=f emVa)k
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where €,,; denotes the emission direction of the ejected photoelectron. The cross
section for photoabsorption is then

do, Wiy
_ 1
aQ J (-10)

re|f|2

of (Ef,€out) - (5.11)

(2m)%c
mai

We limit ourselves to the single-ion treatment and ignore modifications by chem-
ical bonding and coherence effects between multiple atoms for now. For linearly
polarized light, which we consider here, the cross section is a function of the angle
between the electric field vector, also called the polarization direction of the photon,
and the direction of the ejected electron.

The exponential term in (5.8) complicates the calculation of f, and so it is of-
ten expanded into multipole moments. For low x-ray energies, photoelectrons are
ejected primarily in the direction of the electric field vector €y, , of the incident
radiation, that is perpendicular to the propagation direction of light. The photoion-
ization process is then to a good approximation a dipole transition, and the angular
distribution of the ejected electron can be specified by a single parameter as [2]

a Oyl Oyl

0 = In [1+ BniPa(cos 0)], (5.12)

where P,(x) is the Legendre polynomial of order 2, 6 is the angle between polar-
ization and electron direction as shown in Figure 5.1, and o, is the total cross
section. The asymmetry parameter 3, ; depends on n and I. In this approximation,
the maximum of the angular electron distribution lies in the direction of the polar-
ization direction of the photon, which is perpendicular to the propagation direction
of the photon. Figure 5.2 shows (do/d Q) /o for argon for photoionization from the
1s, 2s, 3s, 2p, and 3p shells for 5-keV electron energy and ¢ = 0°. For ionization
from the s shells, 8,0 = 2.

At larger photon energies, higher-order multipole contributions become signif-
icant, and the angular distribution of the ejected electrons depends also on the
direction of the incoming photon. High-energy photons have sufficient linear mo-
mentum to bias the ejection of the photoelectron into the direction of the incoming

A §olarizati
(polarization
direction)
K electron
< direction
’ r
o'
o ko
(photon
direction)
Figure 5.1 Geometry of the emission directions of photo
electrons.
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Figure 5.2 Differential cross section for photo electrons from argon for linearly polarized light
for ¢ = 0 and an electron energy of 5keV [2].
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Figure 5.3 Differential cross section for photo electrons from carbon from the 1s shell (unpolar-
ized light) for different photon energies [3].

photon so that forward emission dominates. For linearly polarized light, the differ-
ential cross section can approximately be written as [2]

don,l o Oyl

dQ  4n

where ¢ is the angle between the photon direction and the electron direction pro-
jected onto a plane perpendicular to the polarization, as sketched in Figure 5.1.

Figure 5.3 shows (do/d£2)/o for photoionization from the 1s shell of carbon for

different photon energies of unpolarized light [3]. In these calculations the carbon

atom was treated as a point charge without screening while neglecting the effect

[1 4 BPy(cos 0) + (6 + ¥ cos” 6) sin 6 cos ¢ ], (5.13)
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of the outer-shell electrons. This is justified since the angular electron distribu-
tion is nearly independent of the screening from the outer electrons at high and
intermediate energies. Screening is important only for calculating the total cross
section 0, .

5.3
Electron Scattering

Because of its wave-like nature, an electron can be described as a matter wave. The
associated wavelength is called the de-Broglie wavelength. The de-Broglie equation
relates the wavelength A of a particle to the particle momentum p,

izt (5.14)
p

Particles with greater kinetic energy have a larger momentum and a shorter wave-
length. Figure 5.4 shows the wavelengths of electrons as a function of their kinetic
energy. The interaction between an electron and the atoms in a solid depends on
the relative magnitudes of the de-Broglie wavelength and the interparticle distance.
If the electron is fast, its de-Broglie wavelength is short, and the electron interaction
with the ions can be described as a series of independent single-atom interactions,
whereas slow electrons interact with several neighboring atoms simultaneously.
When electrons propagate through a material, they are elastically and inelastical-
ly scattered. Elastic scattering events lead to changes in the direction of the elec-
trons, whereas inelastic scattering events cause them to slow. The inverse total

mean free path of an electron, /1;)1 41 is the sum of the inverse mean free paths
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Figure 5.4 De-Broglie wavelength of electrons as a function of kinetic energy. Typical interatom-
ic distances range between 1and 3.5A.
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1 —1 .
elastic and linelastic’ reSpeCtlvely,

associated with elastic and inelastic scattering, 1
LN S ! (5.15)
ltotal(E) /lelastic(E) /‘Linelastic(E) ’ ’

During each inelastic scattering event, the electron loses energy. Often the slow-
down can be assumed to be quasi-continuous. The stopping power is defined as
the energy loss of an electron per unit length in the target along the path of the
electron. It determines the electron range, defined as the straight-line penetration
distance, the rate of secondary-electron production, the lateral energy distribution
(straggle), the depth distribution of x-ray production, and the generation and dis-
tribution of electron-hole pairs. Figure 5.5 shows the electron stopping power in
silicon, copper, and gold as a function of the electron energy. The stopping power
is found to be very similar in different materials. A useful approximation for the
range of monoenergetic electrons in aluminum is

b
R=aE|(1- 5.16
¢ ( 1+CE)’ (-16)

where E is the electron energy, a = 5.37 x 10— g/cmz keV, b = 0.9815, and
c = 3.1230 x 103 keV~! [4]. Rp as a function of E is shown in Figure 5.6. Just
as the stopping power is similar in different materials, this equation gives a rea-
sonable approximation of the electron range in different materials when it is lin-
early scaled by the mass density. For 20-keV electrons, the interaction volume in
the material is on the order of a few micrometers. As we discuss below, at high
electron energies the experimental data agrees with Bethe’s law, whereas at lower
energies significant deviations occur since basic assumptions of this model are not
fulfilled. Good agreement has been found with stopping-power values computed

9 T T T T
8 r Au; i
< T
3 6
g 5¢
g
o 4T
£
g 3t
ie]
7] 2 L
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0

10° 10 102 10° 10*
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Figure 5.5 Electron stopping power of silicon, copper, and gold as a function of electron ener-
gy [7]-
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Figure 5.6 Range of monoenergetic electrons in aluminum [4].

from a dielectric model of solids [5]. Note that for low-Z materials, scattering from
valence electrons is a major energy loss mechanism for electrons between 10 eV
and 10 keV. The contribution from core-level electrons is less than 10% [5, 6].

5.3.1
Elastic Electron Scattering

We now discuss the process of elastic scattering of an electron by an atom. We
assume that the interaction with the atom can be described by an effective central
potential V(r). We further assume V/(r) to be short-ranged, as is the case for neutral
atoms or for ions in a metal or plasma where mobile charges screen the long-range
part of the potential. We consider the stationary problem of an incident beam of
electrons with one electron per unit volume with linear momentum mv = AK
per electron propagating in the z direction. The wavefunction of this beam is e'X.
At large distances, the wavefunction of the scattered particles is a spherical wave
proportional to 'K/ r. This treatment is valid for a spinless particle. Including spin
effects would require the introduction of a spin density matrix, spin polarization,
and relativistic effects. At large distances, the wavefunction ¥ (r) describing the
elastic scattering process has to satisfy the boundary conditions

eiKr

V(r)— e + £(0,9) for r— o0, (5.17)

.
where f(6, ¢) is the scattering amplitude. The differential elastic cross section is
then given by

do

-5 = 0.9 (5-18)
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By considering the asymptotic behavior of (5.17), it can be shown that the scattering
amplitude is given by [8]

3, —iK-
f(@ @) = 2 hZ/d re rV ) (r), (5.19)
where K’ is the linear momentum of the scattered electron.

5.3.1.1 Elastic Scattering of Fast Electrons

The propagation of fast electrons in materials is almost like that of free electrons,
and electron collisions can be treated in the single atom picture. In this regime, the
first Born approximation is valid: If the electron kinetic energy E is much larger
than the atomic potential energy e>Z?%/2a,, scattering is weak, and ¥ (r) ~ e'X=.
We can then approximate (5.19) by

116.9) = =5 [ @rerrvin) (5.20)

where ¢ = K — K’ is the scattering vector that describes the momentum loss of the
incident electron. As an example, we now consider a screened Coulomb potential,

v 1 zé 5.21
r) = — —e a .
() 43'[60 r ( )

where the screening length a is defined as

ao
The magnitude of screening is usually described by the dimensionless screening
parameter o = 1/2K2a?. Screening can occur through the bound electrons of the
atom, or by quasi-free electrons in a plasma or metal. Using (5.18) and (5.20), we
obtain the differential cross section

do 1 ¢'2Z? 1
dQ  (4mep)? 4E2 (1—cos b + a)?

(5.23)

which is the screened Rutherford formula. Note that the screened Rutherford cross
section (5.23) does not diverge for small scattering angles 6 since the long-range
part of the potential is screened. The total elastic scattering cross section is given
by

do

Oelastic = mdQ (5.24)

1 metz? 1
T (4me)? E2 a4+ a)’

(5.25)

Elastic scattering leads to directional changes of the electron without energy loss.
According to (5.25), the magnitude of this process scales as Z?/E2. For a — 0, the
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cross section per atom for scattering larger than an angle @, can be estimated as [9]

2
a(6 > @) = 1.62 x 1072 (E[fe\/]) cot? (%) [cm?]. (5.26)

In gases and amorphous materials, the constituent atoms can be treated as inde-

pendent scatterers. In crystals, interference effects need to be taken into account,
and, similar to the case of photons, Bragg diffraction of electrons may occur.

5.3.1.2 Elastic Scattering of Slow Electrons

For slower electrons, the first Born approximation does not hold. In this case the
partial wave expansion method provides a much more accurate description of elas-
tic scattering [10]. This method works well for spherically symmetric potential
where V(r) = V(r). In the method of partial waves, the scattering amplitude f'is
written as a sum of contributions from different angular momenta, given in terms
of phase shifts. The incoming plane wave is decomposed into spherical waves,
called partial waves, each with a different angular momentum. We calculate the
phase shift to the wavefunction at large r associated with the spherically symmet-
ric potential. Finally, these phase-shifted partial waves are superimposed to obtain
the original plane wave and the scattered wave. The scattering amplitude can be
expanded as

f(6,¢) = Z (21 + 1) fi(k) Py(cos 6) , (5.27)

!
where Pj(x) are the Legendre polynomials of order I. The partial wave scattering
amplitudes fi(k) are given by [10]
1 .
filk) = Ee“’l“ﬂ sin 0;(k) . (5.28)

The phase shifts (k) can be obtained from the respective radial wave equations
for each partial wave. The total scattering cross section is given by

47 & .
= (21 + 1)sin” 6; . (5.29)

=0

o

The associated mean free path is given by

1

= —, 5.30
Noelastic(E) ( )

lelastic(}:")
where N is the atomic density.

5.3.1.3 Elastic Scattering in Solids

Various multiple-particle effects can approximately be accounted for by modifying
the interaction potential V(r). A common example are exchange effects, in which
the incident electron is absorbed and another one is emitted instead. To describe
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solid-state effects for atoms bound in solids, V(r) can be replaced by a modified
potential obtained within the muffin-tin model [1]. The muffin-tin potential is con-
stant in the interstitial region between the atoms and has the form of an isolated
atom near each atom up to a radius Rg, so that

V(r)— V(Rs) for r <Ry,

Veotia(r) = otherwise

(5.31)

Rs is chosen to be less than the Wigner—Seitz radius so that the atomic potentials
do not overlap. A schematic of this potential is shown in Figure 5.7. Figure 5.8
shows the elastic mean free path of diamond calculated using this method [11].

Figure 5.7 Schematics of the muffin-tin potential. The potential is constant in the interstitial
regions (white).
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Figure 5.8 Calculated inelastic and elastic mean free paths 4 of diamond [11, 12].
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In these calculations, the radial charge density of a carbon atom was determined,
then the muffin-tin potential for the atoms embedded in solids was constructed us-
ing various approximations for the exchange potential, and finally the phase shifts
were derived. The results show that for large energies, the elastic mean free path
is proportional to the ratio of electron density and mass density. In Figure 5.8, the
mean free path for electron energy larger than 400 eV was taken from the NIST
database [12].

5.3.2
Inelastic Electron Scattering

Inelastic scattering transfers energy from the incoming electrons to the ions,
atoms, and other electrons, leading to the creation of secondary electrons and
x rays. Similar to our treatment of elastic scattering, we will distinguish the cases
of inelastic scattering of fast and of slow electrons.

5.3.2.1 Inelastic Scattering of Fast Electrons

Bethe calculated the mean rate at which an electron loses energy through collisions
in passing through matter. The Bethe stopping power for fast electrons based on
single-ion interactions is given by [13]

dE 2met 2
_dE _ 2me'NZ %ln (y +1)E —(E—i)lnz
ds  (4mep)?mov? 212 y  y?

deied)]

The kinetic energy of the electron E is assumed to be larger than a few times the

atomic binding energies. Here —e is the electron charge, N is atomic number den-
sity,and y = 1+ E/mc? = 1/(1 — v?/c?)!/2. I is the mean excitation energy of
the material describing the mean energy loss per scattering event, averaged over
all atomic shells, given by

1/Z
I= |:H(hwi)f‘:| , (5.33)

i

where f; are the oscillator strength of transitions with transition energies 7.
According to the oscillator sum rule, >, f; = Z [10].

Various modifications to the Bethe equation (5.32) have been suggested, includ-
ing the extension to lower energies by removing the divergence of (5.32) for small I,
and Dby treating compound materials by using mass-fraction average quantities.
Some extensions are described in [7].

5.3.2.2 Inelastic Scattering of Slow Electrons
Inelastic scattering of slow electrons is very important in order to understand the
electron dynamics in x-ray-excited materials. For example, in solid-density carbon,
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a 250-eV Auger electron can generate 20 to 40 slower electrons, depending on the
band structure. These processes typically occur on a time scale of 100 fs [11].

At lower energies, the electron is scattered by multiple ions in the solid and inter-
acts with the background electrons, and a different approach to calculate the stop-
ping power is needed. The interaction is typically rather strong and includes mul-
tiple ionization events, requiring a quantum-mechanical treatment that includes
rather complicated nonlocal exchange terms. In semiconductors, the passage of
hot electrons with energies of less than 10 eV is very well understood, but interac-
tions with energies between 10 and 100 eV are not.

A common way to describe the passage of a charged particle through matter is
to consider its electric field in the solid, described by its dielectric response func-
tion €(q, Aw). This function is the ratio of externally applied potential and the total
potential in the material, so it describes the response of a medium to an energy
transfer Aw and momentum transfer q. The probability for energy loss Aw per
unit distance traveled is [14]

a+

1 1 yde
p(E how) = nEae /ms} e(q,hw)} p with (5.34)
4y = @(ﬁi VE=ho). (5.35)

The stopping power is given by
dE
P /hwp(E,hw)dhw . (5.36)
s

Expression (5.35) for g4 assumes a free particle-like behavior, thereby neglecting
the energy gap, so that the free mass instead of the effective electron mass is used.

The term J{—1/[e(q,hw)]}dq/q is also called the energy loss function that satis-
fies the oscillator-strength sum rule relating the total energy loss to the effective
number of free electrons per atom,

oo
2 1
Zefr = —/dEES {——§ : (5.37)
J'[hZ.QI% J e(q, %)

Here 2, = /Ne?/m.ep, N is the density of atoms, and E is energy loss of the
incoming particle.

Note that €(q = 0, Aw) is simply the dielectric constant of light for the medium.
This quantity can be measured directly through optical experiments. Ashley et al. [5,
6, 15] proposed that this information can be used to approximate €(q # 0, aw).

Integrating p (E, hw) over all electron energies E gives the inverse of the inelastic
mean free path (IMFP) A;,c145tic

1

inelastic E) = ———5—.
FinctasiidB) = 1 Vo

(5.38)
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The IMFP is the average for diamond distance traveled between inelastic colli-
sions. As shown in Figure 5.8 the IMFP for diamond is large below 10-15eV,
drops to a minimum of 5-10 A between 30-100 eV, and then rises monotonical-
ly above 100 eV. To obtain the results shown in Figure 5.8, first principle calcula-
tions [16] have been used for energies below 10 eV. For energies above 50 eV, results
are based on the dielectric response theory. Between 10 and 50 eV, the IMFP was
simply interpolated. The IMFP can be calculated from optical data using the for-
malism developed by Penn [17]. Below 200 eV, it shows a strong dependence on the
details of the electronic band structure. The stopping power is given by the integral
of Awp (g, hw) over all energy transfers, which can be used to calculate the range
of an electron. The range R, of an electron of energy E is defined as the distance to
slow an electron to an energy E,;,, often taken as 10eV,

E
dE
Ewin 95

For energies E larger than 100 eV, theory and experiments tend to agree well. Below
100 eV, both performing experiments and developing theories are very difficult. In
the experiments, uncertainties in the sample preparation and experiment-specific
effects make measurements challenging, and in the theory, exchange and corre-
lation become more important, and the complex structure of the energy bands
strongly affects the dynamics of the scattered electrons.

5.4
Energy Loss Mechanisms

When an electron traverses a medium, it dissipates its energy through various
channels, including plasmon, photon, and atomic excitation. General information
about the stopping of charged particles is contained in the energy loss function
I{—1/[e(q,hw)]}dq/q, but it does not give detailed information about the domi-
nant interaction event. For example, it may describe both electron excitation and
ionization events, as well as contributions from valence and core electrons, but the
details are not directly accessible. We will now discuss two of these mechanisms,
plasmon and phonon excitation, in more detail.

5.4.1
Energy Loss through Plasmon Excitation

One of the most important energy-loss mechanisms is plasmon excitation. The
valence electrons in a metal or the free electrons in a plasma are often described
well by the free-electron gas approximation. Such electrons may undergo collective
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oscillations of frequency w, called the plasma frequency, given by

e’n
W, =/ —. (5.40)
meo
A plasmon is a quantum of a plasma oscillation with energy %w,. The mean
free path associated with plasmon excitations can be calculated from the Quinn
formula [18],

—1

2
2anE AP+ 2mhw, —py
2, =208 [ Y with (5.41)
hw, p—+/p*—2mho,

p=+~2mE and (5.42)

pr= ,/ZmEf. (5.43)

Here E is the Fermi energy. Even in insulators, plasma resonances occur since
electrons can be excited into the conduction band where they strongly interact with
the other valence electrons. Note that the hole that is left behind in this case may
also scatter and ionize further. These collective modes can also be described using

the dielectric function € = €; + i€;. For o — w,, €, is small and €; vanishes,
leading to a strong peak in the electron loss function.

5.4.2
Energy Loss through Phonon Excitation

An important energy-loss mechanism of very slow electrons with kinetic energies
below 20 eV traversing a crystalline material is phonon excitation [19]. The atoms
of a crystalline lattice collectively vibrate about their equilibrium positions. The
quanta of the collective oscillation modes are called phonons. Each collective mode
can be associated with a frequency w and a wave vector k. The energy of a phonon
is hw. Phonons with w(k = 0) = 0 are called acoustic phonons, and phonons
with w(k = 0) # 0 are called optical phonons. Since phonons disturb the perfect
periodicity of a crystal, electrons are scattered by phonons. The maximum energy
transfer during a scattering event with acoustic phonons is typically much smaller
than for optical phonons.

Phonon scattering is significant only in a limited temperature regime. The tem-
perature has to be sufficiently large so that phonons are present, but it has to be
below the melting point so that the crystal structure is still intact. To analyze elec-
tron—phonon scattering, we have to evaluate the deviation of the Coulomb potential
experienced by conduction-band electrons when the ions are displaced from their
zero-temperature equilibrium position. Phonon scattering is well understood for
very low electron energies of a few electron volts, especially for semiconductors.
For these electron energies, the electron—phonon scattering rate is proportional to
the density of states of the electrons. For large electron energies E the electron—
phonon scattering rate drops rapidly, approximately proportional to 1/+/E [20, 21].
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In insulators, the band structure affects ionization from the valence band, and
very slow electrons below the ionization threshold undergo both elastic and inelas-
tic collisions with phonons as well as with impurities and atomic vacancies. The
energy transfer during inelastic electron—phonon scattering is typically very small
and not sufficient to induce atomic ionization. In metals, electron—electron inter-
action dominates over phonon scattering.

5.5
Electron Dynamics in Plasmas

Unlike in a solid, in a plasma both electrons and ions are quasi-free. Collisions of
electrons with charged particles are very different from collisions with neutrals due
to the long-range nature of the Coulomb force. This effect is compensated some-
what by the screening of charges in the presence of mobile charges. The average
particle distance is given by r; = n™/3, and the distance of closest approach is
approximately r. = e?/4meyT. The ratio a = r4/r. determines the nature of the
plasma. For a <« 1, the plasma is strongly coupled, that is it is cold and dense,
and collisions damp plasma oscillations. These kinds of plasmas do not follow the
conventional plasma dynamics. On the other hand, for a > 1, strong electrostatic
interaction events are rare, and the plasma is weakly coupled. It can then be well
described by the Fokker—Planck equation [22]. In this regime, collisions have only
a small effect on plasma oscillations.

Binary collisions are sufficient to describe the particle dynamics in weakly cou-
pled plasmas, and even for those it needs to be modified to account for collective
effects such as Debye shielding. Debye shielding is the screening of charges in a
plasma. The Debye shielding length is the distance in the plasma over which the
electric field of a charged particle is shielded. Whereas in ideal plasmas many par-
ticles are within the Debye shielding length, in solid-density plasmas this is usually
not the case. In addition, these systems are often degenerate.

The situation is more complicated when high-Z atoms are present since they are
typically only partially ionized. The relevant equilibrium state in these plasmas is
determined by electron impact ionization and three-body recombination, and can
be described by the Saha equation for a hot plasma. However, the Saha equation
becomes invalid for high densities and low temperatures since electrons are then
degenerate and the atomic energy levels are distorted due to continuum lowering,
as discussed in Section 2.3.1.3.

5.6
Statistical Description of Electron Dynamics

So far we have considered primarily the microscopic aspects of the electron dynam-
ics. Microscopic particle methods are useful for describing the evolution of small
systems. For larger systems, it is usually only manageable to consider a transport
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approach in which the state of the system is described by a collective density func-
tion p(r, v, t), which is the average particle density with velocity v at point r at
time t. This approach is especially useful for systems with regular structure, such
as spheres, in which case a one-dimensional treatment may be sufficient.

The function p(r,v,t) gives a statistical description of a classical system in
phase space. p(r,v,t) can be obtained by solving the semiclassical Boltzmann
equation [23],

0o+ vd,p+ ad,p= 2 (p,r,v, 1), (5.44)

where € is a source/collision term that contains information about first-principle
microscopic processes. Using (5.44), we can follow nonequilibrium processes in
plasmas, as described in more detail in Section 9.3.1.4.

Often hydrodynamic models are used instead which are a simplified form of the
Boltzmann equation. Here, various assumptions are often made, for example on-
ly the collective transport component of the velocity is treated, the electrons are
assumed to thermalize among themselves instantly, and an equilibrium of the lo-
cal force is assumed. Hydrodynamic methods are described in more detail in Sec-
tion 9.4.

5.7
Bremsstrahlung Emission and Inverse Bremsstrahlung Absorption

When a free electron travels through a plasma, it can emit and absorb electromag-
netic radiation by scattering off other charges, while still staying free [24]. We will
now discuss such scattering processes for ions and electrons.

5.7.1
Electron-lon Bremsstrahlung

We first consider the case of an electron scattered by an ion. Charged particles
are accelerated during collisions, which, according to classical theory, leads to the
emission of electromagnetic radiation. The Larmor formula gives the total radiated
power by a particle of charge q undergoing acceleration a in the nonrelativistic case
as [25]

o,
47ey 3¢3

(5.45)

which can be derived from Maxwell’'s equations. The acceleration of electrons in
a plasma is typically much larger than for ions since the electron mass is smaller.
Since I o a?, electrons emit substantially more power than ions. Generally, large
impact parameters correspond to the emission of soft (long-wavelength) radiation.
This part of the spectrum is also affected most by screening of the nuclear charge
by bound and quasi-free electrons in a plasma.
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In quantum theory it can be shown that there is a finite probability for the emis-
sion of a photon when a particle is accelerated. This theory also limits the highest
photon energy that can be emitted to the kinetic energy of the incoming particle.
For very large particle velocities, a relativistic treatment is required, and the mo-
mentum of the emitted photons has to be taken into account [26].

5.7.2
Electron-Electron Bremsstrahlung

The radiation pattern of two colliding electrons is substantially different from
the case of an electron colliding with an ion. In the classical case, in which pho-
ton recoil is neglected, a closed system of particles with the same charge-to-mass
ratio cannot emit dipole radiation [27]. Electron—electron systems do not have a
dipole moment, and Bremsstrahlung consists predominantly of the much weak-
er quadrupole radiation. Also, for a given electron energy, the maximum photon
energy is smaller than in the electron—ion collision case since the recoil energy is
appreciable.

5.7.3
Inverse Bremsstrahlung Absorption

Similar to the atomic processes discussed in Section 2.2, Bremsstrahlung emission
has also an inverse free—free absorption process called inverse Bremsstrahlung. The
formula for this process is

e+ X+hv—> X +¢, (5.46)

where X and X’ stand for the initial and final state of the ion, respectively, and e
and ¢’ stand for the initial and final state of the electron, respectively. Usually, the
state of the ion does not change, so that X = X’.

The total emission coefficient from a high-temperature ionized gas of tempera-
ture T can be estimated to be [24]
1 32m (2nkT)1/2 Z2eb

—_— —N4+N,, 5.4
(4meo)® 3 mcdh T 5-47)

J= 3m
where Ny is the density of ions with charge Ze, and N, is the density of the elec-
trons. We are specifically interested in the inverse process in order to understand
how inverse Bremsstrahlung affects x-ray absorption. Using the principle of de-
tailed balance discussed in Section 2.2.1.3, one can derive a spectral absorption
coefficient «,, as [24]

1 4 2 \'? Z2% NN s 48
K, = — . .
" (4me)3 3 \3mkT hemy3 ¢ (5:48)

Kk, decreases with increasing temperature and for increasing photon energies, sug-
gesting that inverse Bremsstrahlung absorption has an appreciable effect only for
soft x rays but can be neglected for harder radiation.
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5.8
Charge Trapping in Small Objects

Besides being scattered and thereby transferring energy to the surrounding elec-
trons and ions, energetic electrons may simply leave the object. When an electron
escapes, it carries energy with it and effectively reduces the temperature of the ob-
ject. X rays interact with materials primarily through photoionization, leading to
the emission of energetic photoelectrons. Subsequent Auger decay and electron
impact ionization lead to the generation of additional, slower electrons. Electrons
may escape the material initially, leaving a positive charge behind. When the posi-
tive charge becomes sufficiently large, the total electron energy, given by the sum
of the potential energy —e® and of the kinetic energy, becomes negative, and the
electrons are electrostatically trapped, meaning that they cannot escape from the
object. These electrons are called quasi-free electrons.

In the following we will consider two simplified cases, (i) electrostatic trapping
by a small solid sphere that is semitransparent to x rays, and (ii) electrostatic trap-
ping by semi-infinite solids and thin films. We will only consider the escape of the
high-energy photoelectrons, assuming that the low-energy Auger and secondary
electrons are already trapped.

5.8.1
Charge Trapping in Solid, Spherical Objects

We first consider the case of a spherically symmetric solid sphere with net charge
pe(r). Conceptionally we divide the sphere of radius r, into infinitesimally thin
shells of radius r. A photoelectron with kinetic energy Ei;, = E.ra,— Ep, generated
by a photon of energy E..,,y at a position r < ry, may escape from the object if

Epin > eDerin(r) = eQlro) —/ eQlr) dr’. (5.49)

47enry 4meyr’?

o

Ey is the electron binding energy, and Q(r) = 4= [, p¢(r')r">dr’ is the charge with-
in radius r. For a homogeneously charged sphere, (5.49) can be simplified to

2
Boii(r) = Zp—eco (rg - %) . (5.50)
Since @,;;(r) is largest at the center of the particle, electrons originating from there
are trapped first, while the electrons from the outer layers can still escape until the
potential reaches Ey;,/e there, as well. During this time, the potential at the center
of the sphere increases beyond @, (r). Figure 5.9 shows typical values of @.,;, as a
function of the particle radius for different ionization states. The finite width of the
curves corresponds to the different point of origin of the energetic electron r. For
example, a 7.4-keV electron is trapped in a singly ionized carbon sphere of radius
35 A, regardless of whether the electron originated near the center or near the edge
of the object.
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5.8.2
Charge Trapping in Semi-infinite Objects and Thin Films

The second geometry we consider is a circular beam of radius ry irradiating a semi-
infinite solid or a thin free-standing film. We assume the x-ray intensity to be uni-
form across the beam. The beam irradiates an area A that is elliptically shaped with
half axes ry and ry/ cos 6 where 6 is the off-normal angle of incidence. Electrons
will escape from the object until a sufficiently large positive charge has been accu-
mulated so that the total energy of the liberated electrons becomes negative. In this
case, this will occur first in the center of the beam, while electrons can still escape
from the outer part of the ellipse until the potential exceeds Ey;,/e everywhere. In a
simple model, we neglect the variation of the potential across the illumination spot
and assume that the object emits electrons until the potential Ej;,/e is reached ev-
erywhere. It can be shown that in this case the surface charge density across the
spot is given by [28]

o(x,y) = Q s (5.51)

dmrg [ a2 _ yleos?o

cos 6 ré ré
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Figure 5.10 Ccjiip: / Ceirc as a function of the grazing angle of incidence ¢.

and Ey;, relates to the total charge in the spot by

E in .
Bin __Q i (5.52)
€ Cellipt
oo -1
Cettipt = Ceire" T / [%(1+ x)(cos™2 6 + x)]_l/2 dx , and (5.53)
0
Ccirc = 8607‘0 . (554)

Figure 5.10 shows C,jjips/ Ceirc as a functionof ¢ = m/2 — 6.

The charge Q that can escape from a semi-infinite solid is approximately given
by Cei1ipiErin/e. For a beam of radius o = 100 pm incident on a solid at a grazing
angle of ¢ = 5°, Cop1ipr ~ 3.3x 107 F, so that a total charge of Q ~ 3.3x1071°C
is required to trap electrons with Ejy;, = 10keV. The penetration depth of the x rays
into the material d, is given by (4.47). Using (5.51), we can estimate the charge
density in the center of the beam when trapping occurs as ¢(0, 0)/d,. For silicon,
only a small fraction of the photoelectrons (=~ 2.5 x 10™?) have to escape until
trapping occurs, which means that a semi-infinite solid essentially stays neutral
under x-ray irradiation.

Even for thin films, the charging is a relatively weak effect. For a film of thick-
ness d, the charge density can be estimated as ¢(0,0)/ min(d,, d). Taking as an
example an x-ray beam of radius 50 pm irradiating a 10-nm-thick silicon under
normal incidence, an escaped charge density corresponding to an average ioniza-
tion of only 1.4 x 107> leads to trapping of 10-keV photo electrons.
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6
Short X-Ray Pulses

Recent advances in ultrafast optics have made it possible to generate high-intensity
laser pulses in the visible regime that are shorter than a few femtoseconds (1fs =
107" 5) [1]. These pulses can be generated directly from rather compact and re-
liable laser oscillators and are orders of magnitude shorter in duration than what
can be measured with modern sampling oscilloscopes. Therefore, novel techniques
had to be developed to characterize them. Femtosecond pulses can be used to study
transient phenomena in physical, chemical, and biological systems, including plas-
mas, and allow us to track changes even of the nuclear structure. Short pulses are
also needed to study dynamic behavior of matter on short time scales, such as for
atomic-resolution real-time observation of electron dynamics, which occurs within
attoseconds (1as = 107 % 5). However, the ultimate limit to the pulse length is set
by the laser-field oscillation cycle, which is about one fs in the visible regime and
therefore not sufficiently short to study sub-fs phenomena.

In principle, sub-fs phenomena can be studied using x-ray pulses, for which the
duration of one wave cycle is approximately one attosecond. Historically, x rays
have been used mainly as spatial probes. More recently, short-duration x-ray pulses
of sufficient intensity have become available, and x rays can now also be used for
time-resolved measurements.

Femtosecond and shorter x-ray pulses are particularly useful for probing ultra-
fast material dynamics. Such pulses allow the investigation of transient responses
of atoms and molecules, high-intensity matter interaction, and basic properties
of femtosecond radiation. In particular, processes in atoms and molecules often
cannot be resolved with picosecond radiation. For example, for hydrogen with an
electron in state n, the radius of the electron orbit R, is proportional to n%. In a
semiclassical picture of a wavepacket circulating around the proton, the classical
round-trip time is

4n?h3el

Ty = (6.1)

etm,
For n = 26, we obtain Tz =& 100 fs, which can easily be resolved with a one-
femtosecond pulse. The spatial extent of a short pulse of one femtosecond duration
is ¢t = 300nm. Such pulses may also be sufficient to resolve the bending and
vibration of chemical bonds, as well as some chemical reactions for which time

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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scales are also on the order of 100 fs. Plasma processes occur on a large range of
time scales, depending on the density and the temperature.

Typically, pump-probe schemes are employed to study the fast dynamics in
matter. Until recently, mainly long-wavelength-pump and x-ray-probe beams have
been used for this purpose. For many phenomena, for example to study inner-shell
atomic effects, the pump beam also needs to be an x-ray source of sufficiently high
intensity. The recent advent of the x-ray free-electron laser (FEL) has led to signif-
icant progress in this field, providing x-ray pulses with pulse lengths around 10
to 300 fs [2]. It will take some time to thoroughly explore x-ray—matter interaction
in this regime. Eventually, shorter sub-fs x-ray pulses will become necessary since
many fundamental processes such as chemistry and semiconductor carrier dy-
namics operate in this time regime. Possibly shaped intense short x-ray pulses will
become available some day which could be used to control the quantum dynamics
of electrons.

6.1
Characteristics of Short X-Ray Pulses

We will first discuss the fundamental properties of short x-ray pulses, including
coherence and photon statistics, pulse chirping, bandwidth limitations, and the
propagation of short x-ray pulses in free space.

6.1.1
Coherence and Photon Statistics

An x-ray pulse can be characterized by multiple properties, including coherence
and photon statistics. As discussed in Section 1.3.3, coherence describes the sta-
bility of light and is a measure for the correlation of the electric field at different
points in space and time. For example, a sinusoidal wave that exists everywhere
in space is perfectly coherent since if the electric field is known at a few locations
and times, it is known everywhere for all times. In practice, waves are only partial-
ly coherent, which means that coherence exists only over a limited distance or for
a limited time duration. The coherence time 7. is the time duration over which
a wave train remains stable. Assuming we know the phase at t;, then there is a
high probability that we know the phase at t; if t, — t; < 7.. This also holds the
other way around: If we know the phase at t;, then the probability that we know
phase at t; is low when £, — t; >> 7,. For perfectly coherent light, such as perfectly
monochromatic light, 7 is infinite.

To illustrate the meaning of the statistical properties of a photon stream, we can
consider measuring the distribution of photons in an x-ray beam by counting the
number of photons in short beam segments. For perfectly coherent light, it can be
shown that these fluctuations follow Poissonian statistics [3]. Denoting the proba-
bility of finding n photons in such a beam segment as P(n), it can be shown that

ﬁn

P(n) = T exp(—n), (6.2)
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where #n is the average count value. For such a Poisson distribution, the variance
of n equals the mean value, so that 02 = (n?) — (n)> = 7, and the standard
deviation is 0, = +/fi. Comparing the actual photon counting statistics to the
Poissonian distribution (6.2) can then be used to classify x-ray pulses [4]. For light
with Poissonian statistics, 02 = 7, as for perfectly coherent light. Light is said
to follow super-Poissonian statistics when 02 > 7, so that the counting statistics
is broader than for Poisson distributions, which is very common. Some examples
include thermal light from a black body, when only a single mode is considered,
partially coherent light, and incoherent light. Partially coherent light is also called
chaotic light and is characterized by a finite coherence time 7.. Finally, light is
said to follow sub-Poissonian statistics when ¢2 < 7. This narrow distribution is
not consistent with the classical theory of light and can only be understood within
quantum optics [5, 6].

6.1.2
Chirped X-Ray Pulses

For chirped x-ray pulses, the photon energy varies along the length of the pulse, so
that the x-ray energy and time are coupled. Such pulses can be used to study pro-
cesses on time scales shorter than the pulse length. For example, in Laue diffraction
experiments, different x-ray energies give different diffraction patterns, and in this
way the time dependence of the diffraction could be mapped onto space [7]. As we
will discuss below, chirped x-ray pulses may also be used to reduce the pulse du-
ration through time-compression or time-slicing. We now review the properties of
chirped coherent x-ray pulses.

We consider a linearly polarized coherent photon pulse that is observed at a fixed
point in space. The pulse may be described by its real-valued electric field strength,

E(t) = A(t) cos (Do + wot), (6.3)

where w, is the carrier frequency, A(t) is the envelope function, and @, is the
absolute phase. The absolute phase is not very important if A(t) does notvary much
over the oscillation period T, as is currently the case for x rays.

The real-valued electric field strength of chirped x-ray pulses can be written as

E(t) = A(t)cos D(t) (6.4)
with
D(t) = Do+ wot + Pylt) . (6.5)

Asin (6.3), wy is the carrier frequency, A(t) is the slowly varying envelope function,
and @ is the absolute phase. The additional term @,(t) is the chirp of the pulse.
We can define an instantaneous pulse frequency,

_do() ddg(t)

off) = — = = wo+ —— . (6.6)
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Figure 6.1 Electric field E(t) in arbitrary units for (a) an unchirped pulse, (b) an up-chirped
pulse, and (c) a down-chirped pulse.

In case d®,(t)/dt > 0, the instantaneous pulse frequency increases with time and
the pulse is called up-chirped, whereas for d®,(t)/dt < 0, the instantaneous pulse
frequency decreases with time and the pulse is down-chirped. Figure 6.1 shows
examples for the evolution of the electric field of a Gaussian pulse for the cas-
es of (i) an unchirped pulse at a wavelength of 1.5 A with a vanishing absolute
phase @y = 0 and a pulse duration At = 5as, (ii) an up-chirped pulse with
d®,/dt = 0.5/as?t?, and (iii) a down-chirped pulse with d®@,/dt = —0.5/as?t2.
The pulse parameters were chosen to demonstrate the concept of up- and down-
chirp clearly and cannot be achieved yet with today’s technology.

6.1.3
Bandwidth-Limited X-Ray Pulses

There is a fundamental inequality for the pulse duration, taken as the full-width-
at-half-maximum (FWHM) 7, and the spectral width, taken as the FWHM of the
spectral intensity Aw,

Aw,t, > 27 . (6.7)

For a coherent Gaussian pulse, Aw,7, = 27, and the pulse is called unmodulated
or bandwidth-limited. Figure 6.2 shows the spectral width Aw, of such bandwidth-
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Figure 6.2 Spectral width Aw, of bandwidth-limited ultrashort coherent x-ray pulses as a func-
tion of the pulse length 7, for different x-ray energies.

limited coherent x-ray pulses as a function of the pulse length 7, for different
x-ray energies. For a given x-ray energy and pulse length, the spectral width of the
pulse has to be at least as large as Aw,. For 7, = 1 fs, the spectral bandwidth is
hAw, > 4.14eV. In the optical regime, such a short pulse would be very distorted,
whereas in the x-ray regime, #A® , is much smaller than the pulse energy, and the
pulse is similar to a long pulse.

Currently, most x-ray free-electron-laser radiation sources are based on the SASE
(self-amplification-of-spontaneous-emission) scheme, which starts from random
noise and behaves in the linear regime like a chaotic light source [8]. It has been
shown that SASE light is composed of a number of coherent modes in the time
domain, each represented by an intensity spike [9]. In the frequency domain, a
similar spike structure occurs, and each spike corresponds to an individual coher-
ence region [10]. The spike width can be used to determine the pulse duration of
the chaotic radiation [10, 11]: The average time-bandwidth product for an ensem-
ble of SASE pulses relates to the number M of coherent modes in the SASE pulse
through

M = 25,0, , (6.8)

where 0, is the root-means-square (RMS) SASE gain bandwidth, and o, is the
RMS spike length. The energy fluctuation of the pulses is oy /(W) = 1/v/M,
where W is the output energy per pulse.

As discussed in Section 4.4.1, when a short pulse interacts with an optic, the
pulse shape may change, depending on the spectral bandpass Epsndpass and the
impulse response of the optic. Only when the bandpass energy Epandpass is larg-
er than the bandwidth of the input pulse #Aw, and the phase of the impulse
response does not vary significantly over this energy range can the pulse length
be preserved. To illustrate this concept, we consider a diffraction grating as is of-
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ten used in the VUV (vacuum ultraviolet) and EUV (extreme ultraviolet) spectral
regime. The path length difference between each groove is given by nA, where n
is the reflection order. With the grating length L and the line density N, the total
optical path difference is Al = LNnA, so that the time stretch due to the grating is

Ar:LNn% (6.9)
~ R 6.10
= Ro=. (6.10)

The diffraction-limited resolving power is given by R¢ = LNn. Note that this
is an approximation since we assumed a uniform illumination and an infinitely
large grating in one direction. Using a single grating always leads to some pulse
stretching due to a spatial chirp which is a shear to the output beam. We could
reverse the pulse stretch by using a second grating.

Similar to the case of an optical grating, a reduced bandwidth will lengthen a
pulse in the x-ray regime. The bandpass of monochrometers and other optics must
be greater than the spectral width of the x-ray pulse in order to preserve the pulse
length. For example, when pulses are Bragg reflected from crystals, their temporal
duration may be extended to a few femtoseconds, which is consistent with the
energy-time uncertainty relationship for a chosen reflection.

6.1.4
Propagation in Free Space

As we will discuss in Section 7.5.1, current x-ray pulse intensities are much too
small for nonlinear effects in vacuum to significantly affect the propagation of
x-ray beams. We can therefore treat the propagation of short x-ray pulses using the
linear formalism developed in Section 4.1.1. Since the index of refraction of vacu-
um is n = 1, (4.14), which describes the evolution of the electric field, simplifies to
the linear wave equation,
) 1 0*E

VE -~ Sos =0. (6.11)
Equation 6.11 is satisfied by each component of the electric field. Therefore, the
pulse shape of ultrashort pulses propagating in space is conserved. In matter, the
intensity profile of an x-ray pulse is only preserved in nonabsorbing and nondis-
persive media, assuming that the electric field strengths are sufficiently small so
that nonlinear effects can be neglected. As we have shown in Section 4.4, mate-
rials are usually dispersive and distort the pulse shape of subfemtosecond pulses
significantly during propagation.
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6.2
Generating Short X-Ray Pulses

Various methods have been suggested to generate short x-ray pulses. Compact,
table-top optical lasers with output energies on the order of mJ and ps pulse dura-
tions can be used to irradiate solids and generate high-temperature plasmas which
emit x rays. By combining this approach with rapid cooling of the target, sub-ps
x-ray pulses can be generated. At the other end of the spectrum of possibilities are
large-scale x-ray facilities. The highest-intensity short x-ray pulses in the laboratory
are currently generated by x-ray free-electron lasers. We will now discuss the most
important short-pulse x-ray sources and techniques to reduce the pulse lengths
even further. This discussion extends on the more general description of x-ray light
sources in Section 1.3.

6.2.1
Short-Pulse X-Ray Sources

Early devices to generate x rays such as x-ray tubes, electrical discharges, and
even the first synchrotron sources were able to produce pulses as short as several
nanoseconds. Recent advances in different areas of x-ray—matter interaction have
enabled the development of pulsed x-ray sources with pulse lengths on the order of
picoseconds, femtoseconds, and even attoseconds. Figure 6.3 shows where these
new sources prevail in x-ray energy and pulse length space. Virtually all short-pulse
x-ray sources involve accelerated electrons, and often short-pulse optical lasers
are engaged, as well. A high degree of coherence in the photon output is gen-
erally beneficial to achieve high x-ray intensities since it simplifies focusing the
beam.

10° —
10
3 ]
@ m *
5103 X S
2 I
[} 5 E
C
s 10 \ 3
[e] ]
e
o . ¢ o

10 w

G
o laser
10

107 102 107" 10° 10" 10 10 10* 10° 10°
Pulse duration 7, (fs)
Figure 6.3 Source characteristics of different short-pulse x-ray sources. The bottom left of the

diagram indicates the regime in which the pulse length is shorter than a single optical cycle.
Reprinted figure with permission from [12].
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6.2.1.1 High-Harmonic Generation

Intense optical laser pulses may be converted directly into x rays through high-
harmonic generation, a nonlinear optical process, by focusing a sub-ps coherent
visible-light laser to more than 10 W/cm? and irradiating a gas jet or a solid tar-
get. At such intensities, the target ions are field-ionized, and the electrons are ac-
celerated by the later part of the laser field’s wave cycle. The accelerated electrons
then coherently emit high-harmonic radiation. Harmonics beyond the 300th order
have been achieved, corresponding to soft x-ray radiation up to 1keV. Since the
high-harmonics generation utilizes only a fraction of the optical cycle (a few fs in
duration), the pulse length is a few hundred attoseconds.

This process cannot be described as regular n-photon excitation in the context
of perturbation theory, in which the electron is treated in its bound state, since
that cross section would be quite small. Instead, a simple three-step model has been
very successful in describing the process of high-harmonic generation [13, 14]. The
ion is ionized when the laser field is close to its peak, and the electron is driven
away from the ion. When the field reverses, the electron is accelerated back toward
the ion while gaining kinetic energy. When it eventually reaches the ion again and
recombines, a photon with the energy #w, is emitted that is equal to the sum of
the ionization energy I, plus the electron’s kinetic energy.

The acceleration of the electrons occurs on time scales that are on the order of
the cycle length of the driving laser field and leads to the emission of EUV and soft
x-ray light in integer multiples of the fundamental frequency of the optical laser
light. The maximum photon energy %,y that can be generated is limited by the
maximum kinetic energy the electron can attain, which can be shown to be limited
by

hmax = 317U, + I, , (6.12)

where U, is the ponderomotive potential. The emitted radiation exhibits a high
degree of temporal and spatial coherence. High-harmonic generation has been
demonstrated for photon energies up to 1keV [15, 16].

6.2.1.2 Thomson Scattering

When an intense optical laser irradiates an energetic electron beam normal to the
propagation direction of the electrons, for example in a storage ring, relativistic
90° Thomson scattering occurs colinear with the propagation direction of the elec-
trons [17, 18]. Because of the momentum transfer from the electrons to the pho-
tons, the scattered photons can obtain energies of up to several keV. This process
allows for the production of ultrashort, directed x-ray pulses.

6.2.1.3 Ultrafast X-Ray Tubes

A short-pulse optical laser can be used to generate ultrashort electron pulses from a
heated cathode, which are then accelerated in a DC field to energies of several keV.
When the electrons collide with the atoms of the anode material, bremsstrahlung
is emitted. The emitted radiation is incoherent and continuous, and some of it lies
in the x-ray spectral regime. Similar to x-ray pulses from laser-driven plasmas, the
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duration of the x-ray pulses from an ultrafast x-ray tube is governed by the pene-
tration depth of the electrons inside the anode material. The number of emitted
photons is limited for sub-ps x-ray pulses by electrostatics: when too many elec-
trons are ejected from the cathode material, the electrons experience a Coulomb
repulsion that increases the pulse length. Increasing the accelerating voltage leads
to shorter pulses. Ultrafast x-ray pulses have been demonstrated in the ns, ps, and
fs regime [19-21].

6.2.1.4 Laser Plasma Sources

Ultrashort optical laser pulses can be used to produce short x-ray pulses by irradiat-
ing solid-density materials and creating a high density of excited atoms and a large
number of energetic free electrons through inverse bremsstrahlung absorption.
This hot dense plasma emits black-body radiation in the form of bremsstrahlung
when the electrons are scattered by the ions. For sufficiently large laser intensities,
the plasma also emits characteristic K-a radiation. The radiation is emitted into a
solid angle of 4; and is not coherent. The hot plasma cools down by expanding
on a time scale of typically less than a picosecond, so that the emitted x-ray pulses
have few hundred femtoseconds time duration. The emitted pulses are perfectly
synchronized with the pump laser. The principle was first demonstrated by Mur-
nane [22].

6.2.1.5 Synchrotrons

In a cyclotron, charged particles are accelerated by electric and magnetic fields and
move on outward-spiralling trajectories as the particle energy increases. Whereas
in a cyclotron the electric and magnetic fields are constant in time, the fields in a
synchrotron are carefully synchronized with the charged particles’ motion so that
they stay on their paths. Energy loss through bremsstrahlung emission is compen-
sated by electric fields in RF (radio-frequency) cavities. A storage ring is a particular
kind of synchrotron in which the charged particles (typically electrons) are kept cir-
culating for a long time, up to several hours. A schematic of a storage ring is shown
in Figure 6.4a. The electron current reaches up to one Ampere. Nowadays, storage
rings are a mature and reliable technology. They support a large user community
because each ring has several tens of beamlines. The emitted synchrotron radia-
tion is collimated and stable, but the pulse length of 100 ps is relatively long. More
complicated setups such as pulse slicing and streak cameras are used to improve
the time resolution.

Insertion devices such as wigglers and undulators are used to mildly accelerate
the electrons out of their synchrotron path to generate radiation. Undulators are
periodic dipole-magnet arrangements with alternating magnetic fields, which are
used to produce intense radiation that is concentrated in a narrow spectral band.
Undulators are typically characterized by a dimensionless parameter [23]
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Figure 6.4 (a) Schematic of a synchrotron light source. The straight sections contain periodic
magnetic structures (wigglers and undulators) that cause the emission of synchrotron radia-
tion. (b) Schematic of a free-electron laser.

where —e is the electron charge, B is the magnetic field, 4, is the magnetic field
undulation period, m is the electrons mass, and ¢ the velocity of light. For K « 1,
the oscillation amplitude is small, and light is emitted into a narrow spectral band.
Ay is chosen such that the electron bremsstrahlung induced by the magnetic field
undulations interferes constructively. With increasing number N of magnetic field
periods, the undulator brightness increases by a factor of up to N? over the radia-
tion from a simple bending magnet due to constructive interference and the small
emission angle which is reduced by a factor of 1/N. For K >> 1, the oscillation pe-
riod is larger, and the radiation from each field period sums up incoherently. This
kind of insertion device is called a wiggler and generates a much broader spectrum
than an undulator. A wiggler behaves more like a series of bending magnets than
an undulator. Wigglers and undulators emit radiation of only limited spatial coher-
ence. The output radiation is strongly polarized and, for an undulator, collimated
to within a few arcseconds.”

In the course of the development of storage rings, the electron bunch length
that determines the photon pulse duration has been reduced to a few tens of pi-
coseconds by increasing the kinetic energy of the electrons. The maximum kinetic
energy of the electrons is limited by the maximum available magnetic field that
determines the radius of curvature of the electron trajectory and is typically on the
order of a few GeV. The lower limit for the electron-bunch length is on the order of
1 ps. The bunches are typically spaced a few tens of nanoseconds apart. The short
pulse length coupled with the ability to select a narrow spectral region makes syn-
chrotrons very versatile devices. For a given electron energy, the emittance of the
beam can be reduced and thereby the brightness of the radiation can be increased
by increasing the circumference of the synchrotron. In the limit of a linear accel-

1) larcsec = 1/60arcmin = 1/3600°.
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erator, several GeV electron bunches can be produced that emit diffraction-limited
10-keV x-ray pulses.

In future technologies, it is anticipated that partial x-ray lasing may be achieved
through the self-amplification-of-spontaneous-emission (SASE) principle, thereby
increasing the emission ten to one hundred times. In the SASE process, a res-
onance between the electron bunch and synchrotron radiation occurs, which is
initiated by shot noise. This principle is described in more detail in Section 6.2.1.7
on x-ray free-electron lasers.

X-ray pulses shorter than 1 ps down to 1fs can be achieved by electron-bunch slic-
ing, a technique in which an electron bunch interacts with the radiation from an
intense fs optical laser [24], extracting a short segment of the pulse. Preserving the
full pulse energy when decreasing the pulse length is more difficult. Techniques
have been suggested to use the full electron bunch through electron-bunch compres-
sion, for example by chirping the electron energy along the length of the pulse and
then compressing it in a magnetic chicane to sub-ps length [25] and below [26].

6.2.1.6 Energy Recovery Linacs

In an energy recovery linac, a low-emittance and highly monochromatic electron
beam circulates through a ring-like transport line, which contains multiple inser-
tion devices and is then returned to the linear accelerator (linac) in which the beam
energy is recovered in the superconducting structure. Since the beam is not stored
in the ring, the very small beam emittance from the linac is nearly completely pre-
served during the single travel through the ring, leading to very-high-brightness
emission. Energy recovery linacs are now in the research and development phase.
They are anticipated to be operated in one of two modes. In the first, high current
mode, electron currents are on the order of 100 mA, and high-brightness 1-ps-long
pulses are emitted. In the second, short-bunch mode, short pulses on the order of
tens of fs are produced, but using much lower electron currents.

6.2.1.7 X-Ray Free-Electron Lasers

A schematic of a free-electron laser is shown in Figure 6.4b. X-ray free-electron
lasers can be seen as an extension of an undulator insertion device. In an undula-
tor, the bremsstrahlung radiation that is emitted by each accelerated electron inter-
feres constructively, but radiation emitted by different electrons does not. There-
fore, the x-ray radiation is proportional to the number of electrons N, in a pulse.
In an x-ray free-electron laser, the electron density is so much increased, for ex-
ample by compressing the electron bunch, that the bremsstrahlung radiation is
sufficiently intense to interact with the electron cloud itself, given rise to the phe-
nomenon of microbunching. This process is illustrated in Figure 6.5. Because of this
microbunching, the electron radiation is correlated and the radiation adds coher-
ently, up to a factor of N2. Microbunches can form spontaneously from noise. This
mode of operation of a free-electron laser is called self-amplification-of-spontaneous-
emission (SASE) [27]. Instead of starting from noise, the electron bunching may
also be initiated with a laser. In this case, it is a seeded FEL [28, 29].

151



152 | 6 Short X-Ray Pulses

undulator
cecron A WA MO HEHEHEEH
beam
Ifrom g \/ A\ N V GV VSN VAV
inac
bl B GO B O I B G A
electron
beam
(a) dump
T T || T T || T T || T T || T T || T T
_ saturation
g
: [
> .
o
L linear |
regime
1 1 II 1 1 II 1 1 II 1 1 II 1 1 II 1 11
(b) distance
Figure 6.5 Sketch of the self-amplification-of-  bunch is shown together with the resulting ex-
spontaneous-emission (SASE) process (a) in ponential growth of the radiation power along
an undulator resulting from the interaction of  the undulator. Note that for x-ray free-electron
the electrons with the synchrotron radiation lasers, the number of microbunches is much
they emit. (b) Here the longitudinal density larger (on the order of 10°) [30].

modulation (microbunching) of the electron

LEUTL at the Advanced Photon Source (APS) was the first SASE free-electron
laser that achieved saturation in the visible spectrum [31]. At the Tesla Test Facili-
ty (T'TF) at the Deutsches Synchrotron (DESY), saturation of a SASE free-electron
laser was achieved at a wavelength of 100 nm [27]. This facility has recently been
rebuilt to operate down to 6nm, and its name was changed from VUV-FEL to
FLASH [32]. The pulse lengths are less than 25 fs, and the energy for a pulse is up
to 200 pJ. The Linac Coherent Light Source (LCLS) is the first x-ray free-electron
laser that provides photon pulses between 0.5 and 10keV. Each pulse is 10 to 300-
fs long [2], and the pulse energy is up to 3m] [33]. Since the LCLS is current-
ly operated in the SASE mode, its pulses exhibit limited temporal but quasi-full
spatial coherence. In the near future, the Japanese x-ray free-electron laser near
SPring 8 and the European x-ray free-electron lasers are expected to become avail-
able [34]. These sources require extreme electron-beam characteristics with respect
to beam energy, emittance, peak current, and stability. X-ray free-electron lasers typ-
ically produce pulses that are shorter than a ps, and recently even fs-pulse lengths
have been demonstrated [2]. Currently, the longitudinal coherence and the pulse-
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shaping abilities are limited, but this can be greatly improved by using seeding
and oscillator techniques. The spectral bandwidth AE/E of LCLS is on the order of
10™*. Free-electron lasers can also be used as amplifiers, oscillators, and harmonic
generators. The most recent x-ray free-electron-laser facilities use pulsed linacs and
emit macro (composite) pulses at rates ranging from 1 to 120 Hz, and can also be
operated in a burst mode with multiple pulses per macro pulse. Future continuous-
wave (CW) superconducting linac-based free-electron lasers hold the promise of
a high repetition rate with even pulse spacing in time, operating at tens of kHz
to a MHz. Further developments on the electron gun are required to realize this
concept. These next-generation facilities are expected to deliver transform-limited
pulses of unprecedented intensity.

As a historical note, the subpicosecond-pulse source (SPPS) [26] was the first
step toward the world’s first hard x-ray free-electron laser, the LCLS. In the fine-
focus test beam (FFTB) branch of the SLAC LINAC, 80-fs-long electron beams were
produced and then used to generate short incoherent x-ray pulses in an undulator.
The x-ray output was a highly collimated beam of 0.01 mrad with 107 photons and
a few percent bandwidth.

6.2.2
Reducing Pulse Lengths through Time-Slicing

It is possible to chirp x-ray free-electron-laser pulses by creating an energy gradient
along the length of an electron bunch using RF phasing or longitudinal wave fields
in the accelerating structure [35]. As discussed in Section 6.1.2, chirped x-ray pulses
exhibit a time-dependent wavelength which is equivalent to a time-correlated ener-
gy spread. Such a pulse can be used to create a shorter pulse through time-slicing
in which a small temporal section of the x-ray pulse is selected. This leads to a
proportional decrease in the total pulse energy.

Time-slicing can be implemented by using a monochromator of appropriate
bandwidth to extract a short segment of the x-ray pulse [36], keeping only a frac-
tion of the pulse energy. It has been proposed that in the x-ray regime, time-slicing
could be achieved by using an off-axis transmissive zone plate in combination with
a slit-like aperture: A circular zone plate focuses light to a point on its optical axis,
and the distance of this focal point from the center of the zone plate is a function of
the wavelength. When the illumination is restricted to a small area near the outer
edge of the zone plate, it still converges to the focal point on the axis of the zone
plate, giving the appearance that the small beam has been deflected sideways. This
is similar to the behavior of a grating except that in the case of the zone plate the
light is also focused. A screen perpendicular to the axis of the zone plate at a dis-
tance of the mid-pulse focus will see a small spot of light moving across the screen
during the pulse. Placing an aperture slit through the screen in the path of the
spot produces a brief pulse of light downstream [37]. For applications at x-ray free-
electron lasers, it is necessary to fabricate the zone plates from low-Z materials in
order to prevent radiation damage. The focal length f at a design wavelength 1, of
a zone plate will have a central radius of r; = /¢ fo, and the focal lengths at other
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wavelengths will be f(1) = r?/A. As an example, at the x-ray free-electron-laser
LCLS, a pulse chirp of 2% may be achieved [35], which would lead to a pulse length
reduction of a factor of 4. For chirps of less than 0.25%, it is currently not possible
to fabricate appropriate zone plates.

Another way to shorten the duration of x-ray light pulses is to use ultrafast shut-
ters. It was shown that laser-induced acoustic pulses in crystals can modulate and
switch the x-ray transmission properties by making use of the Borrmann effect.
This technique could potentially be employed to generate subpicosecond puls-
es [38].

More recently it has been proposed [39] and demonstrated [40] that fs and sub-fs
pulse length can be achieved in an x-ray free-electron laser by selectively spoiling
the transverse emittance of the electron bunches. As a result, only a small temporal
part of the electron beam lases. The implementation of this technique requires
only a thin foil with a slot. Similar to the time-slicing technique described above,
an energy chirp is introduced into the beam to obtain an energy-time correlation.
When the electron bunch enters a magnetic bunch-compressor chicane, it is tilted
relative to the longitudinal ¢ axis, which introduces a space-time bunch tilt in the
center of the chicane due to its chromatic dispersion. At the point of maximum tilt,
a thin foil with a slot is placed in the beam path. Coulomb scattering of the electrons
when passing through the foil increases the horizontal and vertical emittance of the
beam except for a very thin unspoiled slice that will lase.

6.2.3
Reducing Pulse Length through Pulse Compression

Time-slicing methods utilize only a fraction of the x-ray pulse to generate short
pulses. Another method to reduce the pulse length is pulse compression, which is
often preferable since a larger fraction of the total pulse energy is used. Whereas
dispersive elements such as gratings work well in the optical and extreme ul-
traviolet regime, these methods are typically not practical for x rays due to their
low efficiencies and the large required geometries. Instead, novel schemes have
been proposed, including using strained crystals with a lattice spacing that varies
with depth to compress chirped x-ray pulses [41]. Estimates have shown that
230-fs-long x-ray pulses at 8 keV with a 0.5% chirp may be compressed by a factor
of ten [41], which is seven times more than what can be achieved with time-slicing.
The strained crystal is designed such that the strain varies with depth in a way
that different parts of the pulse, corresponding to different wavelengths, will be
reflected at different depths, and therefore experience a different time delay. If the
strain profile matches the chirp profile of the incoming pulse, that is the leading
part of the pulse is reflected deep inside the crystal, the bandwidth of the crystal
matches the chirp bandwidth, and the depth of the strain matches the x-ray pulse
length, then the pulse can be efficiently compressed.

In order to minimize absorption in the crystal, materials with low atomic charge
number, such as carbon or silicon, are preferable as pulse compressors. Also, small
Bragg angles are desirable since then the diffraction efficiency is higher. Since dif-
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ferent wavelengths are reflected at different depths in the crystal, they also emerge
from the crystal surface at different positions, thereby exerting a lateral shear to the
beam that leads to an increase in the beam diameter.

6.2.4
Generating Ultrashort X-Ray Pulses

Producing ultrashort x-ray pulses with pulse lengths significantly shorter than one
femtosecond continuous to be challenging. High-harmonic generation can pro-
duce coherent attosecond pulses in the soft-x-ray spectral range. When the atom
is ionized by the laser, the photoelectron will collide with the ion a fraction of an
optical laser cycle later. As discussed in Section 6.2.1.1, the energy is emitted as a
photon and is the sum of the potential and the quiver or ponderomotive energy,
which is the kinetic energy averaged over one optical cycle. Since these collisions
occur during each half-cycle of the laser field, this effect produces bursts of attosec-
ond pulses that are coherent with respect to each other. Using this technique of
high-harmonic generation, femtosecond optical laser radiation has been shown to
be the source of attosecond EUV pulses. The pulses are separated by one half-cycle
of the laser period, and the train length was 10 fs [42, 43]. Hentschel et al. produced
a 650-as soft-x-ray pulse using an intense, few-cycle laser pulse with a stabilized
carrier envelope phase [44].

A possible source of attosecond x-ray pulses with shorter wavelengths are x-ray
free-electron lasers. In the SASE mode of operation, the output radiation is com-
posed of multiple isolated sub-fs spikes with random arrival times, so they are
temporally incoherent. Zholents et al. [45] proposed a seeded attosecond x-ray ra-
diation process in which electrons are selected by their previous interaction with
a few-cycle intense optical laser pulse, leading to the emission of (temporally syn-
chronized) isolated pulses of attosecond duration.

6.3
Characterizing Short X-Ray Pulses

Characterizing the temporal intensity distribution I(t) of x-ray pulses is still very
challenging. Typical photodiodes used to measure light intensity have a response
time of tens of picoseconds, depending on the photodiode geometry and materi-
al, and the x-ray intensity. The only direct measurement devices for I(t) are x-ray
streak cameras with a temporal resolution of about 500 fs, so they cannot resolve
femtosecond pulses. Instead, indirect measurements are performed to obtain in-
formation about I(t). These techniques usually rely on some correlation of the
x-ray pulse either with other beams or with itself, termed cross-correlation and
auto-correlation techniques, respectively. Methods that operate in the time-frequen-
cy domain have turned out to be especially useful. Cross-correlation techniques
typically utilize a well-characterized femtosecond optical laser, and require a good
synchronization of the optical and x-ray pulses. Whereas this is a reasonable re-
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quirement in case the optical laser is involved in the generation of the x-ray pulse,
such as for high-harmonic generation, this is much more difficult when the x-ray
pulses are generated independently of the optical laser, such as for SASE x-ray
free-electron lasers. We will now discuss the principles and advantages of different
pulse-length characterization schemes [12].

6.3.1
X-Ray Streak Cameras

X-ray streak cameras are currently the only direct measurement devices that can
characterize the intensity of x-ray pulses with a time resolution of several hundred
femtoseconds. In an x-ray streak camera, the x-ray pulse irradiates a material, and
an electron beam is generated through photo emission. A transverse electric field
is ramped up sufficiently fast so that the electrons in the beam that have been
generated at different times impinge on an area detector, such as a photo plate
or a charge-coupled device (CCD), at different positions. This streak then contains
temporal information about the x-ray pulse intensity. This technique requires a fast
electric field ramp and a means to trigger this ramp with the advent of the x-ray
pulse. For high x-ray intensities, x-ray streak cameras are limited by space charge
effects that lead to temporal broadening. Electrons generated through the Auger
effect broaden the signal further. One axis of the area detector is used to sample
the temporal shape of the pulse. The second axis perpendicular to the streak axis
may be used to measure spatial or spectral information of the x-ray pulse.

6.3.2
Correlation Methods

Cross-correlation techniques characterize short photon pulses by probing the tem-
poral pulse shape with a second, preferably shorter, reference pulse. If a shorter
pulse is not available, auto-correlation techniques may be used in which the original
pulse is split and used as a reference. If the reference is known, one can perform
spectral interferometry, which is similar to a double-slit experiment in k space, ex-
cept that the fringed interference pattern is measured in the frequency domain as
a function of the time delay. If the reference is unknown, nonlinear mixing can be
utilized to shift spectral regions in frequency. For example, one can measure the
auto-correlation of a signal by recording the intensity of light produced by second-
harmonic generation in a nonlinear crystal as a function of the time delay, which
contains information about the temporal pulse structure. The complete pulse infor-
mation can be obtained from frequency-resolved optical gating (FROG) [46]. Here
the spectrum of the light obtained from second-harmonic generation is measured.
To obtain phase information, a technique called spectral interferometry for direct
electric-field reconstruction (SPIDER) is used [47]. The FROG technique with a
known reference beam in the cross-correlation configuration is called X-FROG.
X-FROG has been demonstrated in the VUV regime.
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In the x-ray regime, auto-correlation techniques are difficult to realize since non-
linear optical effects are weak. For example, high intensities are needed because
two-photon interaction cross sections at shorter wavelength are very small. This has
limited this technique to free-electron-laser pulses and pulses generated through
high-harmonic generation in the EUV regime. Usually, techniques rely on the cross
correlation of an x-ray pulse with an even shorter femtosecond optical laser pulse as
a reference beam, using a nonlinear optical process. High-intensity optical lasers
are needed since the nonlinear properties, such as nonlinear polarizability, are usu-
ally weak in the x-ray regime. Synchronization of the x-ray pulse and the optical
laser pulse is often difficult. If the exact temporal pulse shape of the reference
is known, one can measure the fringed interference pattern in the frequency do-
main, which is the spectrum, of two copropagating pulses with a small temporal
offset.

6.3.3
Examples

Ponderomotive Shift One of the main challenges of characterizing an x-ray pulse
is the relatively weak interaction of x-ray light with materials. This limitation can
be circumvented by using an intense optical laser, given the temporal jitter be-
tween the optical and the x-ray pulse is small. We assume we have a material with
an ionization potential I, that is smaller than the x-ray energy % w .., but that is
much larger than the laser photon energy #w4s.,. By measuring the spectrum E,
of the photoelectrons we can derive information about the x-ray pulse length in-
directly. Without the high-intensity laser light, the energy of the photoelectrons is
given by E, = hw.ray — I,. When the high-intensity laser is turned on, the laser-
assisted photoeffect can be described by the Volkov-state formalism [48], and it can
be shown that

E, = hwx-my + nhwiager (6.14)

with n = ...,-2,-1,0,1,2,... representing the sidebands of order n in the elec-
tron spectrum. There are two effects that can be used to characterize the x-ray pulse.
First, the energy difference between the highest order sideband and the zero-th
order sideband scales linearly with the ponderomotive potential U,. Second, the
high-intensity laser creates an AC stark shift or a ponderomotive shift of the ion-
ization potential on the order of U, which shifts the electron energy of the directly
photoionized (n = 0) peaks. Either of these effects can be used to measure the
pulse length by varying the delay between the optical and the x-ray pulse. The spec-
tral positions of the sidebands can also be used to derive information about the
chirp rate of the x-ray pulse.

Ponderomotive Streaking In high-harmonic generation, soft-x-ray pulse lengths of
a few hundred attoseconds have been achieved. Since the optical laser is directly
involved in the pulse generation, it is perfectly locked to the soft-x-ray pulse. The
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soft-x-ray pulse duration can be determined by measuring the spectrum of the pho-
toelectrons when the soft-x-ray pulse interacts with matter in the presence of the
high-intensity optical laser field. The photoelectrons will be significantly accelerat-
ed or decelerated, depending on the phase of the optical laser pulse. By scanning
the delay, characteristic modulations of the electron energy are observed in the en-
ergy spectrum of the electron, and comparisons to simulated spectra will determine
the pulse length.

Laser-Induced Absorption Gating  Finally, ultrafast changes of the absorption prop-
erties of a crystal may be used to measure pulse duration. In a perfect crystal, x rays
can be transmitted through material thicknesses that are much greater than the
absorption length. This is an outcome of the dynamic diffraction theory where it
is shown that a propagating x-ray wave in a perfect crystal consists of an alpha
and a beta mode, where the stationary alpha mode is a standing wave with zero
intensity at the positions of the atoms, so that absorption of this mode is very weak.
At the exit of the crystal, the alpha and beta solutions are then coherently projected
onto the free-space solution. By using a femtosecond optical laser pulse, we can
repopulate the extinguished beta solution close to the exit surface, and thereby
control the intensity of the forward and Bragg-scattered x-ray light. This technique
may provide a femtosecond time scale x-ray shutter when an optical femtosecond
laser is used to excite optical phonons.

6.4
Characteristic Time Scales in Matter

Even events that appear to proceed slowly on a macroscopic scale, such as chemical
reactions and phase changes, actually often evolve within femtoseconds, the time
scale of fundamental microscopic processes. For example, gross atomic motion of
clusters and groups of atoms occurs within 100 fs, and can be probed with short-
pulse optical light. Electronic motion, on the other hand, occurs on the time scale of
atto- and femtoseconds, and short x-ray pulses are needed to probe these processes.

When a particle is in a superposition of two states, the transition time between
these states is closely related to their energy difference. Consider a particle in the
superposition of the ground state of energy E, and the first excited state of energy
E;. The wavepacket that is the solution to the Schrédinger equation undergoes an
oscillatory motion with the period

2mh

Tasc = E,

(6.15)
with AE = E; — E. A large value for AE corresponds to fast particle motions in
the superposition state. Taking molecular vibration as an example, AE is on the
order of meV, so that the oscillation time is 10-100 fs.

Figure 6.6 shows typical time scales of processes in materials, calculated from
representative transition energies using (6.15). In the picture of a semiclassical
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Figure 6.6 Characteristic time scales in matter.

wavepacket, the time scale for the motion of core electrons is between 1 and 10 as,
and 20-1000 as for valence electrons. For electrons in the conduction band, the
motion occurs on a time scale of 2-10 fs and longer. The plasma oscillation period
in a metal is less than a femtosecond. For example, the oscillation in Cu is 0.4 fs.
A typical phonon oscillation period is 25-150 fs. The dissociation time of water is
1.8 fs, but large conformational changes in chemical reactions take one nanosecond
to a microsecond.

In organic chemistry, the time constant for bond stretching and bending is 10—
50 fs. Hydrogen bonds determine the structure of many molecular systems. Of par-
ticular importance is the transfer of H along pre-existing hydrogen bonds. Whereas
the structure of hydrogen bonds is pretty well understood, the functioning s still an
active area of research. It has been shown that the transfer of protons or hydrogen
ranges from 10 fs to several picoseconds and even nanoseconds.

For comparison, the oscillation time of 1 to 40-keV x rays is between 4 and 0.1 as,
which is well suited to the study of all these phenomena associated with electron
motion. For example, the lifetime of K holes in atoms ranges between 5 as and
15 fs. On the other hand, even bandwidth-limited x-ray pulses are not sufficiently
short to resolve motion within nuclei that occurs even faster on the time scale of
zeptoseconds, which is 1072 s.

6.5
Short-Pulse X-Ray—Matter Interaction Processes

We will now discuss the processes that occur when a short x-ray pulse irradiates
a solid material. There are similarities to continuous-wave (CW) interactions, but
the time scales are very different so that different processes dominate at different
times. In this chapter, we focus on the order in which these processes occur. As a
specific example, we consider the case of a 10-keV free-electron-laser pulse with a
pulse length of 100 fs irradiating a solid. Figure 1.9 shows the characteristic time
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and energy regimes for the case of a low-Z material. High-Z materials behave sim-
ilarly except that fluorescence dominates over Auger decay processes, as discussed
in Section 2.2.2.

When a 10keV photon is absorbed in the material, an electron with a kinetic
energy of several keV is ejected. In subsequent processes, this electron slows down
and thermalizes with its surroundings. The absorbed energy disperses into the
system, first on an atomic level, and then on increasingly larger length scales. As
shown in Figure 1.9, a longer length scale is typically associated with a longer time
scale.

In this chapter we focus on the processes occurring on relatively short time
scales, approximately up to ten picoseconds. An understanding of these processes
is derived by combining atomic physics processes with results that have been ob-
tained from optical-laser—matter interaction studies. Macroscopic processes such
as thermal melting, spallation, and thermal fracture are described in Chapter 8.

6.5.1
Atomic Processes

As described in the Section 1.5.1, the dominant x-ray absorption process for mod-
erate x-ray energies is photoionization, primarily of the inner atomic shells. This
process proceeds for the duration of the x-ray pulse, given that the pulse fluence is
sufficiently low so that at least some electrons remain on the ions and are available
for absorption. Compared to the x-ray pulse length, photoionization events occur
quasi-instantaneously.

Hollow atoms relax on the time scale of a few fs for low-Z atoms, primarily
through Auger decay, and on a time scale ranging from a few attoseconds to a
femtosecond for high-Z atoms, primarily through fluorescence, see Figures 2.3
2.5. During an Auger decay event, an electron is ejected. The kinetic energy of the
Auger electron depends on the atomic configuration. For example, the kinetic en-
ergy of an Auger electron of a carbon atom with a single core hole is approximately
240eV.

Both the photo- and Auger electron propagate through the solid while being elas-
tically and inelastically scattered. As discussed in Chapter 5, the primary energy
dissipation mechanisms for fast electrons are electron impact ionization and exci-
tation. For example, an electron with a kinetic energy of 10 keV transfers its energy
in the course of multiple scattering events on the time scale of 10 fs in carbon [49].

At the end of these processes, we obtain a warm or hot electron gas in the solid;
the details of the coupling of this electron gas to the ions are not very well under-
stood.

6.5.2
Fast Structural Changes

Structural material changes induced by short-pulse irradiation have been studied
for decades [50]. Of particular interest are ultrafast disordering, including melt-
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ing, and the study of light-induced phase transformations that potentially led to
the discovery of novel ordered structures [51-53]. Studies of fast structural changes
usually involve a pump-probe scheme. Most work so far has been performed with
an optical pump beam since x-ray sources have been too weak to induce substantial
structural changes in materials. Subpicosecond probing of excited materials can be
performed through time-resolved reflectivity measurements and second-harmonic
generation using optical laser pulses. Longer time scales can be probed using elec-
tron and x-ray diffraction, for example to study thermally induced melting, shock
propagation, strain distribution, heat diffusion, crystal regrowth, and annealing.

Very important is the subpicosecond time scale corresponding to the motion of
atoms on the length scale of the typical molecular bond length. As a specific exam-
ple, it has been shown that an optical excitation of more than 10% of the valence
electrons in a crystal with a diamond or zincblende structure results in structural
instabilities, that, in turn, give rise to fast disordering on a time scale that is shorter
than the electron—phonon relaxation time. This process can be viewed as an elec-
tronically induced solid-to-liquid transition and is also called nonthermal melting. In
this process, a dense electron-hole plasma with a density on the order of 10*2 cm™3
is formed that leads to ultrafast disordering and the formation of a hot liquid at high
pressure. It is possible that in certain cases the instabilities could result in tran-
sient, ordered phases. The high-pressure liquid will then evolve on the time scale
of several picoseconds as density perturbations propagate away from the molten
layer, and macroscopic amounts of material are ablated at higher laser fluences.

The structural changes induced by x-ray radiation are much less understood
since powerful x-ray sources are just starting to become available; x-ray free-
electron lasers are expected to advance the field substantially. Whereas there are ex-
pected to be a number of similarities between the interaction of short x-ray and opti-
cal photon pulses with matter, important novel effects are expected to occur in the x-
ray regime. This includes the electron cascade process in which one absorbed x-ray
photon leads to many ionization events. For example, in carbon it has been estimat-
ed [49] that one 10-keV photon leads to 30-50 ionization events. On the other hand,
the absorption process itself may be simpler in the x-ray case since high-density
effects, including inverse Bremsstrahlung absorption, can often be neglected.

Up to now, x rays have usually been used as a powerful probe instead of a pump.
For example, time-resolved x-ray diffraction has been used to study lattice dynamics
and ultrafast disordering. Major findings include that ultrafast melting occurs ho-
mogeneously over macroscopic volumes of materials and on a subpicosecond time
scale. X rays have also enabled the direct observation of large amplitude lattice com-
pression and rarefaction waves, enabled to a large extent by their large penetration
depth. This may change significantly with the introduction of x-ray free-electron
lasers which will place more emphasis on using x-rays as a pump.
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6.6
Single-Pulse X-Ray Optics

X-ray free-electron lasers provide x-ray pulses of unprecedented peak brightness
and with full transverse coherence, which will open many unique opportunities
in x-ray science. In order to shape and guide the x-ray beam, a variety of optical
components such as monochromators, mirrors, and focusing optics are required.
A significant challenge is the radiation damage associated with the high output flu-
ence and the short pulse duration. It is usually required that the optics stay intact
after x-ray exposure. For very short pulses, it is anticipated that primarily the x-ray
fluence, given in units of energy per unit area, determines the onset of damage.
We call the critical fluence above which permanent damage is inflicted upon a ma-
terial the conventional damage threshold. At the very least, the x-ray fluence needs to
be sufficiently low so that the exposed material does not melt since melting and
resolidification may, among other things, alter the microstructure of the material
and increase surface roughness. Often, more stringent conditions for the dam-
age threshold are a consequence of chemical reactions, phase transformation, and
imperfect vacuum in which the optics are operated. It is expected that the dam-
age threshold for multiple-pulse exposures is even lower due to cumulative effects,
including fatigue due to thermo-mechanical stresses [54, 55]. An example of an
optical element designed for high radiation load are silicon zone plates with low
x-ray absorption cross section, good thermal conductivity, high melting point, and
no material interfaces [56].

It has been suggested that the conventional damage threshold may be overcome
by taking advantage of the extremely short pulse duration of free-electron lasers
since during the pulse, only a limited amount of damage takes place, and the op-
tic could still function. Only after the pulse is the optic destroyed. This concept
of disposable single-pulse optics has been demonstrated at the FLASH free-electron-
laser facility in the wavelength range from 32 to 6 nm for multilayer mirrors [57],
apertures [58], and nanolenses. It was found that the optics stay intact during the
exposure to a soft x-ray pulse of 25-fs duration, even at fluences that are 50 times
larger than the melting threshold.

Figure 6.7 shows the reflectivity of a Si/C multilayer mirror for different pho-
ton fluences at a wavelength of 32 nm as a function of the angle of incidence. The
curve labeled low-fluence was measured at a synchrotron light source at fluences
significantly below the damage threshold so that the multilayer stayed intact. The
other data points were measured at fluences that greatly exceeded the single-pulse
damage threshold. A typical postexposure site is shown in the optical microscope
picture in Figure 6.8. This experiment clearly shows that the multilayer still func-
tions during the pulse, but it is completely destroyed afterwards.

The smallest focal spot produced to date at a photon energy of 19.5keV is
30nm [59]. This small focal diameter was achieved using a thick multilayer struc-
ture in the Laue geometry. It has been speculated that these multilayer Laue lenses
may be capable of producing x-ray spot sizes of less than 5 nm, which, given typ-
ical x-ray free-electron-laser output parameters, could lead to fluxes in excess of
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Figure 6.7 Reflectivity as a function of the off-normal angle of incidence 6 for different flu-
ences [57]. Reprinted figure with permission from [57]. Copyright (2007) by the American Physi-
cal Society.
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Figure 6.8 Nomarski differential interference contrast micrograph of the damaged multilay-
er surface [57]. Reprinted figure with permission from [57]. Copyright (2007) by the American
Physical Society.

3 x 1022 W/cm?. These Laue lenses are only several 100 um in diameter so that
they will be exposed to a large power density, which could lead to postexposure
damage, but they may still function during the pulse.

Single-shot zone plates should be technically feasible but would require some
concept of mass production, since the costs of fabrication of zone plates through
conventional means, such as electron beam lithography, are very high. Mass pro-
duction of zone plates is very challenging since zone plates require cutting-edge
lithography, and good yield is difficult to achieve. Even if one could fabricate mul-
tiple zone plates, a very precise delivery system is required to ensure the zone plates
are in the right position in the beam.
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7
High-Intensity Effects in the X-Ray Regime

Most x-ray—matter interaction phenomena observed with today’s x-ray sources are
linear in intensity and can be described perturbatively. X-ray radiation is most effi-
cient at ionizing dense materials through multiple (sequential) inner-shell ioniza-
tion events, coupled with Auger- and fluorescence decay steps that replenish the
inner shells. Usually, single-photon ionization is the dominant absorption process.

With the advent of high-intensity x-ray sources such as x-ray free-electron lasers,
the question arises if there are situations in which nonperturbative or nonlinear
electron—photon interactions become important. In the longer wavelength regime
between 100nm and 10 um and intensities up to 10%° W/cm?, a large variety
of surprising effects have been discovered, where in some cases, perturbation
theory breaks down. Noticeable examples include multiphoton absorption, above-
threshold ionization, high-harmonic generation, resonant AC Stark enhancement,
and stabilization. Since experimental data are only starting to become available in
the x-ray regime [1], we will now describe how some of the effects that are known
in the optical regime are expected to extrapolate to much shorter wavelengths. A
more detailed discussion of certain aspects of this topic can be found in [2]. It is
likely that detailed experimental studies will lead to the observation of additional
effects.

X rays differ from optical light in several key aspects, including that x-ray pho-
tons are much more energetic so that they can reach the inner core of atoms and
ions and ionize them with a single photon. Optical photons, on the other hand, in-
teract primarily with the outer valence electrons. Further, the wavelength of x rays
is on the order of 1A and is much shorter than for optical light, so that the ampli-
tude of free-electron oscillations in an x-ray field and the associated quiver energy
(ponderomotive potential) are significantly smaller.

After discussing typical x-ray pulse intensities and electric field strengths that
will be achievable with x-ray sources now or in the near future, we discuss high-
intensity effects in single atoms and in plasmas. We will then discuss the foun-
dations for nonlinear optics and some aspects of fundamental physics that can be
investigated with high-intensity x rays.

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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7 High-Intensity Effects in the X-Ray Regime

7.1
Intensity and Electric Field of Intense X-Ray Sources

The rate of instantaneous energy transport of an electromagnetic wave per unit
area is given by the magnitude of the Poynting vector,

S(t) = c’eoE(t) B(t), (7.1)

where E(t) and B(t) are the magnitudes of the electric and magnetic fields, re-
spectively, ¢ is the speed of light, and €y ~ 8.85 x 10712 F/m is the permittivity of
free space. For a monochromatic plane wave, the time-averaged intensity calculated
from the Poynting vector in (7.1) is

I=(S), = ?EZ, (7.2)

where E is the amplitude of the electric field. Note that (7.2) does not hold for
arbitrary electric fields: For example, an evanescent wave does not transmit any
power even though E is final.

For an x-ray free-electron laser with a photon output energy of 2.3 mJ and a pulse
length of 100 fs, the light intensities and the corresponding electric fields are listed
in Table 7.1 for different focal diameters. Chen and Pellegrini suggested that power
densities of 10*~10%® W/cm? are theoretically possible using tapered undulators
and diffraction-limited x-ray focusing [3], but these values are significantly larger
than what can be achieved today.

These intensity and field strength values should be compared with the character-
istic atomic electric field strength

1 v
- LN 514x10° — (7.3)
cm

at = 2
47ep ag

above which nonlinear effects may become appreciable. Here —e is the charge of an
electron, and a is the Bohr radius of the hydrogen atom given by (2.32). The inten-
sity corresponding to the atomic electric field strength is I, ~ 3.51 x 10'® W/cm?.
The atomic unit of intensity is defined as I,; = 8mal, ~ 6.43 x 10Y° W/cm?,
where a ~ 1/137.036 is the fine-structure constant.

~
I~

~

I~

Table 7.1 Intensities, electric field strengths, and ponderomotive energies produced by a typ-
ical x-ray free-electron laser with an output energy of 2.3 m), a pulse length of 100fs, and x-ray
energies of 0.8 and 8 keV.

Focal Intensity | Electric field E~ Ponderomotive energy at
diameter  (W/cm?) (V/cm) 0.8keV (eV)  8keV (eV)
10 um 293 x 10" 3.32x 10° 6.57x 1073 657 x 1077
1um 293 x 1018 3.32 x 1010 6.57x 107" 6.57 x 1073
100nm 293 x10%  3.32x 10! 6.57 x 10! 6.57 x 107"

10nm 2,93 x 1022 3.32 x 10'2 6.57 x 103 6.57 x 10!




7.2 High-X-Ray-Intensity Effects in Atoms

7.2
High-X-Ray-Intensity Effects in Atoms

When atoms are exposed to high-intensity radiation, they may absorb multiple pho-
tons, emit multiple electrons, and emit photons. In optical spectroscopic studies,
this leads to very rich effects since transitions are not limited by single-photon se-
lection rules anymore. In strong oscillating fields, the energy of the excited states
are shifted, which is termed dynamic or AC Stark shift. Electrons in highly excited
states behave similar to free electrons and perform an oscillating quiver motion
as a response to the applied wave field. The cycle-averaged kinetic energy of a free
electron in the wave field is given by
2
u, = Lo (7.4)
2egcmm?
and is called the ponderomotive or quiver energy of the electron. Here I is the electric
field intensity, Aw the photon energy, and € = 0 for linearly polarized light, and
€ = 1 for circularly polarized light. The ponderomotive energy is the shift of the
atomic energy with respect to the continuum, so that the ionization potential is
given by I, + U, instead of I,,. This shift can lead to intensity-induced absorption
resonances.

Table 7.1 shows ponderomotive energies that can be achieved with x-ray free-
electron-laser technology. For photon energies of 0.8 keV, appreciable ponderomo-
tive energies can be achieved only with light that is focused to less than 100 nm.
Since U, ™2, the ponderomotive energies for the 8-keV case are even smaller
by two orders of magnitude. Therefore, ponderomotive effects with x rays are ex-
pected to be much less significant for atomic processes than in the optical regime,
and are relevant only under extreme focusing conditions not realizable today.

For optical high-power pulsed lasers, the ponderomotive energy can generate a
significant driving force for free electrons to leave the high-intensity region, leading
to a laser-pulse-shape dependence of the kinetic energy of the ejected electrons. In
the x-ray case, also this effect is small.

Multiphoton ionization is the simultaneous absorption of multiple photons to
promote bound electrons into the continuum. This effect is common for optical
high-intensity radiation for which the photon energy is often less than the ioniza-
tion energy. Since the final state of the liberated electron is free, the frequency of
the incoming light can vary continuously. If this frequency is tuned so that there is
an intermediate state that lies at an integral multiple of the photon energy above the
initial state, then a strongly peaked resonance in the absorption spectrum occurs,
and the process is called resonance multiphoton absorption. Simultaneous absorption
of multiple photons does occur at sufficiently large x-ray intensities, as we will dis-
cuss next, but this effect is still dwarfed by single-photon interaction events. How-
ever, a strong nonlinear dependence of x-ray absorption on x-ray intensity occurs
due to competing timescales of multiple sequential single-photon atomic processes,
since the energy of one x-ray photon is sufficient for one-photon ionization events.
For example, it has been recently demonstrated [1] that multiple inner-shell single-
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photon absorption events compete with Auger relaxation in x-ray-irradiated neon
at high intensities.

7.2.1
Multiphoton Absorption

X-ray photon energies are often much larger than the electron binding energy, and
absorption due to one-photon ionization events of single bound electrons tends
to dominate. At larger x-ray intensities, multiple single-photon ionization events
occur sequentially, which is called sequential multiphoton ionization. Simultaneous
multiphoton absorption, however, does occur in the x-ray regime, albeit this effect
tends to be relatively small.

Since in the x-ray regime the photon energy is typically sufficiently large, all in-
termediate states lie in the continuum. In this case, a multiphoton ionization event
involves the excitation of an electron into the continuum and free—free photon ab-
sorption events. Such processes are called above-threshold ionizations.

7.2.1.1  Multiphoton Absorption Cross Section
The rate of the simultaneous absorption of K photons by an atom is given by

Py = Co'MESf, (7.5)

where Fy is the incoming photon flux in units of number of photons per unit area
and unit time, and !X is the cross section for K-photon ionization in units of unit
area to the power K and unit time to the power K — 1. C is a constant that depends
on the coherence properties of the incoming radiation [4].

In the lowest nonvanishing order of perturbation theory, 6'X) can be inferred by
summing and integrating the transition rate (2.102) over all final states. The inter-
action Hamiltonian H;,; in (2.96) relates the initial, intermediate, and final states.
H;,; consists of two terms: p - A is first order in A and therefore describes single-
photon processes, whereas A? describes two-photon processes. If we include only
the first-order H;,; term in the transition rate (2.102), then p - A describes single-
photon absorption (and emission) events, and A describes one-photon scattering
and two-photon absorption. Taking the transition rate in the second order of Hj,;,
p - A also contributes to one-photon scattering and two-photon absorption [5].

7.2.1.2 Two-Photon Absorption by Hydrogen

As a specific example, we consider two-photon above-threshold ionization in hy-
drogen. The total cross section for linearly polarized light can be derived from the
transition rate (2.102) to be [6]

Z (q/f|pzeik-r|Wa)(q/a|pzeik-r|q/i)
m(E, — E; —hw —in)

a

2 83'530(2RY3(Z(2)
total — W Z

lymy
2

_%<q,f|ez;‘k.,|q,i> , (7.6)

Ef=E,‘+2hw
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Figure 7.1 The thick line shows the two-photon ionization cross section for hydrogen calculated
from (7.6) [6]. Overlaid are calculations based on the method described in [7].

where the polarization vector is taken along the z axis. Ry is the Rydberg energy
(2.34), and a, is the Bohr radius (2.32) of hydrogen. The first term in (7.6) is the
p - A component, and the second term relates to A%, 7 is an infinitesimally small
positive number.

Figure 7.1 shows the two-photon ionization cross section oizo)m ,of hydrogen as a
function of photon energy [6]. We also show the results obtained using a different
model based on the dipole approximation that extends to lower energy [7], which
highlights the uncertainty of these kinds of calculations. For photon energies below
the one-photon ionization threshold of one Ry, the two-photon ionization cross
section shows structure associated with resonant absorption, whereas for photon
energies above one Ry, the cross section decreases monotonically.

The nondipole contribution to the p - A term in (7.6) is less than 1% even at
8keV [6]. A? is a pure nondipole term since for k = 0, it is independent of the elec-
trons’ degrees of freedom and so does not induce transitions between Eigenstates.
For hydrogen, the p - A term is sufficient for calculating oizo)t .1 Up to a photon en-
ergy of 6.8 keV. Above 6.8 keV, the A? term dominates [6]. This result stresses the
importance of going beyond the dipole approximation in the x-ray regime.

Figure 7.2 shows the flux at which the two-photon ionization rate of hydrogen
would equal the single-photon ionization rate. At high photon fluxes, two-photon
ionization can be the dominant absorption process, given that the prepulse is suf-
ficiently small so that the hydrogen is not fully ionized through single-photon pro-
cesses at the beginning of the pulse.

Besides pulse shape, the statistical properties of photon field are also important
in determining the ionization process. The rate of two-photon absorption events is
given by

P —oft,, [ (er)ar, 0)
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Figure 7.2 Flux for which the two-photon ionization rate is equal to the single-photon ioniza-
tion rate for hydrogen. For fluxes above this curve, two-photon ionization dominates. The two-
photon absorption cross section is taken from [6].

where (J(t)?) is the ensemble-averaged second moment of the x-ray flux. For exam-
ple, for an x-ray free-electron laser operated in the SASE mode, { J(t)?) = 2(J(t))%,
so that such a pulse leads to a twice larger transition rate than a constant pulse with

the same average flux [4].

7.2.2
Tunneling lonization

In strong optical laser pulses, a bound electron may respond to an instantaneous
laser field by tunneling through the oscillating barrier of the attractive ion force
and the electric field of the laser, called tunneling or over-the-barrier ionization. If
the electric field of the laser is very large, the barrier may be so much lowered that
tunneling is not necessary and the electron can escape directly from the atom. This
effect is called barrier-suppression ionization. For tunneling to occur, the tunneling
time has to be shorter than the laser cycle duration. The Keldysh parameter y is
defined as the ratio of these two times,

Y =5 (7:8)

where I, is the ionization potential and U, the ponderomotive energy. For y <« 1,
tunneling dominates. This is achieved most easily for low photon frequencies, large
laser intensities, and for weakly bound (valence) electrons. For y > 1, multipho-
ton ionization dominates since the electron does not have sufficient time to cross
the barrier during one laser cycle. Figure 7.3 shows the fluence required to achieve
y = 1 for x rays as a function of photon energy. It also shows typical laser intensi-
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Figure 7.3 Interaction regimes as a function
of x-ray intensity and energy. Shown are the
intensities required for the onset of Schwinger
pair production, relativistic effects, atomic sta-
bilization, breakdown of perturbation theory,
and tunneling ionization. The four horizontal

lines indicate regimes that may be achieved
with an x-ray free-electron laser with focal di-
ameters of 10 and 1 um and 100 and 10 nm
for 100-fs-long pulses of 2.3-m] energy. “XFEL
d.l.” indicates diffraction-limited focusing for
this kind of x-ray free-electron-laser beam.

ties that can be achieved with x-ray free-electron-laser pulses. As discussed above,
single-photon ionization dominates in the x-ray regime. Among the few tunneling
and multiphoton absorption events, the latter clearly dominates except for the case
of extreme focusing.

7.2.3
Onset of Strong Photon-Field Effects

We now consider the onset of strong photon-field effects in a multiphoton pro-
cess of order n. Perturbation theory breaks down when the higher-order correction
terms become comparable to the nth term. The ratio of a contribution of order n+2
to a contribution of order n can be estimated to be [8]

B (I (R
n+2,n ~ Iy o ,

where Ry is the Rydberg energy of atomic hydrogen, I is the intensity of the photon

(7.9)

field, and Aw its energy. Figure 7.3 shows the fluence required for the onset of
strong photon-field effects in a multiphoton process as a function of the photon
energy.
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7.2.4
Multiple lonization and Hollow Atoms

An atom can lose several electrons when irradiated by an x-ray pulse. The electrons
depart from the atom either sequentially through a series of single-electron ioniza-
tion events, or directly all at once. Typically, sequential ionization dominates over
direct transitions. At least in the optical regime, there is little evidence for collec-
tive excitation of atoms in strong laser fields, and simultaneous ejection of two or
more electrons occurs at a rather low rate. Further, the time between sequential
ionization events is typically much larger than the electron orbit time so that elec-
trons have time to adjust in between collisions. Therefore, the ionization events
can be treated independently, and screening parameters and binding energies are
different for each event.

If the x-ray energy is larger than the inner-shell ionization potential, atoms with
core holes are formed preferentially since the subshell photoionization cross sec-
tions for inner-shell ionization are substantially larger than for the outer shells. At
sufficiently large intensities and for atoms with long core hole lifetimes, as shown
in Figures 2.3-2.5, multiple inner-shell ionization events can occur before the ion
has time to relax toward the ground state through radiative or nonradiative transi-
tions. In this case, hollow atoms with multiple inner-shell vacancies can form. Since
high-intensity hard x-ray sources are just starting to become available, hollow shells
have been observed only in a few elements so far, for example in lithium (Z = 3) [9]
and, more recently, in neon [1]. The intensity expected at x-ray free-electron lasers
is sufficiently large to observe sequential photoionization and multiple core holes.
Recent experimental results are discussed in Section 10.1.

The dependence of nonlinear optical processes on the field statistics has been
known for several decades. Similar to the simultaneous multiphoton ionization
processes discussed in Section 7.2.1.2, the rate of sequential ionization events in
the high-intensity x-ray regime is also not determined by the average peak intensity
of the radiation field. Instead, sequential processes are correlated and are governed
by higher-order coherence properties of the radiation field [4]. It has been proposed
that chaotic photon statistics enhances double-core-hole formation via x-ray two-
photon absorption. For example, for neon irradiated by an x-ray free-electron-laser
SASE pulse as delivered by the LCLS with a 2.6-fs coherence time, there is a 30%
enhancement at 10'® W/cm? [4]. The enhancement increases with the ratio of the x-
ray free-electron-laser coherence time and the Auger lifetime. Understanding these
enhancement effects is important, for example, to correctly interpret experiments
to determine fundamental cross sections of nonlinear processes.

7.2.5
Stabilization of Atoms

Within the perturbation regime, the ionization rate for simultaneous K-photon ab-
sorption is proportional to IX in intense laser beams, see (7.5). At very high laser
intensities and high frequencies, it has been proposed that atoms can undergo
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stabilization, and the photoionization rate actually decreases with increasing field
intensity [10-17]. In a strong laser field, atoms are distorted, or dressed, which
means that their wavefunctions are changed and their atomic energies are shift-
ed, because they are increasingly determined by the laser field rather than by the
atomic potential. Since the overlap of these dressed states with the field-free initial
state is very small, fewer transitions occur. The question if strong-field stabilization
actually occurs even in the optical regime is under debate [10] since it requires the
field to turn on nearly instantaneously; no experimental data for this effect is cur-
rently available in the x-ray regime. It has been estimated that for hydrogen and an
x-ray energy of 1keV, a flux of 10%° W/cm? is required to observe this effect. For
more loosely bound electrons, the required intensity is somewhat lower.

Several mechanisms have been proposed to explain the effect of stabilization.
For a review, see [10]. As an example, we will now discuss adiabatic or Kramers—
Henneberger stabilization, which is associated with a significant reconstruction of
the eigenstates of the atom in the presence of the laser field in the high-frequency
limit. In this model, we perform a gauge transformation of the time-dependent
Schrédinger equation (2.3) to the Kramers—Henneberger frame, which is the non-
inertial oscillating frame of reference that follows the motion of a free electron
in the laser field. We replace r with r + e(t), where for the linearly polarized
monochromatic laser field (t) = agcos(wt — ¢)x with ag = €|E|/mw? which is
the excursion amplitude of a free electron, and x is the excursion direction. In the
Kramers—Henneberger frame, (2.3) becomes

LOW(rt) {_hZVZ

h \% t) ¢ Y(r,t), .10
ih—. 4 V[r+a@)]i ¥y (7.10
which describes the motion of an electron in an oscillatory potential. In the high
frequency limit, we can approximate the potential V[r + e(t)] by its time average,
21/ w

)

N o Vir+a(t)], (7.11)

V(r)

0

and treat the remaining Fourier components of V[r + a(t)] as a perturbation.
When ay is large, the effective potential has two minima close to r = £ x o, called
the Kramers—Henneberger bound states. The corresponding wavefunctions of the
bound states are centered near these minima, thus exhibiting a dichotomy. Higher-
order Fourier components of V[r+¢(t)] induce ionization from these bound states.
For large a, the rates decrease if either the laser intensity increases or w decreas-
es. This effect has a semiclassical analog: A free electron cannot absorb photons
in the monochromatic laser field due to energy and momentum conservation con-
straints. Absorption is only possible with a potential gradient, for example near a
nucleus. If a is larger than the Bohr radius at high intensity, the electron spends
most of the time away from the nucleus and therefore does not absorb energy from
the laser beam, which means it is stabilized. Stabilization occurs more easily for
electrons with an initially large angular momentum and for highly excited states
since in both cases the electron is at a far distance from the nucleus already.
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7.3
Nonlinear Optics

Until a few decades ago, it was assumed that materials have linear optical proper-
ties, that the principle of superposition of light in matter is always a valid concept,
and that the frequency of light in materials does not change. Only the advent of
the laser in 1960 enabled experiments that showed that these assumptions are not
necessarily true at high light intensities [18]. In general, nonlinear optics is con-
cerned with the modification of the optical properties of materials by the presence
of light. Whereas in most parts of this book discuss changes only to the opacity
of materials, see for example Section 8.2, other optical properties of materials are
affected, as well.

7.3.1
Nonlinear Optics in the Visible Regime

In the visible and longer wavelength regime, the theoretical framework for non-
linear optics is often based on the dependence of the polarization P(t), which is
the electric dipole moment per unit volume, in a material on the amplitude E(t)
of the applied electric field [19, 20]. This dependency describes the properties of a
dielectric medium. For a linear medium, this relationship can be written as

P(t) = oy E(t), (7.12)

where y() is the linear susceptibility. For nonlinear material, such a simple re-
lationship does not hold, and, instead, the optical response can be written more
generally in a series expansion as

B(t) = co [xWE(t) + 2P EX (D) + 1V EX (1) + - | (713)

= PO(t) + PA(t) + PO@E) + -+, (7.14)

where x? and y® are the second- and third-order nonlinear susceptibilities, re-
spectively. Note that this formalism can easily be expanded to anisotropic materials,
in which case P and E are vector quantities and %" are tensors of rank n + 1.

Equation 7.13 gives rise to various nonlinear processes [20]. One of the concep-
tually simplest process is harmonic generation when laser light irradiates a crystal.
Writing the applied electric field as

E(t)= Ee '®' 4+ E*¢'t (7.15)
then
PO(t) = 260y P EE* + €oy? (E?e™ 2" + E*2¢'20Y). (7.16)

Therefore, there is a zero-frequency contribution, which is a static electric field
across the crystal, and a contribution at frequency 2w, the higher harmonic. Nu-
merous other complex nonlinear processes have been observed, usually involving
higher-order susceptibilities or more complex forms of the applied electric field
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E(t). For example, when the applied electric field E(t) originates from the overlap
of lasers with different frequencies, referred to as N-wave mixing, various sum and
difference frequencies are observed, as is the case in parametric down conversion.

Physically, nonlinear processes originate from nonlinear scattering processes.
Electromagnetic radiation is scattered by inducing oscillatory motion of charges
in materials, which lead to re-emission of electromagnetic radiation. If the incom-
ing radiation is sufficiently weak, the emitted radiation depends on the incoming
radiation in a linear way. For high-intensity radiation, this relationship becomes
nonlinear since the restoring force for large amplitude oscillation does not neces-
sarily depend linearly on the displacement. This model of an anharmonic oscillator
is sufficient to explain a large number of nonlinear optical processes.

7.3.2
Nonlinear Optics in the X-Ray Regime

Currently, it is not well understood if and to what extent the nonlinear processes,
that have been observed in the visible regime, will occur with x-ray radiation. With
the recent advent of x-ray free-electron lasers, we are just starting to explore the
regime of nonlinear hard x-ray processes. A few pioneering experiments have been
performed to demonstrate nonlinear x-ray optical processes. For example, based
on calculations by Freund et al. [21], Eisenberger et al. demonstrated parametric
conversion of x rays [22]. More recently, parametric down conversion was demon-
strated indirectly through quantum-mechanical interference known as the Fano
effect [23]. Mukamel et al. have developed a description for nonlinear x-ray spec-
troscopy in terms of nonlinear response functions and nonlinear susceptibilities,
their analogs in the frequency domain [24].

For visible-light photons, nonlinear phenomena in crystals depend even on
macroscopic material properties, such as crystallographic attributes. On the oth-
er hand, for sufficiently large x-ray energies beyond bound-electron resonances,
nonlinear effects in the x-ray regime depend primarily on free electron properties,
and macroscopic material parameters such as electron densities or absorption con-
stants tends to determine only the magnitude of the nonlinearity [22]. Only closer
to atomic resonances and for tightly bound electrons, do we need to consider the
details of the bonding of the electrons, similar to the visual regime. A general
formalism to treat nonlinear x-ray optics has been proposed in [2]. We will focus on
the simpler case of quasi-free electrons, relevant for large x-ray energies and low-Z
materials.

7.3.2.1 Nonlinear Optics with Quasi-Free Electrons

We use the Hamilton—Jacobi formalism to describe the relativistic motion of elec-
trons in a planar electromagnetic field. Nonlinear scattering is the re-emission of
radiation from accelerated charges undergoing anharmonic motion. The force on
an electron is described by the Lorentz equation (1.18),

F=q[-V® —A+vx(VxA4)]. (7.17)
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In the radiation gauge, see (1.21) and (1.22), @ is associated with the static charge
distribution and A represents the incoming electromagnetic wave. Without an elec-
tromagnetic field, the electron simply sits at the potential minimum at ry with
v = 0. If the electromagnetic field is weak, corresponding to a small magnitude of
A, the electron executes a harmonic oscillation around ry. For a strong electromag-
netic field, the electron executes an anharmonic oscillation due to anharmonicities
in the potential @ and due to the last term in Lorentz force (7.17). The latter leads
to a longitudinal component to the electron motion, which results in a trajectory
that resembles a figure eight. The electron will then emit radiation while being ac-
celerated. This description of the nonlinear optical behavior of free electrons is a
good model for electromagnetic radiation interacting with weakly bound electrons.
The magnetic field contribution complicates the motion of electrons in such a field
substantially. We will now discuss how this problem can be solved analytically.
A plane-wave traveling in the positive z direction can be described by

A=[A.(r), Ay(0),0] (7.18)

with T = t — z/c. We assume that the electron rests at the origin initially. It can
then be shown that, neglecting radiation reaction, the solution of the force equation
(7.17) can be written as [25]

Px = eAL(T), (7.19)

py =¢eA,(r), and (7.20)
AL+ Ay(0)]

Pz = e ) (7.21)

with A, (0) = 0 and A,(0) = 0. Notice that p, > 0 while the pulse is on, so that
the electron is translated into the propagation direction of the electric field. For a
linearly polarized plane wave of frequency w we may write

A.(r) = Agsin(wT) [1 —exp(—y7)], and (7.22)
Ay (1) =0. (7.23)

Integrating (7.19) to (7.21), we obtain for the electron trajectory after the transient
motion

x = % [-2Q (cos wt’ — 1) + const], (7.24)

y=0, and (7.25)

z= % |:Q2 (wr’ - % sin Zwr’) + const] , (7.26)
with

0= o (7.27)

2mc
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Figure 7.4 Trajectory of a free electron in a 1-keV x-ray pulse with 100-fs duration and 2.3-m|
pulse energy as can be provided by the x-ray free-electron-laser LCLS.

and k = 27/A. Here we renormalized 7 to 7/ = t’ — 2’/c after the initial transient

motion.
To visualize the path of the electron, we transform these solutions into an average

rest frame in which the drift velocity in z, see (7.21), vanishes, by rewriting 7’ as
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Figure 7.5 Trajectory of a free electron in an 8-keV x-ray pulse with 100-fs duration and 2.3-m)
pulse energy as can be provided by the x-ray free-electron-laser LCLS.
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so that

2
z' = ! (—L1 sin2wt’ + const) . (7.29)
k 1+2022

This shows that the trajectory in the x-z plane resembles a figure eight. For small
amplitude waves, corresponding to small values of Ay, the trajectory is close to a
straight line since Q is small, and therefore |x| > |z|. The longitudinal motion
in z has twice the frequency than the transverse motion in x. Figures 7.4 and 7.5
show the free-electron path for typical x-ray free-electron-laser fluences at 1 and
8keV, respectively. The oscillation amplitude in this regime is rather small, even if
we assume a focal diameter of 10 nm.

7.3.2.2 Magnitude of Nonlinear Effects in the X-Ray Regime

Nonlinear optical effects in the x-ray regime are much weaker than for visible light
since x rays induce much more rapid oscillations, so that the oscillation amplitude
and velocity are smaller. Therefore, for a given light intensity, the electrons are ex-
posed to a smaller part of the anharmonic potential, and the effect of the Lorentz
force is smaller. Since nonlinear optics exhibit a very strong resonance enhance-
ment effect, it is anticipated that nonlinear effects are easier to observe near an
atomic resonance.

7.4
High-Intensity Effects in Plasmas

In the optical regime, remarkable new laser—plasma interaction phenomena occur
when the laser intensity approaches the relativistic regime at intensities around
10 W/cm?. Simple scaling suggests that for x rays, the corresponding intensity
would be 10%* W/cm?, which is much higher than what can be achieved today (see
Table 7.1). Currently, the peak intensity of x-ray free-electron lasers is limited pri-
marily by the performance of the focusing optics which has the potential to be
significantly improved.

Angstrom-size focusing is technically very challenging, and considerable im-
provements in free-electron laser and optical focusing technologies will be re-
quired. Extending Table 7.1 for the intensities of x-ray free-electron-laser radiation,
a focal diameter of 1 nm results in a fluence of 3 x 10>* W/cm?, and a focal diameter
of 1A leads to 3 x 10%° W/cm?. The associated electric fields are 3.34 x 10" and
3.34 x 10'* V/cm, respectively. The accelerations of electrons of mass m, due to
these electric fields,

o= E (7.30)
Me
are 5.84 x 10%° and 5.84 x 10¥ cm/s?, respectively.

Chen and Pellegrini suggested that the extraction efficiency of an x-ray free-

electron laser, which is the efficiency for the energy transfer of the electron beam to
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the x-ray photons, can possibly be improved by adding a tapered undulator section
or running it as a regenerative amplifier [26]. Tapered undulators are designed to
compensate for the energy loss of the radiating electron beam during lasing. With
these techniques, two to three orders of magnitude increases in the peak power are
conceivable.

Technical immaturity has not stopped numerous researchers to speculate about
what would happen if we reached such intensities. Many of the proposed effects rely
on an extrapolation from the visible into the x-ray high-intensity regime. Whereas
it is likely that our understanding of laser—plasma interaction will substantially im-
prove and change as we approach such high x-ray intensities, these investigations
may guide and motivate research in this field, and this is one of the main reasons
why we chose to discuss some of the proposed phenomena.

7.4.1
Plasma Wakefield Accelerators

High-intensity x-ray pulses can penetrate solid-density plasmas. The electromag-
netic pulse causes the electrons to oscillate in the transverse direction. At the same
time, the electrons pick up the linear momentum of the x-rays and are displaced
in the propagation direction of the x-ray pulse, see (7.24)—(7.26). Once the x-ray
pulse has passed, the electrons are pulled back by space-charge effects, and a wake-
plasma oscillation is created. This oscillation can trap electrons, and these electrons
execute trapping oscillations, during which they can gain a large amount of ener-
gy [27]-
The wake-field strength can be estimated to be [28]

@ _ 18 . —37\05 2
E |:cm ] = (n[10®¥em™]) " ag, (7.31)

where a9 = eEy/ mwyc is the normalized vector potential, Ej is the electric field,
and w is the angular frequency of the x-ray pulse. When a, approaches unity,
the quiver velocity of a free electron is on the order of the speed of light, and the
process becomes relativistic. Relativistic nonlinearities lead to a new class of ef-
fects in addition to the nonrelativistic phenomena such as multiphoton processes.
Figure 7.3 shows that the intensity associated with the electric field necessary to
reach ayp = 1 can be achieved with planned x-ray free-electron lasers, assuming
diffraction-limited focusing is available. In this case, the field strength is on the
order of a TeV/cm according to (7.31), enabling the creation of ultrafast electrons.

7.4.2
Plasma Instabilities at High Intensities

When high-intensity linearly polarized x-ray pulses irradiate a plasma, photoelec-
trons are ejected primarily in the direction of the electric field vector of the incom-
ing light, see Section 5.2, generating a highly anisotropic electron distribution. This
plasma with an anisotropic electron temperature will last until collisions relax the
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system to an isotropic state. It has been suggested that such a plasma exhibits two
different kinds of instabilities [29], depending on the propagation direction of the
plasma wave.

A Weibel-like electromagnetic instability develops in the case where the plas-
ma wave propagates transverse to the polarization direction of the x-ray pulse [30].
Taking the polarization direction as the z axis, we consider a fluctuation of the
magnetic field in a plasma such that B = B, cos kx. Then the electrons moving
in the +z direction will move toward a different location than the ones moving in
the —z direction. The resulting electron currents generate a magnetic field that en-
hances the original field fluctuation, leading to a growth of the perturbation. This
quasi-static magnetic field is excited on a time scale much larger than the electron
plasma wave period. The second instability is the photoionization two-stream in-
stability. When electrons are emitted in two different directions, the plasma can
be viewed as having two counterpropagating beams of equal density. In this plas-
ma, a strong two-stream instability along the direction of the polarization vector
develops, giving rise to plasma turbulences.

At this point it is not clear if these instabilities really will have a significant effect
on the interaction of high-intensity x-ray pulses with plasmas. As has been pointed
outin [31], collisions in the plasma could well lead to an isotropic electron distribu-
tion on a rather fast time scale. In addition, in [32] it was suggested that the Weibel
instability may be much weaker than first anticipated since, at least for larger wave-
lengths, the absorption mechanism is coupled to the development of the instability,
which stabilizes the system.

7.5
High-Field Physics

The large-amplitude electric field of x-ray free-electron-laser radiation can potential-
ly be used to study nonlinear high-field physics phenomena predicted by quantum
electrodynamics (QED), including nonlinear Compton scattering and pair produc-
tion, and quantum field theory (QFT), such as Hawking—Unruh radiation. The ob-
servable effects are generally relatively weak, so that small spot sizes, large laser
pulse energies, and long pulse durations are required to generate observable sig-
nals. Since the power of an x-ray free-electron laser is limited by the current laser
technology, the most promising approach to achieve high intensities is reducing
the focal diameter of the photon beam. Because of the large transverse coherence
of free-electron-laser radiation, the focal spot size is in principle diffraction-limited
to the order of the x-ray wavelength, and x-ray beam areas can theoretically be 10°
times smaller than for visible light. Such focused light would produce sufficiently
high field strengths for nonlinear effects to occur that allow testing of fundamen-
tal physics effects that have not been accessible before [28]. We will now discuss
some high-intensity QED effects and elements of observable quantum field theory
in more detail.



7.5 High-Field Physics

7.5.1
High-Intensity QED Effects: Pair Production

As discussed in Section 2.1.3.3, the time-independent Dirac equations (2.44) and
(2.45) for free electrons admit solutions with positive and negative energies. Dirac
suggested [33] that in vacuum, all states with negative energy are occupied with
electrons, and that this vacuum state is the energetically lowest state. Understand-
ing the physical nature of the quantum vacuum is extremely important for high-
energy physics and cosmology. Various fundamental physical processes are directly
related to it, including the Unruh radiation, the Casimir force, and the cosmolog-
ical constant. So far, QED is in excellent agreement with experiments involving
low-intensity electromagnetic fields.

Because of exchange interaction of the electrons with negative energy, virtual
electron—positron pairs are continuously created and destroyed in vacuum. At ex-
tremely high electromagnetic fields, these virtual electron—positron pairs may be
polarized, giving rise to a variety of exciting phenomena, including scattering of
light by light, production of electron—positron pairs in vacuum, photon decay, and
nonlinear dispersive properties of the vacuum such as field-dependent refractive
indices, birefringence, and dichroism. High-intensity laser light is very well suited
for demonstrating these effects [34].

Under certain conditions, an electron may be excited from a negative energy
state across the bandgap of 2mc? into a positive energy state, leaving behind a hole
in the electron sea. This hole behaves like a particle of charge +e and is termed
a positron. This concept is the basis for QED. Spontaneous positron—electron pair
creation in vacuum can be induced by an external field [35, 36]. This effect is a non-
linear phenomenon that cannot be described perturbatively. It can be shown that
pair production is forbidden in the field of a plane monochromatic wave without
the presence of a third body, such as a nucleus, that creates a Coulomb field [36].
Alternatively, it was suggested to use multiple overlapping laser beams to enable
pair production [37], for example two or more coherent laser beams that form a
standing wave at their intersection spot.

Electron—positron pair creation is also called boiling the vacuum and can poten-
tially be observed with x-ray free-electron lasers [38, 39]. When the electric field
is close to or exceeds a critical field strength, the Schwinger electric field E, pair
production in vacuum can occur through tunneling. The uncertainty principle in
the relativistic case states that uncertainty in position, Ax, must be greater than
the Compton wavelength, A, = #/mc [40]. If the energy gain of an electron mov-
ing in an intense electric field over this distance approaches the rest mass energy,
eE. A, = mc?, a virtual electron and positron pair could become real. The critical
field strength of an electron is E, ~ 1.3 x 10 V/cm, corresponding to a critical
intensity of I, = ceo| E¢|> ~ 4.7 x 10?° W/cm?. Since the probability for pair pro-
duction is proportional to exp(Ej4s.r/ E;), this intensity requirement is exceeding-
ly large for present technology, see Figure 7.3, even when we assume diffraction-
limited focusing using current x-ray free-electron-laser facilities. However, if the x-
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ray free-electron-laser technology is significantly improved and reaches the terawatt
regime, electron—positron creation may be observed this way with future lasers.

It has also been proposed that the electric-field requirement can be significantly
relaxed when the nucleus, that is required to ensure momentum conservation in
the pair-creation process, is ultrarelativistic. If the nucleus propagates with a very
large velocity in the opposite direction of the laser beam, the laser field strength and
frequency, as seen in the rest frame of the nucleus, are enhanced by the relativistic
Doppler shift. For sufficiently large Doppler shifts the photon energy becomes on
the order of the electron rest energy mc2, and multiple photons can be absorbed
simultaneously to create an electron—positron pair [41].

Corresponding experiments have been proposed to observe the creation of
muon-antimuon pairs, which are unstable subatomic particles that are similar
to electrons and protons but about 200 times heavier. Creation of muon—-antimuon
pairs through tunneling (as for the electron—positron creation) is difficult since
the required electric field strength scales with the mass ratio squared. Instead, a
two-step technique has been proposed by first creating an electron—positron pair
through tunneling, and then using the laser field to create a muon—antimuon pair
by having the electron—positron pair re-collide and annihilate [42]. Alternative-
ly, similar to the electron—positron case, it has been suggested to create muon—
antimuon pairs through collision of ultrarelativistic nuclei and high-intensity x-ray
beams [43]. A slight complication is that the muon’s Compton radius is smaller
than the size of a nucleus, so that the reduction of the reaction rate due to the finite
extent of nucleus needs to be taken into account.

7.5.2
Experimental Verification of Quantum Field Theory

Chen and Tajima suggested that ultraintense laser radiation can be used to test fun-
damental aspects of quantum field theory by studying the fundamental interaction
of strong electric fields with electrons [38]. When charged particles are accelerat-
ed, they emit electromagnetic radiation [44], called Larmor radiation, which can
be calculated in a classical framework. For very strong or violent accelerations, this
radiation pattern is modified, which is related to the Unruh effect: A uniformly ac-
celerated particle sees the fluctuations of the quantum vacuum as a radiating heat
bath with the characteristic temperature [45, 46]

ha
ZJTCICB '

Tuprun = (732)
Here a is the particle acceleration, cis the velocity of light, and kjp is the Boltzmann
constant. This radiation actually occurs due to distortion of the correlations of zero-
point fluctuations of the quantum vacuum when a charged particle is uniformly
accelerated. This effect causes additional jitter which then modifies the electron
Larmor radiation. For a typical x-ray free-electron-laser parameter and assuming
a beam diameter of 1A, the Unruh temperature is Ty,ruy = 2.4 x 107 K, which
corresponds to a radiation temperature of 2 keV.
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The Unruh radiation is only a minor perturbation of the Larmor radiation, which
makes its detection very challenging. It has been proposed to take advantage of a
blind spot in the Larmor radiation [38, 47]: When a linearly polarized standing
wave interacts with an electron, the Larmor radiation vanishes in the direction of
the electric field. The Unruh radiation has a characteristic acceleration and angu-
lar dependence that is different and may be detectable. Verifying the occurrence
of this radiation and its characterization will have an important impact on our un-
derstanding of quantum field theory, and will be beneficial for our understanding
of Hawking radiation, black hole evaporation processes, and quantum gravity in
general.
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8
Dynamics of X-Ray-Irradiated Materials

At sufficiently high fluences, x-ray-irradiated materials undergo microscopic and
macroscopic changes. The absorbed photon energy is converted into different
forms of energy, including thermal electron energy, ionization energy, thermal
ionic energy, kinetic energy associated with hydrodynamic motion, magnetostatic
energy, and photon energy at a different wavelength through photon emission. In
this chapter we discuss the material dynamics in different x-ray fluence regimes,
and the associated thresholds for changes to occur. We first describe the time scales
for x-ray—matter interaction, followed by a discussion of the x-ray-flux dependence
of x-ray absorption. The latter is based primarily on simulations since experimental
results are just starting to become available. Subsequently, we discuss the thermo-
dynamics of phase transformations, ablation, the intensity dependence of x-ray—
matter interaction, and mechanical damage. Finally, we discuss specific examples
of x-ray—matter interaction dynamics, including x-ray damage to semiconductors
and damage mechanisms in x-ray imaging. As a specific example, we consider
solids exposed to short-duration high-intensity x-ray radiation, as is emitted by
free-electron lasers.

8.1
X-Ray—Matter Interaction Time Scales

Various time scales are relevant for the dynamics of x-ray-irradiated materials, in-
cluding the pulse length, the time constants for the local coupling of different ener-
gy degrees of freedom, and the time constants for energy and mass transport. Both
short- and long-term changes can occur in the material. Long-term changes are
typically irreversible, and examples include phase transformations, such as solid-
state phase transitions and melting, spallation, ablation, and plastic deformation.
Short-time changes occur during the pulse and may be reversible or irreversible.
Nonthermal melting is an example of an irreversible short-term change that occurs
on a time scale of around 1 ps or less.

The pulse length defines the duration of the energy deposition process during
which x-ray photons couple with the electron system. The absorbed energy is redis-
tributed over various degrees of freedom through the interaction of electrons, ions,

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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and phonons. In semiconductors and metals, the time scale for this interaction
is around 1-10 ps, as illustrated in Figure 1.9 in Section 1.5.2. The energy is then
transported through thermal conduction, which may occur through electrons or
atoms and ions, and through macroscopic mass motion (e.g., convection). At very
high pulse energies, radiation transport can play a role. In case the lattice structure
is still intact, atomic heat conduction takes place through lattice vibration, that is
phonons. Typically, mass transport is the slowest process, proceeding through hy-
drodynamic and acoustic mechanisms. The expansion of a material is limited by
its speed of sound and occurs on a time scale of 100 ps or longer for hard x rays.

Ablation is the removal of material from the surface of a solid upon photon irra-
diation. Usually, the time scale for ablation is much longer than for thermalization,
and it is sufficient to consider thermal ablation mechanisms. The ablation velocity
of a material is the velocity of the hydrodynamic flow into vacuum and is on the or-
der of 1km/s for silicon. Sometimes mass transport is faster than heat conduction,
in which case the process is called quasi-adiabatic.

8.2
The Influence of X-Ray Heating on Absorption

X rays typically penetrate much deeper into materials than optical radiation, so that,
correspondingly, a larger volume is heated. At sufficiently large x-ray intensities, the
heating of the electron and ion systems affects the way in which x rays are absorbed
and transported by the material. In this chapter we discuss the dependence of the
absorption mechanism on the x-ray flux.

8.2.1
Temperature-Dependence of X-Ray Absorption

For low x-ray fluences, x-ray absorption occurs primarily through photoionization.
Extensive tables of the photoionization cross section of different materials as a
function of the x-ray energy exist in the literature [1]. Since x rays interact primarily
with the electron in the inner shells of atoms, x-ray absorption (especially for larg-
er x-ray energies) is less sensitive to the chemical environment of the atoms, and
isolated-atom photoionization cross sections are often an excellent approximation
even in dense materials. Valence electrons and bonding effects are less important.
Figure 8.1 shows the atomic photoionization cross sections as a function of the
atomic charge number Z and the x-ray energy. The discontinuous structure in the
energy dependence of the cross section corresponds to the ionization thresholds of
the elements, as discussed in Section 2.2.3.

X rays heat up materials and modify their absorption characteristics. Figure 8.2
shows the spectral dependence of the absorption coefficient of graphite-like carbon
as a function of temperature assuming local thermodynamic equilibrium (LTE)
conditions. A plasma is in LTE when the electrons and ions are in a kinetic equilib-
rium, but the radiation field is not. The calculations have been performed using the
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Figure 8.1 X-ray photoionization cross section of the elements as a function of atomic charge
number Z [1].
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Figure 8.2 Spectral dependence of the total absorption coefficient of carbon with a density of
2.2 g/cm? as a function of temperature.

atomic kinetics code Cretin [2]. The absorption coefficient generally decreases with
increasing temperature since it is dominated by the excitation of bound electrons
into the continuum, which is less efficient when the number of bound electrons
decreases at higher temperatures. The bound-free component of the absorption
coefficient alone is shown in Figure 8.3. Figure 8.4 shows the free—free component
of the absorption coefficient. During free—free (inverse Bremsstrahlung) absorp-
tion, free electrons absorb x rays while interacting with an ion. This process is
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Figure 8.3 Spectral dependence of the bound—free absorption coefficient of carbon with a mass
density of 2.2 g/cm? as a function of temperature.
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Figure 8.4 Spectral dependence of the free—free absorption coefficient of carbon with a mass
density of 2.2 g/cm? as a function of temperature.

described in more detail in Section 5.7. Inverse Bremsstrahlung is more effective
at lower electron temperatures, large electron densities, and small x-ray energies.
The effect of the electron temperature on the free—free absorption coefficient is
complicated by changes in the ionization state of the ions and the electron density
with temperature. In addition, the electron temperature fundamentally affects the
inverse Bremsstrahlung rate as can be seen from (5.48) for the spectral absorption
coefficient [3]. Besides bound—free and free—free absorption, the total absorption
coefficient in Figure 8.2 also contains bound-bound or line absorption, which is
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responsible for most of the structure in the absorption coefficient between 200 and
300eV.

822
Time Dependence of X-Ray—Matter Interaction

For the calculation results shown in Figures 8.2-8.4 we assumed that the material
is in thermal equilibrium, which is appropriate for systems that have been illumi-
nated by relatively long x-ray pulses. For shorter pulse length around a few hun-
dred fs or less, LTE has not necessarily been achieved, which can have a profound
effect on the absorption characteristics: High-intensity x-ray pulses can deplete the
inner atomic shells that usually dominate x-ray absorption. Therefore, materials be-
come more transparent with increasing x-ray intensity since fewer bound electrons
are available for bound—free absorption. For longer pulses, the inner shells are re-
plenished through Auger or fluorescence relaxation processes, and for very long
pulses, recombination occurs. Short and intense x-ray pulses can generate very un-
usual electron distributions that can be anisotropic, whereas for long pulses, the
electrons have time to relax and their velocity distribution becomes thermal.
Figure 8.5 shows the electron temperature of graphite-like carbon illuminated by
x rays at 1 and 8keV for different fluxes, calculated with the time-dependent non-
LTE model Cretin. The electron temperature increases with x-ray flux and time and
is larger at 1 than at 8keV due to the difference in absorption coefficient, shown
in Figure 8.6. The decrease of the absorption with time during the pulse is cor-
roborated by recent experiments summarized in Section 10.1. Figure 8.7 shows
the corresponding average ionization. For longer pulse length and very high flux-
es, sample expansion would need to be considered. Since collisional equilibration
of electrons and ions is relatively slow, for short pulses the sample is not in lo-

1 keV x-ray energy 8 keV x-ray energy

Electron temperature (eV)
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Figure 8.5 Time dependence of the electron temperature of carbon with a mass density of

2.2 g/cm3, irradiated with a T-keV (a) and 8-keV (b) x-ray beam with a power of 30 GW for differ-
ent FWHM beam diameters.
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Figure 8.6 Time dependence of the absorption coefficient of carbon with a mass density of

2.2 g/cm?, irradiated with a 1-keV (a) and 8-keV (b) x-ray beam with a power of 30 GW for differ-
ent FWHM beam diameters.
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Figure 8.7 Time dependence of the average ionization of carbon with a graphite-like mass den-
sity of 2.2 g/cm?, irradiated with a 1-keV (a) and 8-keV (b) x-ray beam with a power of 30 GW for
different FWHM beam diameters.

cal thermodynamic equilibrium: The electron temperature is larger than the ion
temperature, and the ionization is less than in equilibrium.

823
Pulse Length Dependence of X-Ray Absorption

Figure 8.8 shows simulation results of the peak electron temperature of graphite ir-
radiated by 1-keV x-ray radiation, as a function of x-ray pulse length and pulse ener-
gy, calculated with the time-dependent non-LTE model Cretin. In these simulations
we neglected surface effects, and we assumed that the beam is focused to a full-
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Figure 8.8 Electron temperature as a function of pulse length and pulse energy of carbon with a
mass density of 2.2 g/cm3, irradiated by 1-keV x rays focused to 1 pum FWHM.

width-at-half-maximum (FWHM) width of 1 pm. With x-ray free-electron lasers,
the brightest laboratory-scale x-ray sources available today, x-ray pulses shorter than
300 fs and with energies of up to several m] can be obtained, leading to electron en-
ergies of several hundred eV. For pulses longer than 100 fs, the system stays close to
LTE, and the pulse length only weakly affects the electron temperature. For shorter
pulses, the electron temperature decreases with increasing pulse length for a given
pulse energy below about 0.1 m] since the excited electrons have more opportuni-
ty to distribute their kinetic energy through collisions. Above 0.1 m], the ions are
nearly completely ionized, and the dependence of the electron temperature on the
pulse length is much weaker.

Figure 8.9 shows the corresponding average ionization Z at the end of the pulse.
For typical free-electron-laser pulse parameters, carbon is nearly completely ion-
ized. This explains that for pulse lengths below 10fs and energies above about
0.1 m], the dependence of the electron temperature on the pulse energy is very
weak: The x rays completely deplete the K shell of carbon, and there is not suffi-
cient time for electrons to relax through Auger decay or to refill the K shell through
recombination.

For comparison, Figure 8.10 shows the peak electron temperature of graphite
irradiated with 8-keV x-ray pulses as a function of pulse energy and pulse length,
and Figure 8.11 shows the corresponding average ionization at the end of the pulse.
Similar to the 1-keV case, for pulses shorter than approximately 20-100 fs, the elec-
tron temperature decreases with increasing pulse length for a given pulse energy.
These calculation results illustrate that a very large phase space can be accessed
with x-ray heating, depending on the x-ray fluence, pulse length, and x-ray energy.
In particular, when solids are illuminated, hot solids, warm dense matter, and hot
dense matter can readily be generated.
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Figure 8.9 Average ionization as a function of pulse length and pulse energy of carbon with a
mass density of 2.2 g/cm?, irradiated by 1-keV x rays focused to 1 pum FWHM.
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Figure 8.10 Electron temperature as a function of pulse length and pulse energy of carbon with
a mass density of 2.2 g/cm?, irradiated by 8-keV x rays focused to 1 um FWHM.

Of particular interest is the warm-dense matter (WDM) regime, a unique state
of matter than can be accessed using the very short and intense x-ray pulses from
x-ray free-electron lasers. With these sources, materials can be heated isochorically,
generating well-defined material states. In WDM, the temperature is on the order
of the Fermi energy Ef,,m;, which is the maximum electron energy in cold dense
matter. WDM cannot be described by standard condensed matter theory, which is
valid only in the limit of small temperatures T < Ep.mi, nor through weakly cou-
pled plasma theory. WDM is strongly coupled, particle correlations are important,
ionization levels are depressed, and energy levels are shifted. The electron—ion cor-
relation changes, and the ion—ion correlations show short- and long-range order.
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Figure 8.11 Average ionization as a function of pulse length and pulse energy of carbon with a
mass density of 2.2 g/cm3, irradiated by 8-keV x rays focused to 1 um FWHM.

Therefore, theoretical descriptions of matter in this state are currently not very re-
liable, and the estimates presented in this chapter in this regime only demonstrate
general trends rather than concrete values for measurable quantities such as tem-
perature, ionization, and opacity.

83
Thermodynamics of Phase Transformation

X-ray irradiation of materials results in an increase in temperature, pressure, and
ionization state, and induces stresses and stress gradients in materials. All these
factors can lead to phase transformations. In this section we will discuss the basic
thermodynamic concepts of phase diagrams and phase transformations for ma-
terials in solid, liquid, and gas phases at moderate temperatures. The associated
changes are long time scale transformations. Some ultrafast phase transformations
are discussed in Section 8.5.1. An extensive discussion of these concepts can be
found in [4, 5]. Understanding the thermodynamic equilibrium of materials is im-
portant since this is the state toward which x-ray-excited materials transform. The
rate of transformation is described by materials kinetics [6, 7] and is typically much
more difficult to understand.

Figure 8.12 shows a generic phase diagram of a material in pressure-temperature
space. It gives the phases in which the material exists at thermodynamic equilib-
rium for certain values of temperature and pressure, and under which conditions
two or more phases can coexist. We will now discuss the transition between these
phases.
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Figure 8.12 Generic phase diagram in pressure-temperature space.

8.3.1
Solid-Liquid Transitions

For pure substances consisting of a single type of atom or molecule, melting takes
place at a well-defined temperature T,,j;. Figure 8.13 shows the melting tempera-
tures of monoatomic solids as a function of the atomic charge number Z. The Lin-
demann theory of melting relates the amplitude of atomic vibration to the melting
temperature. Lindemann hypothesized that melting occurs when the amplitude of
atomic vibration reaches a certain fraction f of the interatomic spacing a [8]. Esti-
mates show that f & 5%. The melting temperature relates to the bond strength
since when the interatomic bonding is strong, more energy is needed to induce
vibrations and break the bond. There is also a correlation between the Debye and
the melting temperatures. The Debye temperature of a system is the temperature
at which the atoms gain access to all their degrees of freedom, and it is the tem-
perature at which the thermal energy of vibration is roughly equal to the energy
separation between quantum states of vibration.

Typically, materials expand upon melting, and the melting temperature increases
with pressure because the application of pressure to a liquid with available space
leads to compression, so that it behaves more like a solid. This stabilization of
the solid phase leads to an increase of the melting temperature. Certain materials
contract upon melting, including water, silicon, germanium, gallium, and bismuth.
Conversely, for these materials, the melting temperature decreases with increasing
pressure.

At the melting temperature, the material can coexist in the solid and the liquid
phase, and the relative fraction of these two phases depends on the amount of en-
ergy that has been added to it in the form of heat. Adding further energy will not
change the temperature but increases the liquid fraction of the system. The energy
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Figure 8.13 Melting and boiling temperatures of solids as a function of the atomic Z number.
The vertical lines indicate atoms with filled atomic shells.
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Figure 8.14 Enthalpy of fusion as a function of the atomic Z number. The vertical lines indicate
atoms with filled atomic shells.

required to transform a solid to a liquid at constant pressures is the enthalpy of fu-
sion. Figure 8.14 shows the enthalpy of fusion of monoatomic solids as a function
of the atomic charge number Z. The melting temperature is roughly proportional
to the enthalpy of fusion, as shown in Figure 8.15: The melting temperature in
degrees Kelvin is approximately 1% of the enthalpy of fusion in kJ/mol.
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Figure 8.15 Enthalpy of fusion and enthalpy of evaporation as a function of the melting and
boiling temperature, respectively. Data taken from [5].

83.2
Liquid—Gas Transition

The latent heat of evaporation is the energy required to remove a single molecule
from the liquid and add it to the gas phase. Figure 8.15 shows the enthalpy of
evaporation as a function of the boiling temperature, which is the temperature at
which the vapor pressure of the material is equal to the pressure of the surrounding
gas, here taken to be 1atm. The boiling temperature in degrees Kelvin is about
10% of the enthalpy of evaporation in units of kj/mol. The melting temperature
is roughly 2/3 of the boiling temperature, but there are many exceptions to this
rule. The transition temperature is strongly pressure-dependent. The liquid-gas
transition is often easier to understand than the solid-liquid transition since the
molecules in the gas phase interact only weakly after the transition.

At the critical point shown in Figure 8.12, the gas and liquid phases cannot be
distinguished. The surface tension of the liquid disappears, and the material be-
comes a supercritical fluid. This regime in phase space can be reached without a
phase transformation from either the liquid or the gas phase. At the critical point,
the densities of the coexisting gas and liquid are equal.

8.3.3
Solid—Gas Transition

Solid—gas transitions are called sublimation. The sublimation temperature is the
temperature above which the vapor pressure of a solid reaches 1atm. Since usu-
ally the vapor pressure above solids is rather small, only carbon and arsenic sub-
lime, whereas all other elements will melt before the sublimation temperature is
reached.
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Figure 8.16 Aluminum phase diagram. Reprinted with permission from [9].

83.4
Example Phase Diagram

Figure 8.16 shows the phase diagram of aluminum in pressure-density space. For
a given pressure, aluminum is in the solid phase at high densities and in the liquid
phase at lower densities. At even lower densities, aluminum enters the two-phase
regime in which the liquid and gas phases coexist. Also shown in Figure 8.16 are
isentropes, which are paths of constant entropy. The boiling temperature is the
temperature for which the isentrope crosses the boundary from the one- to the
two-phase region. At and above the critical temperature, the isentropes no longer
reach the two-phase region. For aluminum, the ratio of the critical to the boiling
temperature is 2.4, but this ratio is different for other materials. For example, the
ratios are 1.4, 1.35, and 3.3 for silicon, graphite, and gold, respectively.

8.4
Ablation

In this section we will focus on laser ablation of materials. Laser ablation (or laser
sputtering) is the removal of material from a solid upon laser exposure. The de-
tailed process depends on the thermal and optical materials parameters, and on
the laser parameters such as wavelength, intensity, and pulse duration. The mini-
mum energy fluence to achieve material removal is the ablation threshold, and the
time required to carry away material is the ablation time.

In order to remove a macroscopic amount of mass from a surface, the material
usually first undergoes transformation into a volatile phase, such as a gas or a plas-
ma. This transformation can occur along different paths in phase space, depending
on the experimental conditions. For example, the solid—gas transformation can oc-
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cur stepwise by first melting the material, and then transforming the melt into a
gas. If the liquid is heated to high temperatures, its vapor pressure exceeds the am-
bient pressure, and boiling of the melt occurs. When the temperature approaches
the critical temperature, the boiling rate becomes very fast, and homogeneous nu-
cleation of the gas phase in the liquid takes place. This phenomenon is called phase
explosion. The transformation of the material from the solid into the gas phase may

7]
8 solid liquid layer

inhomogeneous
phase

Z
(c) 0 d
Figure 8.17 Evolution of the ablation layer reflection of rarefaction wave from the back-
of a material irradiated by a short-pulse laser. side. ¢ is the unperturbed sound velocity in
(a) Immediately after excitation, (b) rarefac- the bulk. Reprinted with permission from [9].

tion wave propagating inward, and (c) after
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also proceed directly. This process is called sublimation. Finally, a material may
transform from the solid phase into a plasma when the laser illumination leads to
severe ionization of the material.

In short-pulse laser ablation, material expansion during the electron—ion ther-
malization process is usually negligible, so that the material is heated isochorically.
Ablation of materials typically occurs at temperatures of several thousand kelvin,
corresponding to pressures of tens of GPa. The heating is followed by an isotrop-
ic expansion of the material, during which it can enter the two-phase region, see
Figure 8.16, with gas bubbles nucleating in the heterogeneous gas-liquid phase.
Figure 8.17 shows density profiles of the ablation layer, demonstrated with optical
lasers [9], for different points in time. Right after energy relaxation the top layer is
fluid, as shown in Figure 8.17a. Then a rarefaction wave propagates into the mate-
rial, see Figure 8.17b. The rarefaction wave is reflected at the fluid-solid interface,
leading to the density profile shown in Figure 8.17c.

It is anticipated but not yet clear if a similar short-pulse ablation mechanism is
going to be observed in the x-ray regime. For optical laser experiments, the inter-
pretation of experimental data is often complicated by the highly nonlinear nature
of the deposition of optical energy in the intensity range of interest of more than
10'2 W/cm?. The deposition process is generally much easier to understand in the
X-ray regime.

8.5
Intensity Dependence of X-Ray—Matter Interaction

The transformation of x-ray-irradiated materials depends on a number of param-
eters, including the peak x-ray pulse intensity, pulse length, and time-integrated
intensity. Because of the large variety of available x-ray sources, each with very dif-
ferent output characteristics as described in Sections 1.3 and 6.2.1, the accessible
temperature-density space is relatively large and includes mildly heated materials
all the way to materials transformed into a plasma. In addition, the x-ray pulse pa-
rameters influence the absorption process of the radiation in the material through
the ionization state and electron temperature, which, in turn, determine the x-ray
opacity. As was discussed in Section 8.2.1, absorption often decreases with increas-
ing ionization and temperature. This has recently been demonstrated by turning
solid aluminum transparent under intense soft x-ray illumination [10]. We will now
discuss the transformation mechanisms of materials as a function of the pulse pa-
rameters, particularly the x-ray intensity.

It is instructive to distinguish between x-ray—matter interaction processes that
depend mainly on the peak energy density or electron temperature in the material
and processes that depend on the cumulative (total) absorbed x-ray dose. An exam-
ple for the latter type are processes that are based on bond breaking. An example
for the former is the onset of a phase transformation, such as melting. The volume
fraction of molten or otherwise phase-transformed material also depends on the to-
tal absorbed x-ray dose. For sufficiently long pulses or for continuous light sources,
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Table 8.1 Intensity dependence of x-ray—matter interaction in tantalum. For simplicity, we as-
sumed cold heat capacities. The phase transformation energy is given for  tantalum films [12].

Intensity ~ Peak absorbed energy density  Physical mechanism Reversible?
in eV/atom
Verylow 0.7 Heating Yes
Fatigue through thermal cycling No
Low 0.1-0.2 Phase transformation No
0.7 Thermal melting No
Medium >1.3 Ablation No
~1.4 Nonthermal melting (short pulses)  No
High >1.3 Plasma formation No

the effect of x-ray radiation on materials is somewhat reduced by heat conduction
that removes energy from the interaction region, whereas for very short pulses, the
peak energy density is given by the absorbed x-ray dose.

If the dominant interaction process depends only on the peak energy density, we
can often define a threshold for the onset of that process. As an example, Table 8.1
shows the threshold peak energy densities for various x-ray-matter interaction pro-
cesses in tantalum irradiated by x rays. Most of the processes we listed are triggered
by single x-ray pulses, except for thermal fatigue for which both a threshold x-ray
dose as well as a certain number of pulses have to be exceeded, as discussed in
more detail in Section 8.6.

The different damage thresholds in Table 8.1 motivates assigning different inten-
sity regimes to x-ray damage, which we will simply call very low, low, medium, and
high intensities. At very low intensities, the temperature of the material increas-
es only slightly. If temperature gradients are present, differences in the thermal
expansion coefficient can lead to stress gradients and, in the case of multiple expo-
sures, failure due to thermal fatigue. Even at very low intensities, x rays can break
chemical bonds in the irradiated material. This effect may be difficult to detect for
single x-ray pulses. However, it has been found that certain materials can be ablat-
ed when being exposed to multiple x-ray pulses, even though single x-ray pulses
have a negligible effect [11].

At somewhat larger intensities, the material is heated to sufficiently high tem-
peratures for phase transformations to occur. For bulk materials, the equilibrium
crystal structures as a function of temperature and pressure have been cataloged, as
for example in [13]. For thin films, predicting the behavior is complicated by their
typical nonequilibrium state. These metastable films transform even under moder-
ate temperature increases, see for example [12] for tantalum. For sufficiently high
fluences, the materials eventually melt. The melting transition has gained special
significance in the development of x-ray optics since it is the ultimate limit beyond
which the optics will fail. The actual damage threshold may be lower than this.
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At even higher intensities, material is removed from the surface, which is also
called ablation. This process was described in Section 8.4. At these intensities and
higher, the x-ray irradiation leads to strong ionization effects, and the irradiated
material turns into a plasma.

8.5.1
Interaction of Short X-Ray Pulses with Crystals

In conventional photon-induced melting processes of crystals, electrons transfer
the absorbed photon energy to the ions in the lattice, so that electrons and ions stay
close to equilibrium until the material reaches the melting temperature and melts.
This process has been studied extensively in the visible light regime. The time
scale for this process is several picoseconds. It has also been found that thermal
processes and equilibrium thermodynamics do not explain some experimental data
for intense short-pulse laser irradiation with sub-ps pulse duration [14]. Melting in
this case occurs much faster, since for light with sufficiently high intensity, the
electrons are so far removed from thermodynamic equilibrium that the covalent
bonds are weakened, leading to lattice disorder much faster then thermal melting.
This photo-induced phase transformation is often called nonthermal melting and
has been observed in many semiconductor materials. In metals, the lattice stability
does not seem to be affected by electron excitation.

X-ray-induced melting is much less explored. The x-ray photons still couple with
the electrons in the system, but they do not only drastically increase the kinetic
energy of the electron system but they also cause inner-shell atomic ionization.
We therefore have localized charges in the system both due to fast electrons with
a small de-Broglie wavelength and due to ions with core holes, so that Coulomb
interactions are becoming more important. In order to understand the behavior
of the system, atomic physics processes in this dense plasma system and electron
cascade processes, by which quasi-free electrons slow down and excite other atoms,
are important. Further research in this area is needed.

8.6
X-Ray-Induced Mechanical Damage

When x-ray-irradiated materials have sufficient time to equilibrate microscopically,
meaning that the electrons are in equilibrium both among themselves and with the
ions, then the behavior of the material is in large part determined by thermal and
mechanical dynamics. This can be the case for x-ray pulses that are at least several
picoseconds in duration, or for shorter x-ray pulses that do not induce changes
during the pulse. We will first analyze the time scale associated with thermal and
with mechanical phenomena, and then discuss possible failure modes.

The time scale 7, for mechanical disturbances to propagate through a material is
given by the product of the speed of sound v, and a characteristic distance d, 7, =
vsd. For example, the speed of sound v, in aluminum is approximately 4900 km/s.
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Taking the distance d as the x-ray attenuation length in solids, typically ranging
from 1 to 100 um, we obtain time scales ranging from 0.2 to 20 ns.

Since heat conduction is a diffusional process, its time scale 7, can be estimated
as

42
= 5p (8.1)
where the thermal diffusivity Dy, is given by
Dy = . (8.2)
Cpp

k is the thermal conductivity, C, is the heat capacity, and p is the mass density.
For aluminum, typical values are k = 250 W/(mK), C, = 910]/(kgK), and p =
2700kg/m?, so that D, &~ 10~* m?/s. According to (8.1), the time scale 7}, ranges
between 10ns and 100 ps, which is much longer than the times associated with
the propagation of mechanical disturbances 7. Therefore, mechanical and thermal
processes are usually decoupled and can be treated separately.

Solids irradiated with such x-ray pulses typically try to expand, but they are con-
fined by their inertia and the surrounding material, so that compressive stresses
develop. Since heat conduction is much slower than the mechanical response, this
evolution is nearly perfectly adiabatic [15]. Mechanical disturbances then propa-
gate in the material to reach equilibrium. When compressive waves are reflected
from free surfaces, the boundary conditions require that the compressive pulse
is replaced by a tensile pulse. This is discussed in more detail in Section 9.4.2,
refer to Figure 9.5. If the tensile stresses associated with this pulse reach the
ultimate tensile strength, defined as the maximum stress a material can with-
stand before deforming significantly, spallation of the material occurs. Spallation
is the internal rupture of a solid through nucleation, growth, and coalescence
of tensile-stress-induced defects, such as microcracks, leading to the ejection of
material [16].

Even when the mechanical stresses are sufficiently small so that the material
does not fracture, plastic mechanical deformation may still occur, such as macro-
scopic or micro yielding. Repetitive application of these pulses can then lead to
thermal fatigue and fracture, as discussed in more detail in [17, 18].

8.7
X-Ray Damage in Inertial Confinement Fusion

Targets that are laser-irradiated in laser-confinement fusion applications emit x-ray
bursts with a few ns duration. These bursts deposit their energy into the walls of
the target chamber. The thermal diffusion time is much longer than nanoseconds,
and ablation occurs. The pressure in the vaporized material is tens to hundreds of
kbar, which can launch a shock in the unvaporized material that can lead to further
changes or damage, such as delamination or crater formation [19].
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8.8
X-Ray Damage in Semiconductors

Ionizing radiation can lead to malfunction and even damage of electronic systems.
Ionizing radiation encompasses both particle radiation and high-energy electro-
magnetic radiation, and is typically encountered in space applications, high-altitude
flight, and during nuclear incidents or warfare. Semiconductors are particularly
sensitive to radiation damage. We will now give a brief overview about how x-ray
damage can occur during the fabrication of semiconductor circuits, and how semi-
conductor devices can be made more resistant to ionizing radiation.

8.8.1
X-Ray Damage in Semiconductor Processing

Photolithography is a microfabrication process in which films are patterned by se-
lectively removing or adding material. A photosensitive film is deposited onto the
structure that is to be patterned, and it is selectively exposed to radiation by use of
a photolithography mask. This leaves a shadow image on the photosensitive film.
After developing this film, the mask has been imprinted, and can then be used to
selectively add or remove material.

X-ray lithography has been a very promising technology for deep submicron
patterning that originated in 1969 [20] and is still used today, albeit not in the
volume production mode envisioned originally. It typically operates in the wave-
length regime between 1.0-0.1 nm. At these short wavelengths, diffraction effects
in lithographic applications are very weak, so that very high patterning resolutions
can be achieved.

It has been found that high doses of x-ray radiation as part of the lithography
process can lead to radiation damage in semiconductors. The gate oxide in transis-
tors, which is used as an insulator in semiconductor circuits, is most sensitive to
damage. Radiation damage includes the creation of oxide charges, interface states,
and electron traps [21], all of which alter the transistor performance [22]. It has
been found that the effect of radiation damage can be reduced somewhat by an-
nealing [23]. It has also been shown that an x-ray stopping layer made of high-Z
materials reduces the number of x-ray photons reaching the oxide gate layer, thus
reducing the amount of damage [24].

8.8.2
X-Ray-Damage-Resistant Semiconductors

Radiation hardening methods are techniques for making electronic systems more
resistant to ionizing-radiation-induced malfunction or damage. X rays can have a
variety of effects on semiconductors. They can induce the creation of electron—hole
pairs, which can lead to photo currents. Since these currents are leakage currents
in diodes and transistors, they degrade their performance. This effect is often only
transient [25, 26]. During nuclear explosions, short-time high-intensity radiation
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pulses are generated that induce photo currents in semiconductors, which can lead
to opening and closing of transistors at random. X rays can also induce holes in the
gate oxide layer, and, similar to hot-carrier degradation in high-speed electronics,
this can lead to permanent performance degradation.

Radiation hardening methods need to address both the improvement of total-
dose response and the response to single radiation events. The latter is typically
much more difficult to achieve [25, 27]. To reduce the chance of charge buildup,
which can lead to shifts in the operating threshold of transistors, thinner oxide lay-
ers can be used, which simply reduces the amount of volume available for damage.
Transistor-to-transistor leakage can be reduced by introducing guard-bands around
each individual or groups of transistors [28].

8.9
Damage to Biomolecules in X-Ray Imaging

In the life sciences, the spatial resolution in x-ray imaging is limited primarily by ra-
diation damage to the biological samples. For low fluxes it has been shown that the
accumulated absorbed x-ray dose determines the degree of damage, and with that
the image resolution [29]. The x-ray dose is measured in units of Gray (Gy = J/kg).
For reference, the life dose is around 60 MGy. Figure 8.18 shows the resolution to
which objects can be imaged as a function of the x-ray dose. In the resolution range
of 0.1-10 nm, the resolution depends linearly on the dose approximately as [30]

dose (Gy) ~ 10°® resolution (nm) . (8.3)

We will now focus on the role of damage in x-ray protein crystallography, which
is the workhorse technique in structural biology. In Section 10.3 we discuss the
new method of single-particle diffractive imaging. X-ray damage of protein crystals
is a two-step process [31]. The first step, the primary damage process, is initiated
by photoelectric absorption and Compton scattering of the x-ray radiation, leading
to atomic excitation and possible breakage of chemical bonds. The excited ion can
then release part of its excess potential energy through fluorescence and Auger
decay [32]. These processes can lead to multiply charged ions and extensive free-
charge buildup in the vicinity of the ion. Figures 8.19 and 8.20 show the energy
regime in which photoionization and inelastic scattering processes dominate. Ion-
ization cascades occur along the path of the primary electron through the material,
leading to further nonuniform charge buildup in the sample. High-Z atoms in
proteins can lead to a substantial increase in the local dose, and metal centers are
especially susceptible to this kind of damage. Each 8-keV electron disrupts bonding
in about 70 molecules and leads to disorder in at least 90 [33]. These processes hap-
pen within a few femtoseconds. After about a picosecond, breakage of S-H, O-H,
N-C, and C-H bonds occurs, inducing the creation of reactive species, including
electrons and hydroxyl (OH™) and hydrogen radicals. The radicals may be directly
generated in the molecule or indirectly in the surrounding solution.
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Figure 8.18 Dose required for imaging and maximum tolerable dose of a protein with sto-
ichiometry HsoC30NgO10S1 and mass density 1.35 g/cm? against a background of water for
10-keV x rays. Reprinted from [30], with permission from Elsevier.
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Figure 8.19 Total interaction cross sections for carbon (a) (Z = 6) and gold (b) (Z = 79) [34].

The second step, also called the secondary damage process, takes micro- to mil-
liseconds and involves the diffusion of these reactive species through the protein
crystal, resulting in additional bond breakage and further generation of radicals.
The second step is responsible for an increase in the degree of damage in pro-
tein crystals after exposure, so there is a time dependence to the degree of radia-
tion damage. Secondary processes are assisted by the abundant presence of water
in the protein crystal. Since this step is diffusion-limited and therefore strongly
temperature-dependent, the effect of radiation damage on protein crystal damage
can be reduced by cooling the sample. Besides reducing diffusion, cooling im-
proves the lifetime of protein crystals by mechanically stabilizing the frozen matrix,



212

8 Dynamics of X-Ray-Irradiated Materials

10° . . . ;

inelastic scattering

elastic scattering

X-ray photon energy (keV)

100 1 1 1 1
0 20 40 60 80 100

Atomic charge number

Figure 8.20 Dominant x-ray scattering processes by atoms as a function of atomic charge state
and photon energy [34].

and it improves the quality of diffraction patterns by reducing atomic vibrations.
Primary damage processes, however, still occur.

In x-ray crystallography, radiation damage leads to changes in the intensity of the
diffraction spots. A systematic analysis of this effect is complicated by the wide vari-
ation of the mechanical, physical, and chemical properties of protein crystals. Typ-
ically, high-resolution data is compromised first, which leads to decreased diffrac-
tion power (spot fading) of large-scattering-angle diffraction spots [30]. In case x-ray
damage leads to the mechanical destabilization of the whole crystal, which can
sometimes happen due to solvent loss, the entire diffraction pattern is compro-
mised.

Another manifestation of radiation damage are changes in the unit cell dimen-
sions, [31] which, like the spot fading, is not very reproducible and varies even for
crystals of the same protein [35]. Even a rather modest change in all the cell dimen-
sions of 0.5% can lead to a 15% change in the general reflection intensities [36].
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9
Simulation of X-Ray—Matter Interaction

Intense x-ray pulses can turn condensed matter into plasmas. The description of
the involved processes is an inherent many-body problem. Simple analytical mod-
els are often inadequate since they require too severe approximations, so computa-
tional models are used instead. In many cases, models and tools developed in the
fields of plasma physics and continuum mechanics provide useful starting points
to describe x-ray—matter interaction. The goal of this chapter is to familiarize the
reader with different simulation techniques and to give pointers to the relevant
literature for details.

9.1
Models for Different Time- and Length Scales

In general, x-ray-matter interaction can span a vast range of time and length scales,
and different models are appropriate for the different regimes. Figure 9.1 shows
some of the techniques used today, along with the regimes in which they are typi-
cally applied. Most models provide either an atomistic or a continuous description
of matter. Examples of the latter are transport or hydrodynamic models. Molecular
dynamics and Monte Carlo methods are popular atomistic models. They are typi-
cally used to describe small subsets of large systems, smaller samples, and more
complex geometries since they naturally allow treatment of full three-dimensional
structures. Quantum molecular dynamics, which in essence involves solving the
time-dependent Schrédinger equation, is only feasible for very small systems with
a few hundred atoms. It allows one to treat degenerate systems for which quantum
mechanical effects are important. If larger systems need to be simulated, semiclas-
sical models have to be used. These methods work for nondegenerate, dense and
dilute plasmas with more than 10° atoms. Nowadays, the state of the art is simulat-
ing plasmas including all the electron degrees of freedom with 107108 particles [1].
The simulation length in this case is typically limited to a picosecond or less since
plasma molecular dynamics simulations are only straight-forward to parallelize in
space but not in time. Coincidentally, this time scale is well matched with the tem-
poral length of photon pulses produced by x-ray free-electron lasers. Since the sim-
ulation time step is limited by the electron dynamics, integrating out the electron

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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Figure 9.1 Some common modeling methods and typical length- and time scales.

motion allows increasing the time step and therefore enables longer simulation
times, at the expense of losing information about detailed electron properties.

Transport and hydrodynamic methods have been applied traditionally to larger
systems, preferentially to ones with regular structures to simplify the computation-
al requirements. Recently, these methods have been applied to very small samples,
as well, such as nanoclusters and single molecules [2, 3]. Transport methods are
very well suited to simulation of the semiequilibrium long-term evolution of plas-
ma systems. We will now discuss some of these models in more detail.

9.2
Atomistic Models

Solving the time-dependent Schrédinger equation for large many-body systems is
beyond the capabilities of today’s computers. In some cases, the picture of sin-
gle electrons moving in an effective potential has proven to be sufficient. Unlike
conventional atomistic dense-plasma simulations that simply assume an average
ionization (Z), in the x-ray case, atomic processes need to be included. Ideal-
ly, the atomic physics treatment is based on the consideration of the microfields
in the plasma [4, 5]. Time-dependent density functional theory [6] has been used
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in the past to describe the response of clusters to intense laser pulses. In a one-
dimensional model described in [7], the ion positions were assumed to be frozen,
and correlation effects were neglected, so this model is a numerical solution of the
time-dependent Kohn—Sham equations to describe the electron dynamics in a clus-
ter [8]. In order to extend this model to x rays, single-photon ionization processes
would have to be considered.

Since a full quantum-mechanical treatment is usually too involved, classical or
semiclassical approaches are often preferable. In these models, nuclei and un-
bound electrons are treated as classical particles obeying Newton’s equation of
motion. Such atomistic simulations usually fall into the general groups of either
Monte Carlo or molecular dynamics simulations and particle-in-cell (PIC) meth-
ods, which we will discuss now in more detail.

9.2.1
Molecular Dynamics and Particle-in-Cell Models

9.2.1.1 Molecular Dynamics Models

Molecular dynamics methods track the position of individual atoms (and possibly
electrons) and are preferred when an explicit treatment of the electron interaction
is needed, when the detailed atomic structure of the materials needs to be deter-
mined, and when the excitation and ionization states of ions are important. For
example, crystal diffraction requires detailed information about the position and
motion of ions. Classical molecular dynamics models are very useful for describ-
ing time-dependent x-ray—matter interaction problems in nondegenerate matter.
Recent examples of classical molecular dynamics modeling of the interaction of
high-intensity x-ray pulses with matter are given in [9-12].

In the case of the interaction of short x-ray pulses with matter, it is often im-
portant to calculate the ion motion on the time-scale of the pulse duration, which
is caused both by thermal interaction through electron—ion coupling on the time
scale of several picoseconds, and by nonthermal interaction when the ionization
fraction is sufficiently large. The latter effect requires a quantum-mechanical treat-
ment of the dynamics. Quantum molecular dynamics has been very successful
for describing such dynamics for optical laser—matter interaction [13-16]. We will
now discuss classical molecular dynamics and comment on quantum treatments
in Section 9.2.1.4.

In classical molecular dynamics simulations it is assumed that the force at any
point in space and time can be calculated from the pairwise interaction of particles:
When a pair potential is given, the force acting on each particle due to all other
particles can be computed by summing up all pairwise interactions. The equation
of motion of a particle p is given by

d’r
My dtzp = _qpv(p(rp) ’ 9.1)

where m, is mass of particle p, g, is its charge, r, is its position, and @ (r) is
the sum of all pairwise potentials. Typically, a type of Verlet integrator is used to
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evaluate (9.1), and in some cases periodic boundary conditions are enforced [17]. A
Verlet algorithm is numerically more stable than simple Euler integration, which
is the straight-forward numerical integration of the equation of motion. In the sim-
plest form of the Verlet algorithm, the position at the next time step is calculated
from the position at the previous and the current time step, using only the forces
and not the velocities.

Since the interaction of intense x-ray radiation with matter is a plasma problem,
Coulomb-like potentials have to be evaluated which decrease only slowly with dis-
tance. Therefore, to calculate the potential at a certain point in space requires the
consideration of all particles in a system, and the CPU time requirements scale as
O(N?) for the simplest algorithms, which means that the leading term in the CPU
time requirements is proportional to N2 for an N-particle system.

9.2.1.2 Particle-in-Cell Method

Various methods have been proposed to reduce the computational complexity of
the N-body problem that scale better than O(N?) and therefore allow a more rapid
evaluation of the particle interactions. In plasma physics, particle-in-cell methods
have been very successful. In these methods, a mesh is laid out over the com-
putational domain. During each time step, the following computational steps are
performed:

1. Interpolate the charge density to the mesh points, which usually is a Cartesian
grid, so that

p(i, k) =Y apS[rije—x,(t)], (9.2)
p

where i, j, k are the three-dimensional grid indices, g, is charge on particle
number p, r; j; is the position of grid point i, j, k, and S is a shape function.
2. Use a fast Poisson solver to obtain the electric potential values on the mesh [18].
3. Compute the forces from the potential on the mesh, and interpolate to the par-
ticle positions, for example using a leap-frog integrator. At this point, periodic
boundary conditions can be enforced.

The PIC method was designed for weakly coupled plasmas with many particles in
each cell. The application to strongly coupled plasmas requires one to resolve for
the space between particles, so that less than one particle resides in each cell on
average. The complexity of the PIC method scales as O(N + M log M), where M
is the number of mesh points. Usually, N o« M. Note that the mesh provides on-
ly limited resolution, and the performance is poor for highly nonuniform charge
distributions. Further, the force calculations are numerically difficult. For more de-
tails, see [19].

9.2.1.3 Hybrid Methods
The PIC approach is sometimes considered distinct instead of an implementa-
tion of molecular dynamics. This point of view is of little practical value since the
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boundaries are becoming blurred. The accuracy of PIC methods can be improved
by considering short-range interactions directly, and treating only far-field interac-
tion with a mesh (particle—particle/particle-mesh (P*> M) methods). This approach
is most efficient and accurate for reasonably uniform charge distributions. The
reader is referred to [20] for more details.

Another form of molecular dynamics implementation are tree methods [21],
where forces over large distances are computed in the center-of-mass approxima-
tion by clustering particles using a tree-like data structure. The algorithm scales as
O(Nlog N). Tree algorithms are particularly useful for nonuniform charge distri-
butions. The precision can be improved by extending the method from monopole
(center-of-mass) expansions to multipoles [22].

9.2.1.4 Quantum Molecular Dynamics Models

In classical molecular dynamics, the interaction potentials of the particles are de-
termined in advance. This approach works well for classical systems, but when
quantum-mechanical effects need to be taken into account, modified or new po-
tentials need to be developed for each new problem. Quantum (ab initio) molecular
dynamics circumvents this limitation by combining traditional molecular dynam-
ics with electronic structure methods to calculate the interparticle forces during
the simulation. Various different quantum molecular dynamics methods have
been proposed [23]. Specifically, the Car—Parrinello approach is widely used [24].
It is based on the Born-Oppenheimer approximation, in which the electronic and
nuclear motion are decoupled. Density functional theory is used to approximately
solve the N-body Schrédinger equation, and then the atomic nuclei are advanced.
Since regular density functional theory calculates the electronic ground state, im-
proved methods have been devised to perform quantum molecular dynamics at
finite temperature based on a finite-temperature functional as suggested by Mer-
min [25].

9.2.2
Monte Carlo Models

Monte Carlo methods have traditionally been used to study time-independent
equilibrium configurations, but they can also be applied to time-dependent prob-
lems. Different types of stochastic models are often lumped together and are called
Monte Carlo models. For example, in the well-known Metropolis Monte Carlo
method [26], the phase space of an N-body system is strategically sampled by set-
ting up a certain chain of phase-space points for most efficient sampling. Other
methods sample multiple single particle trajectories stochastically by determining
single particle trajectories. The behavior of a large number of electrons is deduced
from a few trajectories, as pointed out by Kahn in one of the earliest papers on
Monte Carlo methods [27, 28]. These methods can be easily linked to a time evolu-
tion, and are often used for electron and x-ray transport. This is described in more
detail in [29].
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9.2.2.1 Monte Carlo Methods to Sample Phase Space

A typical example for the application of Monte Carlo methods is the estimation
of the expectation value of an operator by stochastic sampling. This is especially
useful for evaluating quantities in thermodynamic equilibrium, which requires us
to evaluate

[ A(ry,vy)exp(—fH)dNrdNv

(A= Jexp(—fH)dNrdNv

(9.3)

Here H is the Hamiltonian for N particles, § = 1/kT, and T is the temperature.
Completely random sampling in this case would not be very efficient since the sta-
tistical weight exp(—/ H) is very nonlinear. Instead, importance sampling is applied
in which the small portion of phase space that actually contributes significantly
to the average is sampled preferentially. In the Metropolis method [26], a Markov
chain of states in phase space is used that migrates toward states of higher prob-
ability [30]. For degenerate plasmas, quantum Monte Carlo methods are available.
Numerous quantum Monte Carlo methods have been developed, see for exam-
ple [31, 32].

9.2.2.2 Monte Carlo Methods to Sample Particle Trajectories

In another type of Monte-Carlo method, single-particle interactions are sampled
stochastically. We will consider the case of a monochromatic x-ray beam irradiating
a material. The heating process by the x rays consists of two parts: (i) x-ray absorp-
tion by the electrons, and (ii) the subsequent electron dynamics [33-35]. We will
discuss x-ray absorption first.

Photon Absorption If the complex index of refraction n = 1 — 0 + if3 is known,
we can use Maxwell equations (1.23) to (1.26) to calculate the electric field and
the intensity distribution I in units of energy per unit area and unit time in the
material. For short pulses, this intensity distribution is strongly time-dependent.
The imaginary part § of the index of refraction n relates to the linear absorption
coefficient through

4nf
a=—-,
A
where A is the wavelength. The absorbed power density is then given by a I in units
of energy per unit volume per unit time, and

(9.4)

a(r, t)I(r,t)dVdt

p(r,t)dVdt = E,

(9.5)
is the number of absorbed photons in the volume element dV during the time
dt. The total number of absorbed photons N, can be obtained by integrating p
in (9.5) over space and time. Equation 9.5 gives fractional numbers and has to be
interpreted as an average over a large number of realizations of a specific system

of interest. Of course, in each realization, only an integer number of photons can
be absorbed.
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In the Monte Carlo technique, we generate realizations of these systems by in-
terpreting

p(r,t)dVdt = %dvdt (9.6)

v

as the probability of absorbing a photon in the volume element dV in the time
interval dt. dV and dt have to be chosen sufficiently small so that this number
is much less than one. In the computer simulation, we generate a random num-
ber rnd between 0 and 1 for each volume element dV and time interval dt. If
p(r,t)dVdt > rnd, then a photon is absorbed. By repeating this step N, times,
we obtain a realization of the system. Since N, is typically very large, we reduce
the problem by following the interaction of a large but finite number of photons N
that are considered representative for all the photons in the system. In order to ob-
tain the correct amount of absorbed energy, the effect of each electron is escalated
(scaled) accordingly by N, /N.

If instead of the index of refraction n only the absorption cross sections o for
a group of atoms is known, we can use o to calculate the flux distribution F(r, t)
inside the sample, and then the probability that a photon is absorbed by an atom
within the time interval dt is given by

p(r,t)dt = oF(r, t)dt . (9.7)
In this case refractive effects are neglected.

Electron Trajectories X rays are absorbed primarily by bound electrons through
photoionization, leading to the emission of photoelectrons. These energetic pri-
mary electrons propagate through the sample and excite secondary electrons as
described in Chapter 5 on electron dynamics in x-ray-irradiated samples. For ex-
ample, photons with an energy of 12 keV, corresponding to a wavelength of 14,
lead to the emission of photoelectrons with a velocity of around 650 A/fs in low-Z
materials. Subsequently, the atoms emit Auger electrons with a velocity of about
100 A/fs. Each photo- and Auger electron initiates a cascade of secondary electrons
through impact ionization. Both the evolution of the energetic photoelectron as
well as the cascade of secondary electrons can be treated with Monte Carlo tech-
niques. This approach has been very successful in the field of electron microscopy
in the past, see for example [29].

High-energy electrons can be described as a well-localized wavepacket, whereas
at lower energies, the de-Broglie wavelengths become larger than the interatomic
spacing, and the single-particle interaction picture is less useful. The electron is
performing a random walk, continually undergoing elastic and inelastic scattering
events. When calculating a large number of trajectories, a statistically significant
number of scattering events is sampled, and the composite result will be a sensible
approximation to reality. In electron microscopy, this approach has been shown to
give excellent agreement with experiments. We will now describe an algorithm for
calculating these electron trajectories through a material. The mean free path 1(E)
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of an electron with kinetic energy E is the distance that it travels between successive
interaction events, such as elastic and inelastic scattering. It is given by

1 1 1!
0= * ) ©9

Here A,; and 4;,,; are the elastic and inelastic mean free paths, respectively. The
probability that an electron travels a distance x is

p(x) = exp (—%) . (9.9)

We use successive Monte Carlo steps to determine the actual distances x that an
electron travels between interactions by solving

Jo exp (—"7/) dx’
= 7 (9.10)
Jo~ ep (=F) dx’

for x. Here, rnd is a random number between 0 and 1, so that

i

x = —Aln(rmd). (9.11)

In this approach, the average distance (x) of successive scattering events will be
A (Figure 9.2 shows an example of the path of an electron calculated using a
Monte Carlo model). After a Monte Carlo step to determine the travel distance x
between two interactions, we determine the kind of interaction through another
Monte Carlo step: The probability for an elastic collision is approximately p,; =
0.1/(0e1 + Oinel), and the probability for an inelastic collision is approximately

E®

=]
Figure 9.2 Example of the path of an elec- times. x(") are the path lengths between con-
tron calculated using a Monte Carlo model. secutive interaction events calculated using

The gray circles represent the atoms, and the (9.11), and E(" is the energy at the point of
black circle represents the electron at different  the interaction event.
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1= per = Oinet/(0el + Oiner). Finally, we perform another set of Monte Carlo steps
to determine the scattering direction after the interaction by considering the dif-
ferential scattering cross sections, and, in case of an inelastic scattering event, the
energy loss. The simulation code can keep track of the effect of the energy loss
mechanisms, which may include heating of the material or the emission of sec-
ondary electrons. In an iterative fashion, the path of the secondary electrons can be
tracked to simulate an electron cascade. In order to optimize the code’s efficiency,
often only the high-energy secondary electrons are tracked, whereas the effect of
lower-energy electrons is only estimated.

Joy describes a simplified algorithm that is computationally very efficient [29]. In
that approach, only elastic scattering events change the path of an electron, where-
as inelastic scattering events are assumed to change only the kinetic energy but
not the direction of an electron. It is further assumed that the electron loses ener-
gy continuously during its passage through the material, which can be described
by an electron stopping power. Various expressions for the stopping power have
been suggested, see for example [36, 37]. In reality, only a subset of the energy loss
mechanisms are continuous, and many lead to a discontinuous energy loss. There-
fore, the stopping power approach needs to be seen as an averaging technique.
Figure 9.3 shows the traces of multiple photoelectrons created by an unpolarized
x-ray beam of small diameter at 8 keV irradiating a semi-infinite silicon sample
(z > 0) from vacuum (z < 0) at normal incidence. The electron trajectories were
calculated using the simplified method proposed by Joy [29]. The x-ray penetration
depth in this case is 70 um, and we show only the top 20 um of the silicon. It can
be seen that photoelectrons are emitted preferentially normal to the propagation
direction of the x rays, and that most energy is deposited into a radius of less than

0 T T T — = 1

10+ ——— .

z (um)

15 — b

20 1 1 I 1 1
-0.8 -06 -04 -02 0 02 04 06 038

X (1m)

Figure 9.3 Trajectories of photoelectrons of a semi-infinite silicon slab (z < 0) irradiated with
8-keV x rays, calculated using the Monte Carlo technique [29].
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1 um. Since we assumed unpolarized light, the energy deposition is circularly sym-
metric around the z axis. For polarized light, we would need to take into account the
preferred ejection of the photoelectrons in the direction of the electric field vector.

The trajectory Monte Carlo approach allows one to include a time description
of the particle evolution since in between each interaction, the path length and
the particle energy are known. Using this information, we can compute the travel
time of the particles. External fields can naturally be accounted for by replacing
the straight line segments between interactions with curved paths, as would be
the case, for instance, for an applied external magnetic field. Internal fields, for
example due to Coulomb charging, can be treated by calculating the particle tra-
jectories simultaneously instead of sequentially, and keeping track of the charge
distribution. Using this trajectory Monte Carlo technique, we obtain a quantitative
description of the particle distribution and ultimately a space- and time-dependent
distribution of the dose. Often it is assumed that the x-ray and electron cross sec-
tions are constant during the pulse, which is justifiable when only a small fraction
of the core electrons are ionized. The electron energy decreases slowly during its
path through the material, and the electron is more or less localized until its ener-
gy approaches 100-200 eV. In this energy range, the interaction cross sections are
large.

9.3
Statistical Kinetics Models

For larger samples or long interaction times, computational resources are usually
not sufficient to follow individual atoms and electrons, and statistical macroscopic
methods, described through kinetics equations, are more appropriate. Examples
for using this approach to describe x-ray—matter interaction processes are given
in[2, 38, 39]. We first summarize the standard treatments used in statistical plasma
physics, and how they can be expanded to include ionization dynamics. We then
discuss how these approaches can be used to describe x-ray-matter interaction.

9.3.1
Kinetics Equations

In the following, we will only outline the principles of applying kinetics equations
to plasma physics. A more detailed treatment can be found in [40]. In order to
simplify the notation, we restrict ourselves to one kind of particle. It is relatively
straight-forward to extend this treatment to multiple species, such as electrons and
ions.

9.3.1.1 Klimontovich Distribution
In the kinetic theory of classical plasmas, a Klimontovich system is given by N
identical particles in a box of volume V. Each particle has a position r and a velocity
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v, so that the trajectory of the ith particle can be described as x;(t) = [ri(t), vi(t)].
The Klimontovich distribution function is defined as

N(x, 1) =Y 6[x—xi(t)], (9.12)

where x = [r,v], so that N(x, t) is a 6 + 1-dimensional function. The continuity
equation in phase space [41] is given by

d_N_é_N_|_'6_N_0 9.13
ar ot X ek (0-13)

9.3.1.2 Liouville Distribution

To connect the microscopic Klimontovich distribution function to coarse-grained,
macroscopic quantities, we introduce the phase space distribution function or Li-
ouville distribution function py (X, t) which is a 6 N + 1-dimensional function. With
Xy = [%1,%2,...,%n], pn(X, t)d°N Xy denotes the probability of finding the sys-
tem in the infinitesimal phase space volume d®N X y. The Liouville equation is the
continuity equation [41]

dpn

W_’_XN.VXNPN =0 (914)

which in the nonrelativistic case in Euclidean space can be rewritten as

BpN FN
— +Vy-V — .V =0. 9.15
ap T VN VRyON + = Vv oy (9.15)
Here, Ry = [r1,72,...,¥N], VN = [V1,V2,...,Vy], and
N N
Fy=—Vay 1) | Pes(ri) + Y ®ij(rir) | ¢ (9.16)
i=1 j=1

D, is the external field potential, and @;  (r;, r;) is the pair potential for interpar-
ticle interaction. In quantum mechanics, an analogous Liouville equation exists for
the time evolution of mixed states” described by the density matrix p [42],

0 1 1

—~p=—[H,p]l = — (Ho— pH), 9.1
5P = 7 [H Pl = o (Hp— pH) (9:17)
where [, ] are the Poisson brackets.

9.3.1.3 BBGKY Hierarchy

Integrating the Liouville equation (9.15) over part of the variables leads to a chain of
equations. The first equation connects the one-particle density probability function
with the two-particle density probability function, the second equation connects

1) A mixed state can be prepared by statistically combining multiple different pure quantum states.
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the two-particle density probability function with the three-particle density prob-
ability function, and, generally, the sth equations connects the s-particle density
probability function ps(x1, %2, ..., X, t) with the (s 4 1)-particle density probability
function [43]:

N

ap 1 N N
ETia Zvi Vipi— — Zv Doi(ri) + Z @ j(ri 1) | - Vo,ps
i=1 i=1 j=1
1 s+1
= E Z/prs—l—l . Vri @i,s—l-ld()xs—i-l .

(9.18)

This set of equations is called the BBGKY hierarchy, named after Bogoliubov—
Born-Green—Kirkwood-Yvon [44—46]. The BBGKY hierarchy in itself is just a for-
mal reformulation of the Liouville equations and requires further information or
approximations in order to be solved.

9.3.1.4 Boltzmann and Vlasov Equation

The BBGKY chain can be approximately solved by truncating the chain of equa-
tions, so that only a finite system of equations needs to be considered. For s = 1,
(9.18) can be rewritten as

dp1(x1)
ot

1
= E/V,,]pz(xl,xz)-vh Dy, (r1,12)d%%; . (9.19)

1
+vi- Vi pi(x1) — ZV” Dxi(r1) - Vi p1(x1)

We set pa(x1, %2) = p1(x1)p1(x2) + g(x1, x2), where g is the pair correlation func-
tion. Then (9.19) can be rewritten as the collisional Boltzmann equation [43],

apl F 8,01

B Ve + — Vo = (L) 9.20

o TV Vnprt Vo (at ) (9.20)
where F is the force experienced by one electron due to all the other electrons plus
the force due to the applied electric field, and

(%) L / Vo @12(r1,72) - Vi, g(x1, %2)d° % (9.21)
ot ), m
is the collision term or collision integral. These equations as such are of little practi-
cal use since the collision integral is unspecified. Various approximations for this
term have been suggested. For example, Boltzmann suggested to include solely
two-body collisions, and assumed that colliding particles are uncorrelated before
collisions. In this molecular chaos assumption, the collision integral can be written
as an integral over products of one-particle distribution functions.

For uncorrelated particles, the pair correlation function vanishes, thatis g = 0.
In this case, (dp1/9dt). = 0, and (9.21) simplifies to the Vlasov equation (collisionless
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Boltzmann equation),

;1 F

W%—vl-V”pl%—E-Vxlpl:O. (9.22)
9.3.1.5 Fokker—Planck Equation

In the case of an ideal plasma with a large number of particles in the Debye sphere,
small-angle scattering collisions dominate. The evolution of such a system can be
described using the Fokker—Planck equation. The Fokker—Planck equation resem-
bles a Taylor expansion of a continuity equation for small-deflection collisions in ve-
locity space. It is a limiting form of the Liouville equation for long-range (Coulomb)
forces [40]. The Fokker—Planck equation solves the many-body problem of elastic
Coulomb collisions of electron and ion gases. Because of long-range interaction
of 1/r potentials, more distant particles have to be considered in collisions, and
each electron is always interacting with multiple electrons and ions simultaneous-
ly. Therefore, frequent distant collisions with small deflections dominate over sin-
gle encounters with large deflections. In this regime, the usual assumptions made
in solving the Boltzmann equation are invalid, and the Fokker—Planck equation
should be used instead.

We closely follow the derivation given by Max Planck [47]. We consider a system
of particles with velocity vectors v. Assuming there exists a process leading to small
changes Av, we can introduce a transition probability ¥ (v, 4v) as the probability
of changing particle position from v to v + Av. ¥ is not explicitly time-dependent
but may depend on the instantaneous particle distribution. Let f(v) be the velocity
distribution function so that f(v)d*v is the probability of finding a particle with a
velocity within the volume element d3v around v. It then follows that

fv,t) = / flv—Av,t — A)¥ (v — Av, Av)d*Av . (9.23)

The Fokker—Planck equation then describes the evolution of f due to changes de-
scribed by ¥, assuming that Av is small, so that

19
Av - 7% <1 and (9.24)
1 0¥

given that the time interval for these changes At is short, that is

19
At LY g (9.26)

f ot
Using a Taylor expansion of fand ¥, (9.23) can be rewritten as the Fokker—Planck
equation,

9 F) 19
B_J: =~ [(A) f]+ 55— [(AvAw) f] (9.27)
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d 1 &
__Zija—w(Av,-)erE;W(Avivj)f, (9.28)
with
1
(Av) = B/Avw(v, Av)d*Av (9.29)
(Av;) = Ait/AviW(v,Av)de, (9.30)
1
(AvAv) = A—t/AvAv‘I’(v,Av)aPAv, and (9.31)
(AviAv;) = i/AviAij(v,Av)aﬁAv. (9.32)

The colon in (9.27) refers to a double contraction with the diffusion tensor. Equa-
tion 9.27 describes the evolution of the distribution function funder the action of a
process described by the function ¥ in the form of a convection, the first term in
(9.27), and a dispersion, the second term in (9.27), in the vector v.

In order to solve (9.27), a physical model for the microscopic processes needs
to be constructed. Making some assumptions about the distributions over all ini-
tial conditions, since the exact initial status is unknown, a transition probabili-
ty ¥ is calculated. Then, it is straight-forward to solve the Fokker—Planck equa-
tion. For plasmas with a large number of particles in a Debye sphere, small-angle
collisions dominate. A collision operator for this case has been derived by Lan-
dau [48]. More detailed information on the Fokker—Planck equation can be found
in [40].

9.3.2
Atomic Kinetics

When describing the evolution of x-ray-irradiated materials, the above treatments
need to be extended to deal with the time dependence of the populations of elec-
trons and ions in their different ionization states. In principle, this extension to
multicomponent plasmas is straight-forward. Atomic kinetics is implemented by
calculating the transition rates and the evolution of the atomic populations through
atomic rate equations. For example, these rates may be included in the two-body
collision terms in (9.20) and (9.21). Often, forward rates such as excitation and ion-
ization are calculated from atomic models, and the rates for the inverse processes
are obtained from detailed balance relations.

9.3.3
Using Statistical Kinetics Models to Describe X-Ray—Matter Interaction

Ziaja et al. [3] suggested a model to describe short-pulse x-ray radiation damage in
spherical particles by using the Boltzmann equation. A typical application for this



9.4 Hydrodynamic Models

model is the evolution of clusters irradiated by x-ray free-electron-laser light. X-ray
free-electron lasers generate relatively cold, strongly coupled electron plasmas, for
which plasma screening is important since it lowers ionization potentials and leads
to modifications of the interaction cross sections, as discussed in Section 2.3. Since
full ab initio calculations in strongly coupled plasmas are not available yet [49],
various approximate theoretical models have been proposed instead [38, 39]. The
estimates of plasma effects in these models vary significantly [39].

Ziaja’s model is computationally efficient and also applies to large nonuniform
samples. It uses the Boltzmann equation with the Boltzmann two-body collision
term, and so it is limited to systems that fulfill the molecular-chaos and two-body-
collision assumptions. It only deals with the single-particle density function. Ex-
tending the model to include three-body or higher correlations will require using
the more fundamental Liouville equation. The model works well in the classical
weak-coupling limit. For computational reasons, the long-term evolution of the
sample is modeled by taking the hydrodynamic semiequilibrium limit discussed
in Section 9.4.

Using Debye cutoffs in the Rutherford cross sections, long-range interaction of
electrons and ions can be correctly described with the two-body Boltzmann colli-
sion terms. Electron—electron interactions are not described [40] but may be includ-
ed using the Fokker—Planck equation [39].

The model uses the collision term also as a source/sink operator, so it describes
change in charge density due to interparticle collisions or other short-range pro-
cesses. It does not consider the photon gas but only a photoionization source
term. Other source terms that are included are (i) the creation of secondary elec-
trons and highly charged ions via photo- and collisional ionizations of atoms and
ions, (ii) elastic and inelastic collisions of electrons and ions, (iii) the inverse
bremsstrahlung process, that is absorptions and emissions of photons by electrons
during the elastic electron—ion collisions, (iv) recombination processes, (v) three-
body recombination processes, and (vi) short-range electron—electron interactions.
The number of short-range processes effectively involved in the sample dynamics
depends on the wavelength of the laser radiation.

9.4
Hydrodynamic Models

9.4.1
Fluid Models

Fluid models are generally useful for studying longer time scales and larger sys-
tems, when the velocity distributions for each species are close to Maxwellian. The
moments of the kinetic equations lead to a hierarchy of equations for mass, mo-
mentum, and energy conservation. These moments are obtained by multiplying
the Boltzmann equation (9.21) by polynomials in v; and integrating over v;. We
extend the treatment now to multiple atomic species «, for example electrons and
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ions. p, is the one-particle distribution function of species a. It can be shown that
collisional-conservation equations hold [43],

/(%‘) v =0 (9.33)
Z Mg / v (8&) v =0 (9.34)
Z Mo / (a&) $v =0 (9.35)

We define the number density n,, as

N (r,t) = /pa(r,v, t)yd3v (9.36)
and the flow velocity u,(r,t) = (ug), ul?) ug)) as
Ug(r,t) = nalr, ) /v,oa(r,v, t)yd*v . (9.37)

Then we can derive continuity equations from the conservation (9.33) to (9.35) [43],

0ng

0= a1 + V. (nquy) (9.38)
W _ dngmaul) 9 (i), () (5.J) '
R = +—[manaua ua' +naTa0ij+ Mo ]—BanaE(’)
at rj
(9.39)
2 0T, 2 (i) 0
2 Qu = ma b VT Ty Vot 3 1) a”“+ V-4, . (940)

where T, is the particle temperature, E = [E1), E®), EC)] is the local electric field,
and e, is the charge of species a. The rate of momentum transfer from other
species to species a is

o\ 3
R, = - 41
« ma/V(at)cdv, (9.41)

and the rate of transfer of thermal energy is

_ Ma _ 9Pa 3
/| u,|? (Bt) av. (9.42)

The thermal energy flux vector is given by

m
q,(r.t) = Ta/ lcal*capa(r, v, t)dv, (9.43)
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with the thermal velocity
Cy = [c‘j’, 2 c‘j’] —v—u,. (9.44)

Finally,
ij i) (Jj 1
i — ma/ [Cg)cg) _ §|Ca|zéi,j}padv (9.45)

is the pressure tensor.

In the fluid-dynamics description of a plasma, the evolution of the system is de-
scribed by the hydrodynamic equations, which govern the conservation of particles,
momentum, and energy [50, 51] and are given by

Dn,

=0, (9.46)
Dt

Du
manaﬁ =-VP,+eyn,E+R,, and (9.47)

DE,
Ra— = =PV u) =V g+ Q, (9.48)
where

b = g + \% 9.49
ar o1 ¢ (.49)

is the material derivative which is the derivative taken along the path of a fluid
element moving with velocity u. The meaning of the material derivative can most
easily be explained in the integral form. Consider the integral of a quantity A(r, t)
over a fluid element of volume V,

I= | A(r,t)d’r. (9.50)
/

We can calculate the change in value of I for an observer moving with the fluid
element as

DI 1

— = lim — | [ A(Y - A r| . 51

Dy = Am o / (v, t+dt)d’r / (r,t)d’r (9.51)

v’ 4
As sketched in Figure 9.4, there are two contributions to (9.51): One stems from
the region V; that Vand V’ have in common, given by
0A

—d’r, 9.52
n (9-52)

4
and the other stems from the surface S of V that sweeps over a volume V;, which
using Gauss’ law can be written as

/V(Av)d3r : (9.53)

Vo
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V'

Figure 9.4 Change of a region V during the motion of a fluid element.

so that we can rewrite (9.51) as

D dA
E/A(r, t)yd’r = / [W —I—V(vA)} d’r. (9.54)
\4 4

Considering an infinitesimal V we obtain

%A(r, t) = I:% + V(VA)i| (9.55)
for the material derivative of A.

In (9.48), P, is the partial pressure of species a, E is the electric field, E, is the
total energy of species a. Equations 9.46-9.48 are related to (9.38) to (9.40), with
the simplifying assumptions that the effects of viscosity and surface tension are
negligible. For a partially ionized plasma, the species a can be electrons and the
ions in their different ionization states. In this case additional source/sink terms
can be added to (9.46) to (9.48) to describe atomic ionization and recombination
processes.

Solving (9.46) to (9.48) requires an equation of state (EOS) that relates the energy
E,, the pressure P,, the particle density n,, and the temperature T,, which enters
through the expressions of the heat conduction g, and the terms Q,, that describe
the e~ /ion and ion/ion interaction. Besides the EOS, we also need models for g,
and Q, that are consistent with the EOS. Since often a large range of density and
temperatures and different phases are encountered, global EOS are usually formed
by combining different theoretical models valid in different regimes, with ad-hoc
interpolation in-between. Nowadays, EOS are often given in the form of lookup
tables, for example SESAME EOS [52], and usually also provide consistent opacity
and conductivity data.
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9.4.2
Using Hydrodynamic Models to Describe X-Ray—Matter Interaction

Hydrodynamic models have been useful to describe the long-term evolution of
x-ray-irradiated materials. Such continuum dynamics (or hydrodynamic) methods
are applicable once the electrons are thermalized. By including material strength
that allows for tensile stresses in the materials, which is usually done via the EOS,
continuum models can also be used to describe stress waves and the resultant
processes such as melting, shear, spallation fracture, and cracking, see for exam-
ple [53, 54].

As a specific example, we now consider the long-term evolution of an x-ray-
irradiated semi-infinite aluminum solid. The x-ray energy is 2 keV. We assume that
the x-ray beam diameter is much larger than the x-ray penetration depth, so that a
one-dimensional treatment is sufficient. We further assume that the pulse duration
is much shorter than hydrodynamic time scales which are on the order of picosec-
onds. Our treatment is similar to the one presented by London et al. [55] for Si
mirrors exposed to x-ray free-electron-laser radiation. The deposition of the radia-
tion energy leads to heating of the material. The heated material tries to expand, but
is confined by its inertia and the surrounding material, leading to a high pressure
state. This high pressure region launches stress waves that are directed into the
material and toward the front surface. The wave directed toward the front surface
is reflected with a reversal in the sign of the pressure, leading to the bipolar wave as
shown in Figure 9.5. The stress wave then propagates into the material, leaving be-
hind a long-lasting thermal expansion at the surface. Within tens of nanoseconds,
heat conduction leads to a relaxation of the temperature and pressure. The tensile
component of the stress wave can lead to spallation of the material if the magnitude
of the stress is greater than the spall strength, which is about 80 kbar in Al for short
pulses [56]. Note that the temperature may be larger than the melting temperature
which could lead to surface ripples upon refreezing. This effect is not included in
our simulations. Also, at even higher fluences, gas phase ablation would occur, see
Section 8.4.

Numerous simulation codes have been proposed to model x-ray-induced evap-
oration. As an example, we will discuss the ABLATOR model [57-59] which has
been applied successfully to inertial confinement fusion and ablation applications.
For computational purposes, the material is divided up into zones. The energy de-
position of the x rays occurs within a thin surface layer. The energy is deposited
into separate electron energy bins within each zone. A transient thermal conduc-
tion model is required to describe the evolution of strongly heated surface layers.
The internal energy in each zone is tracked. The temperature of each zone depends
on the phase (solid, liquid, or vapor), and is a function of the enthalpy. For the heat
conduction, a simple Fourier model is used with a temperature-dependent ther-
mal conductivity. Thermal expansion leads to a hydrodynamic motion of the zone.
Using the zone energy, its density, and the EOS, the pressure and stress in each
zone is calculated. In ABLATOR, a simple Mie-Gruneisen EOS is used for the sol-
id and liquid phase [60], and an ideal gas EOS for the vapor. The zones are moved
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Figure 9.5 (a,b) Response of an aluminum solid to a 2-keV x-ray pulse with 2 J/cm?. At t = 0,
there is vacuum for z < 0 and aluminum at z > 0.

according to the total forces. The removal of evaporated material is modeled using
kinetically limited surface vaporization. The evaporation rate is governed by the
maximum flux of atoms per unit area that would occur under equilibrium between
the vapor and the liquid, given by the Langmuir free evaporation equation [61]

1
2amkT

The flux increases exponentially with the surface temperature since it depends on
the saturated vapor pressure Pg,;. Unlike other models that are based on instan-
taneous energy deposition and instantaneous vaporization, no single boiling tem-
perature is used. In this model, recondensation is neglected, which is usually a
reasonable assumption in vacuum.

As an exception to the general trend of applying hydrodynamic models to specif-

flux = Py, (9.56)

ically larger systems and for problems with longer time scales, a hydrodynamic
model has been proposed recently to predict the interaction of short x-ray puls-
es with biological molecules [2]. In this two-fluid electron—-ion model, the fluids
interact through Coulomb forces, and the electrons are assumed to have equili-
brated among themselves. The model does not assume local charge neutrality, and
electrons can be found in three different states, bound, quasi-free, and free. This
model can be applied to describe the evolution of nanoparticles exposed to x-ray
free-electron-laser radiation, see Section 10.3.
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10
Examples of X-Ray—Matter Interaction

In this chapter we describe some recent examples for x-ray-matter interaction,
drawing primarily on recent experimental results obtained at x-ray free-electron-
laser facilities. We discuss experimental progress in the field of high-intensity in-
teraction of x rays with atoms, molecules, and clusters. We then discuss short-pulse
x-ray imaging in structural biology, which is a new technique that goes beyond pro-
tein crystallography described in Section 8.9. Finally, we describe the use of x-ray
scattering as a plasma diagnostic, a technique that is especially important for high-
density plasmas.

10.1
Interaction of Intense X-Ray Radiation with Atoms and Molecules

In the optical regime, a large variety of interaction processes of photons with atoms
and molecules have been observed [1]. Below photon intensities of 10'2 W/cm?, the
strength of photon—matter interaction is relatively weak, and atoms and molecules
absorb single or multiple photons. Close to 10’2 W/cm?, molecules can be aligned
along the laser polarization direction. Between 10** W/cm? and 10" W/cm?, struc-
tural deformation of molecules occurs, and beyond this intensity Coulomb explo-
sions of molecules are observed. Up to 10'® W/cm?, molecules turn into plasmas,
and beyond this intensity wakefield effects lead to x-ray emission from molecules.

An in-depth knowledge of the basic atomic physics is required to understand
the interaction of x rays with matter. Recent high-intensity x-ray sources, such as
x-ray free-electron lasers, may enable just that. Ultimately, they will provide the
short and energetic x-ray pulses required to enable imaging of the internal dynam-
ics of excited atoms and molecules with high spatial resolution. Early experiments
at the LCLS x-ray free-electron laser have been focused on validating basic x-ray—
matter interaction models for single atoms and simple molecules. An example is
the phenomenon of frustrated absorption: The atomic subshell photoionization
cross section is generally largest for inner-shell atomic resonances just below the x-
ray photon energy. The subshell ionization cross section of the next atomic shell out
is much lower, see Section 2.2.3. If the x-ray intensity is sufficiently large that the
atomic inner shell is depleted, the x-ray absorption rate will suddenly drop signif-

High-Intensity X-rays — Interaction with Matter, First Edition. Stefan P. Hau-Riege.
© 2011 WILEY-VCH Verlag GmbH & Co. KGaA. Published 2011 by WILEY-VCH Verlag GmbH & Co. KGaA.
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icantly. This phenomenon of frustrated absorption has been demonstrated at the
LCLS in puffs of N, gas, irradiated with 1100-eV x-ray pulses with pulse lengths
between 4 and 300 fs. This x-ray energy is sufficiently large to ionize the K shell of
nitrogen. For longer pulses, all electrons were stripped from the N, since the K-
shell is replenished with electrons from the L shell by Auger decay events, whereas
for pulses shorter than the Auger decay time of 6.4 fs (refer to Figure 2.3) electrons
remain in the L shell [2].

Double core hole production in N, was observed through photoelectron spec-
troscopy and Auger electron spectroscopy [3] at 1.0 and 1.1keV. Besides shake-up
and shake-off Auger signals, Auger hypersatellites [4] were observed, as well [5], and
their angular distribution was studied. Double-core holes are rare in single-photon
absorption processes [4].

In a similar experiment, the competition between photoionization and Auger
decay in Ne has been studied at the LCLS for energies ranging from 0.8 to 2 keV [6].
Depending on the photon energy and the pulse length, the K shell of Ne can be
singly or doubly ionized. It was found that the time to refill the K shell increases
with x-ray energy, which may be due to the ejection of L-shell electrons during
complex shake-off and double Auger processes [6-8].

10.2
Interaction of Intense X-Ray Pulses with Atomic Clusters

Atomic clusters are groups of atoms that are bound together by interatomic forces,
including van de Waals forces, metallic bonds, and covalent bonds. Atomic clusters
can be created by expanding a noble” or other gases adiabatically [9]. It has been
found that for each atomic element, clusters with a certain number of atoms are
particularly stable. These numbers of atoms are referred to as the cluster magic
numbers, and relate directly to the electronic and ionic structure of the cluster [10].
Atomic clusters are distinct from single atoms and the solid state, and exhibit spe-
cial chemical and physical properties [11, 12].

Clusters present a very useful model system to study x-ray—matter interaction
since they have bulk densities, which makes them relevant to understanding solid
behavior, and energy does not dissipate, thereby simplifying the interpretation of
experimental results. Particularly interesting aspects of clusters include the inter-
play of inter- and intra-atomic effects, the details of photon absorption and atomic
ionization, the onset of nonlinear and multiphoton processes, and the time scales
relevant for electron emission and atomic motion.

Even though the details of the photon—cluster interaction processes depend on
the wavelength of the incident light, some general statements about their behavior
can be made. When an intense light source, such as a free-electron laser, irradiates
atomic clusters, the atoms in the clusters are ionized, and the cluster is in a highly
nonequilibrium state. Multiple ionizations can lead to very highly charged ions. At

1) Noble gases are helium, neon, argon, krypton, xenon, and radon.
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the same time, electrons can escape the cluster, thereby charging it up, which even-
tually leads to sample expansion due to repulsive Coulomb forces. The electrons in
the plasma first equilibrate among themselves, followed by a thermalization of the
electrons and ions.

Most experiments on high-intensity laser—cluster interactions at short wave-
lengths have been performed using free-electron-laser radiation in the VUV (vac-
uum ultraviolet) to soft x-ray regime. Only recently has the interaction of high-
intensity hard x-ray radiation with clusters been studied. We will now review and
contrast the key experiments in the different wavelength regimes, and discuss the
relevant interaction mechanisms.

10.2.1
Interaction of Clusters with High-Intensity 12.7-eV Radiation

The first high-intensity photon—cluster interaction experiment below a wavelength
of 100 nm was performed by Wabnitz et al. [13-15]. They exposed xenon clusters
to 50-fs-long free-electron-laser pulses at 12.7 eV, corresponding to a wavelength
of 98 nm, and a power density of up to 10 W/cm?. It was found that in large
clusters, each atom absorbs up to 30 photons, corresponding to an energy of 400 eV.
When the electrons have acquired sufficient kinetic energy, they are ejected from
the cluster, and, eventually, the cluster undergoes a Coulomb explosion.

It is expected that the 12.7-eV photons interact primarily with the valence elec-
trons of xenon. Even though 12.7 eV is only slightly larger than the 12.1 eV ioniza-
tion potential, multiply charged xenon ions with energies in the keV range were
detected. Also, the absorbed photon energy is nearly one order of magnitude larg-
er than what was predicted by conventional, classical models. On the other hand,
single, isolated atoms were only singly ionized by the 12.7-eV photon beam, as
expected.

Multiple models have been proposed to explain these at first surprising results.
In [16] it was proposed that the 12.7-eV photons ionize the valence electron of
xenon, so that a plasma is formed. This plasma leads to a suppression of the in-
teratomic potential barriers in the cluster, and charge-enhanced ionization takes
place. In [17] it was proposed that the cluster plasma is heated through inverse
Bremsstrahlung absorption, and that the inverses Bremsstrahlung absorption rates
are enhanced due to the close proximity of the electrons to the nuclei. In [17] this is
treated with effective atomic potentials. The high charge states are then produced
by collisional ionization. Finally, in [18] it was proposed that the quasi-free elec-
trons are heated through many-body recombination, and that high-charged states
are then produced during collisional ionization.

Ziaja et al. [19] combined these models into a single continuum model, which
is described in Section 9.3.3. They found that the highly charged ions originate
from the outer cluster shell, and that the ions within the cluster predominantly
recombine with the plasma electrons. The concept of intense heating of the quasi-
free electrons agrees with the measured electron emission spectra [20].
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10.2.2
Interaction of Clusters with High-Intensity 40- to 100-eV Radiation

Whereas at 12.7-eV photon energy the electron and photons interact only with the
valence electrons, at 40 eV and higher both valence and inner-shell electrons con-
tribute to the cluster dynamics. Because of the larger photon energy, radiation ab-
sorption occurs through sequential photoionization steps, whereas plasma heating
through inverse Bremsstrahlung as well as thermionic electron emission is negli-
gible [20, 21].

At 100 eV, energy absorption occurs mainly through atomic inner-shell photoion-
ization. This has been demonstrated in [22] for flux densities of 10'* W/cm?. The
photoelectrons are trapped by the Coulomb potential of the cluster, and highly
nonequilibrium plasmas are created.

Surface doping of clusters is possible by having a cluster jet cross an atom-
ic beam. By co-expanding gas mixtures of various concentrations into vacuum,
volume-doped clusters can be created [23]. For an argon gas with a 1-5% xenon
concentration, xenon nucleates inside argon clusters, forming core-shell systems,
OAr 5555

YL

Y

Ar bulk

fsesuvial
SV

Ar surface

Ar interface

More Xe

Xe bulk

Figure 10.1 A schematic illustration of the
structural development of the Ar/Xe clusters,
from pure Xe (1) to pure Ar (V). In cases II
and Ill, there are, in addition to the Xe sur-
face and bulk atoms, Ar atoms sitting on the
surface coordinated with Xe and Xe atoms
sitting in the bulk coordinated to the surface

Ar atoms, forming an interface layer. In case
IV, with more Ar, there will in addition be Ar
surface atoms coordinated to Ar, as in a pure
Ar cluster. Reprinted figure with permission
from [24]. Copyright (2004) by the American
Physical Society.
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since argon and xenon phase-separate due to different cohesive energies and melt-
ing points [24]. A schematic of the dependence of the cluster formation on the
xenon concentration is shown in Figure 10.1. These core-shell systems exhibit effi-
cient charge redistribution, leading to a Coulomb explosion of the outer part of the
cluster, whereas the inner part of the cluster tends to be neutral and less ionized
due to recombination processes. Therefore, the core expands hydrodynamically,
that is on a longer time scale. Since charge trapping is involved, these processes
show a strong cluster size effect [25], as discussed in Section 5.8.1.

Even though direct multiphoton processes have a very small cross section in
the 100-eV photon regime, and sequential ionization dominates, it was observed
that relatively fast electrons are emitted from xenon clusters [26]. This is consistent
with an electron-equilibration process through multiple energy-exchanging colli-
sions that produces electrons with kinetic energies well beyond the dominant pho-
to electron energy for atomic xenon. These fast electrons then leave the cluster.
This phenomenon is expected to be rather general and occurs whenever a large
number of photons are absorbed. In the case reported in [26], xenon has unusually
large photo cross sections associated with the electrons in the 4d shell, leading to a
large density of quasi-free electrons.

10.2.3
Interaction of Clusters with High-Intensity Hard X-Ray Radiation

Experimental observations of the interaction of high-intensity photon radiation
with clusters in the 0.2- to 12-keV hard x-ray regime are just starting to become
available. Both intra- and interatomic processes are expected to be of relevance.
The intra-atomic processes are local interactions such as inner-shell photoioniza-
tion and Auger decay of excited atoms. The effect of the cluster environment on
these processes is not very well understood yet. In a theoretical study it has been
suggested that the delocalization of valence states in a plasma, as for example for
argon clusters irradiated by 350-eV x rays, affects photoionization and Auger de-
cay processes since the electron-hole overlap is reduced [27]. The interatomic pro-
cesses are strongly effected by the cluster environment and include secondary ion-
ization processes such as electron impact ionization and field ionization, as well
as plasma dynamics such as electron—electron and electron—ion equilibration pro-
cesses, charge screening, and charge emission.

The dynamic of hard-x-ray-irradiated clusters is strongly affected by the escape
of high-energy photo and Auger electrons. As discussed in Section 5.8.1, electrons
with large kinetic energy can escape the cluster until the electrostatic field associ-
ated with the positive charge that is left behind is sufficiently large to hold the elec-
trons back. Figure 10.2 shows the average number of electrons per ion that have
to escape from the cluster in order for 12-keV and 250-eV electrons to be trapped.
These kinetic energies correspond to typical kinetic energies of photo and Auger
electrons, respectively, in low-Z clusters irradiated by hard x-ray free-electron-laser
radiation. As pointed out in [28], the quasi-static electric fields in these clusters
are so large that the ionization barriers in the atoms are suppressed and over-the-
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250 eV
electrons

field
ionization

lon charge number

0.1

12 keV
electrons

1 10
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Figure 10.2 Average number of electrons

per ion that have to escape from a cluster in
order for 12-keV and 250-eV electrons to be
trapped. In these estimates we assumed a car-
bon cluster with a density of 1.3 g/cm?. Also

100

shown in this figure is the average number of
escaped electrons per ion that is required for
field-ionization of a neutral carbon ion to oc-

cur at the cluster surface. This figure is based
on [28].

barrier ionization occurs. In the simple model of an electron in an effective poten-
tial created by the Coulomb field of the atom core and the external electric field, the
field strength for this field ionization can be estimated using Bethe’s rule

J'[E()Ilzg

Ecrit = 73

: (10.1)
where I is the ionization potential for an ion with charge Z — 1 [29]. The field at
the surface of a homogeneously charged sphere can be derived from (5.50) as

E(ro) = —;—Cro , (10.2)

€0

were p, is the charge density and ry is the cluster radius. The degree of ionization
required for field ionization to occur is relatively low, as shown in Figure 10.2 for
a carbon cluster. Field ionization due to the strong internal electric fields leads to
charging of the surface layer and screening of the atoms in the center of the cluster.

Considering the effect of field ionization, the high-intensity hard x-ray interaction
process with clusters will probably occur in the following manner [28]: First, the
inner shells of atoms are photoionized, and the photoelectrons will escape. The
ion charge that is left behind creates a large electric field, especially at the cluster
surface, thatleads to field ionization. The electrons that are released are of relatively
low kinetic energy and are trapped, so that a plasma is created. For sufficiently large
clusters, Auger and photoelectrons are trapped, as well. The electrons shield the
core of the cluster, and the highly charged outer shell Coulomb explodes.
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10.3
Biological Imaging

Light imaging has proven to be essential for centuries and is still one of the most
powerful experimental tools in biology today. For example, in the nineteenth cen-
tury, visible light provided a morphological description of the complex response
of living systems to real-time perturbations. In the twentieth century, genome se-
quencing had a major impact, but it has lacked three-dimensional spatial and time
resolution. It is anticipated that the challenge for the twenty-first century is the
development of an understanding of the structure and the dynamics of biochem-
ical molecules, signals, and processes, which requires an atomic-resolution time-
resolved imaging technique. Candidates include electron tomography, which has a
somewhat limited temporal resolution, and coherent x-ray diffractive imaging that
potentially offers atomic-resolution imaging with fs time resolution.

X-ray crystallography is the workhorse in structural biology. Currently, 80% of the
biological structures have been determined using this technique. Most of the re-
maining structures have been determined by nuclear magnetic resonance (NMR),
which is limited to relatively small molecules. Cryogenic electron microscopy is
rapidly developing, and recently 7-A resolution has been achieved in a virus parti-
cle [30].

In conventional x-ray crystallography, the resolution of biological macromole-
cules such as proteins and viruses is limited only by the x-ray wavelength and the
quality of the crystal. Often, biological macromolecules are difficult to crystallize,
so that large systematic gaps exist in the database of protein structures. For ex-
ample, membrane proteins, a class of molecules important in many areas of life
sciences including drug development, are strongly under-represented. The hope is
that the enormous peak brightness of x-ray free-electron lasers may enable imag-
ing of single particles, such as biological macromolecules, at atomic resolution and
with unprecedented time resolution without the need for crystallization, since x-ray
free-electron lasers make it possible to obtain a reasonably strong scattering signal
even from weak scatterers.

10.3.1
Image Formation

In the simplest scenario, a plane wave of x rays illuminates an object, and the in-
tensity distribution of the scattered light is measured in the far-field, that is at dis-
tances where the angular intensity distribution is independent of the distance from
the object. The elastically scattered light signal is used to reconstruct the electron
density in the sample, whereas inelastic scattering contributes to noise and damage
in the sample. It has been suggested that 8- to 12-keV x-ray photons are especial-
ly suitable since the wavelength around 1A is short enough for atomic-resolution
imaging, they penetrate objects easily, and the detrimental effect of Compton scat-
tering is still not too big, see Figure 8.19 in Section 8.9. Also, the x-ray energies
are much larger than atomic resonances in biological materials, so that the electric
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(©) (d)

Figure 10.3 Diffraction patterns of (a) a single atom, (b) two atoms, (c) ten atoms, and (d) a
protein molecule on a logarithmic intensity scale. The intensity scale is different for each case.

field at the detector simply is proportional to the Fourier transform of the electron
density. However, as we will discuss in Section 10.3.2, the detector only measures
the amplitude of the electric field and not the phase, so that part of the information
is lost.

Figure 10.3 shows the diffraction pattern of a single atom, of a pair of atoms, of a
small cluster of atoms, and a full protein molecule. Considering that the plots use
a logarithmic intensity scale, it can be seen that the intensity of the diffraction pat-
tern at large scattering angles (large momentum transfer vectors q), which encode
the high-resolution information, is very weak. A few years ago, it was recognized
that x-ray-induced damage prevents conventional imaging of single molecules, so
that crystals of molecules were used instead, giving rise to x-ray crystallography. In
this case, the radiation dose is spread out over many (on the order of N =~ 10'%)
molecules. Instead of measuring the full diffraction pattern as in Figure 10.3d, in
a crystal we only measure the intensity of this pattern in the direction of the Bragg
peaks, see (3.94).

10.3.2
Protein X-Ray Crystallography

Protein crystallography takes advantage of the high intensity of the Bragg reflec-
tions. As discussed in Section 3.5.1.1 a perfect crystal made up of N unit cells,
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the peak intensities of the Bragg reflections are proportional to N2 and the widths
are proportional to 1/N, so that the integrated intensities are proportional to N.
Therefore, for reasonably large crystals, strong signals are observed. However, the
information in between the Bragg peaks is lost.

According to the sampling theory, which is based on Shannon’s information the-
orem [31], the accurate reconstruction of a continuous function from a sampled
set of discrete data points requires sampling at a frequency that is larger than the
Nyquist frequency fy,4, which is given by the inverse of the sample size. If we
sample below the Nyquist frequency, we undersample, information is lost, and
errors in the reconstruction occur. The sampling theorem assumes that both the
amplitude and the phase are sampled, whereas in x-ray imaging, we usually can
measure only the amplitude, corresponding to the intensity, of the diffracted light.
In x-ray crystallography, the Bragg peaks are positioned such that we always sample
just at the Nyquist frequency [32], so that we do not have sufficient information to
reconstruct the electron density. This is the fundamental phase problem in crystallog-
raphy. We can overcome this problem only by making further assumptions about
the electron density.

Protein crystallography is typically performed at synchrotron light sources using
relatively low fluences, and damage in this case is a cumulative process, as dis-
cussed in Section 8.9. Each photoelectron with an energy of about 8 keV disrupts
about 70 bonds in a biological crystal on average [33]. It has been found that above
a fluence of 160 photons/A?, permanent damage [34] is observed. In addition, any
temperature rise has to be avoided since cells and protein crystals do not tolerate
heat. Since in protein crystallography the x-ray dose is shared over all the molecules
in the crystal, large crystals allow spreading the x-ray dose over many unit cells.

10.3.3
Coherent Diffractive Imaging

Coherent diffractive imaging can be used to image single particles, for example,
single clusters or macromolecules, instead of large periodic arrays, such as crystals.
In the simplest scenario, a plan wave irradiates the particles, and the intensity of
the scattered light is measured up to an angle 6,,,,, which is related to the image
resolution d by
A

d= T (10.3)
where A is the wavelength of the light. The experimental setup is sketched in Fig-
ure 10.4. Since in coherent diffractive imaging we measure the full continuous
diffraction pattern and not just at the Bragg peaks, we can sample at frequencies
much larger than fy,4, which helps in compensating for the missing phase in-
formation. This concept is called oversampling. Typically, the diffraction pattern
is sampled at more than twice the Nyquist frequency [35]. Since we record much
finer features of the diffraction pattern, better coherence of the incoming beam is
required than for crystallography.
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Figure 10.4 Sketch of a typical coherent diffractive imaging setup.

In optical microscopy, a lens is placed behind the sample to recombine the scat-
tered radiation and to form an image on the intensity detector. Since the index
of refraction for x rays tends to be very small, appropriate lenses are not avail-
able, and we need to use computational phasing algorithms instead to reconstruct
the phases. Gerchberg proposed such an algorithm [36], and Fienup extended it
to objects of finite size [37], called the hybrid input-output (HIO) algorithm. In
these algorithms, a Fourier transform is used to iterate between a representation
of the sample’s electron density in real and in reciprocal space. Before the trans-
formation, we apply appropriate constraints to the data, for example the measured
diffraction intensity in reciprocal space, or certain assumptions about the electron
density in real space, such as positivity or a finite volume, sometimes also called
support. The HIO algorithm is surprisingly stable and tolerates missing diffraction
data very well. Numerous other phasing algorithms have been proposed, includ-
ing the charge flipping algorithm [38], other iterative phase retrieval algorithms
as described in [39], direct methods [40], real-space conjugate-gradient minimiza-
tion [41], and a shrink-wrap algorithm that adjusts the support dynamically [42, 43].

Since coherent diffractive imaging cannot take advantage of intense Bragg peaks,
the signal is significantly lower, and very bright x-ray sources are required to over-
come the noise problem. X-ray damage then limits the achievable resolution.
For example, the resolution limit for coherent diffraction on biological objects
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is around 10nm at synchrotrons, as has been shown for living cells, even when
the sample is chemically fixated or cooled with liquid nitrogen to avoid diffusion
and mass loss. This conventional, static damage limit at synchrotrons of about
160 photons/A? can be overcome by imaging with x-ray free-electron lasers, in-
stead. This new approach has been enabled by two significant advances: (i) The
development of algorithms to reconstruct a real-space image from x-ray diffraction
data of noncrystalline objects without prior knowledge [32], and (ii) the advent of
femtosecond x-ray free-electron-laser pulses that allows the collection of usable
diffraction data beyond the static damage limit [44]. In this case, the image reso-
lution depends on the radiation intensity, the pulse duration, the wavelength, and
the degree of sample damage through atomic ionization and atomic motion.

10.3.3.1 Dynamic Damage Limits

Many x-ray damage mechanisms require a finite time to manifest themselves.
Therefore, if the pulse duration is sufficiently short, certain damage processes are
not relevant for x-ray imaging. As a general trend, the shorter the x-ray pulses, the
larger is the damage threshold. This concept led Solem and Baldwin to the idea
of x-ray-laser flash-imaging microscopy, which goes beyond the static (cumulative)
damage limit by using short pulses to obtain structural information before the
radiation destroys the sample [45]. About a decade later, single-shot x-ray laser mi-
croscopy was demonstrated [46]. Neutze et al. [44] extended this idea to image sin-
gle biological macromolecules beyond the static damage limit at x-ray free-electron
lasers.

As discussed in Section 8.9, the dominant damage mechanisms in conventional
x-ray diffractive imaging of biomolecules through crystallography behave cumula-
tively. An example is continuous mass loss. For very short and intense x-ray pulses,
on the other hand, ionization and Coulomb-force-driven atomic motion dominate.
When a 12-keV x-ray pulse irradiates a biological molecule, for which the dominant
species by mass is carbon, 90% of the radiation is absorbed through photoion-
ization, associated with the emission of photoelectrons with a kinetic energy of
slightly less than 12keV. Within 11 fs, atoms with a core hole relax through Auger
decay, leading to the emission 250-eV electrons. These electrons interact with the
electrons in the molecule further through electron impact ionization, causing the
emission of secondary electrons with a kinetic energy of a few electron volts. Only 7
to 10% of the radiation is elastically scattered, leading to the formation of the signal
in the diffraction pattern, and about 3% is inelastically scattered. The high-energy
electrons initially escape the molecule, leaving a positive charge behind. When this
charge is sufficiently large, electrons become electrostatically trapped (described
in more detail in Section 5.8), which can lead to increased ionization at first, and
eventually to recombination. Charging of the molecule leads to a Coulomb explo-
sion due to the repulsive nature of the forces. On a little longer time scale, the
molecule will expand due to hydrodynamic forces associated with the trapped hot
electrons. Multiple models have been proposed to describe this behavior, see for
example [44, 47-49].
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10.3.3.2 Coherent Diffractive Imaging at X-Ray Free-Electron Lasers

For single-particle imaging, it is preferable to avoid any kind of device to hold the
particles in the interaction region since such a holder will inadvertently scatter, and
that scattering signal is potentially much stronger than scattering from the particle
itself. Therefore, a holder-less scheme in which the particle is injected into the
beam is preferable. Ideally, the particle is sufficiently hydrated to ensure that it stays
in its native conformation, which is its structural arrangement, during the injection
process. It has been shown that a hydration fraction of 20% is necessary to preserve
biological activity [50, 51]. It is also necessary to characterize and select the injected
particles. Several techniques have been proposed, including electrospray [52, 53],
aerodynamic lens stacks [54], and Rayleigh droplet sources [55].

In most cases, the particles are injected in a random orientation, and a major is-
sue is determining their orientation from the noisy diffraction pattern. It has been
suggested initially to classify the collected diffraction patterns first into groups of
similar orientation, and then orient the class averages [56]. Since each diffraction
pattern is a sample of the Ewald sphere, the curvature of the Ewald sphere can
be used to simplify the orientation process. Since the scattering strength of sin-
gle macromolecules is small, the signal-to-noise ratio of each diffraction pattern is
rather weak, with only single photons in the higher resolution part of the pattern.
Classifying these patterns is very challenging and other more efficient approaches
have been proposed, see for example [57, 58]. In general, classification is expected
to be easier at larger fluences and for larger particles since the scattering signal in
these cases is stronger. Different experimental methods have been proposed to ease
the classification and orientation process, such as using ejected ion fragments or
marker atoms to determine the particle orientation. Once the diffraction patterns
have been categorized, class averages can be formed that have an improved signal-
to-noise ratio. Then a three-dimensional diffraction pattern can be assembled, and
phasing algorithms are used to calculate the electron density.

Radiation damage in the form of atomic motion and ionization modifies the
diffraction pattern, but the effect has not been studied in much detail yet. Different
methods have been proposed to reduce the required x-ray fluence, including pre-
alignment of the molecules or using nanocrystals [59]. Molecules can be aligned
using lasers [60, 61], and specifically elliptically polarized light holds the potential
for full three-dimensional alignment. Note that alignment errors lead to a reduction
of the image resolution. It has also been proposed to use a molecular tamper [62],
such as water or liquid He, with water having the additional advantage that it keeps
proteins in their native conformation. However, the tamper affects the diffraction
pattern of the sample, which may lead to loss of structural information.

10.3.4
Outlook

By using high-intensity short x-ray pulses we will be able to image particles with
atomic resolution and femtosecond time resolution. This technique holds the
promise of not only imaging macromolecules but also determining the dynamics
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and function. Improved beam coherence will enable holographic studies, as well.
Combined with spectroscopy, imaging of chemical reactions may be possible. Sev-
eral aspects of this technique need further development, including the injection
and control of single molecules, and image reconstruction techniques that take
advantage of the specific symmetry of single particles.

Recently it has been demonstrated that crystallography can be performed on
nanocrystals with only a few unit cells at x-ray free-electron lasers [59]. The Bragg
peaks in this case can be used to determine the orientation of the nanocrystal.

10.4
X-Ray Scattering Diagnostics of Dense Plasmas

Time-dependent inelastic x-ray scattering can be used to characterize dense mat-
ter, including solid-density plasmas. With this technique, information about basic
electronic properties, such as temperature and density, and ionic structure can be
obtained [63-65]. Light can propagate in plasmas only if the free-electron densi-
ty is smaller than the critical electron density n., which depends on the photon
energy E,. For small photon energies, the photon frequency is smaller than the
plasma frequency, and inverse Bremsstrahlung absorption becomes very efficient,
preventing the penetration of the photons. The dependence of n. on E, is given
by [66]

eom,E2

J%E%;l. (10.4)
As can be seen in Figure 10.5, high-density plasmas are opaque to visible radiation,
whereas x-ray radiation is able to penetrate solid- and higher-density materials.
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Figure 10.5 Critical electron density n. as a function of the photon energy E,,, given by (10.4).
Also shown is the photon energy needed to penetrate a fully ionized solid-density graphite and
tantalum plasma.
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10.4.1
Experimental Setups

In order to utilize inelastic x-ray scattering as a high-fidelity plasma diagnostic,
high-intensity x-ray pulses with short pulse durations and high spectral purity are
required. The first experiments of this kind [63, 67] used the high-intensity helium-
alpha (He,) and Lyman-alpha (Ly,) spectral lines of solid titanium irradiated by
high-power lasers, a method introduced in Section 1.3.2. The Ly, lines are the
spectral lines of an ion with a single electron that transitions from the n = 2 to the
n = 1 orbital. The He,, lines are the spectral lines of a two-electron ion associated
with the transition from 1s2p to 1s2. For titanium, these lines lie between 4.7—
4.75 keV. More recently, x-ray free-electron lasers have been used as sources for
inelastic x-ray scattering [68, 69].

A typical setup for an x-ray-scattering diagnostic experiment is shown in Fig-
ure 10.6. A monochromatic x-ray beam irradiates a plasma and the spectrum of the
scattered radiation is measured in different directions. We assume that the x-ray
source and the detector are located at distances large in comparison to the extent
of the plasma. The incoming wave vector is k¢, and the scattered wave vector is k.
The angle between kg and k is the scattering angle 6. The energy of the incoming
photon is Aiwe = chkoy, and the energy of the scattered photon is hw, = chk.
We define the downshift of the energy as iw = hiwy — hw;, and the momentum
transfer as iq = hkq, — fiky. In the nonrelativistic limit and for small values of g,

0
q ~ 2kg sin (5) . (10.5)

The measured intensity I(g, w) is proportional to the x-ray-scattering cross sec-
tion, which, in turn, is proportional to the total electron structure factor S(gq, w),

dZ

dqdw

I(q, w) o S(q, w) . (10.6)
S(¢q, ®) is the Fourier transform of the electron—electron density fluctuations [70],
and it measures the spatial correlations in the plasma. A more detailed discussion
can be found in Sections 3.3 and 3.4. An expression for S(q, w) was given by Chi-

plasma

Figure 10.6 Setup to use inelastic x-ray scattering as a plasma diagnostic. The direction and
length of k1 are solely given by the scattering geometry and the observed wavelength, respec-
tively.



10.4 X-Ray Scattering Diagnostics of Dense Plasmas

hara et al. [71], see (3.75). This model was further developed by Gregori et al. [72—
74].

First x-ray-scattering diagnostics experiments did not discriminate the spectral
dependence of S and instead focused on the dependence of S on g. By measur-
ing the x-ray-scattering cross section as a function of scattering angle, information
about the average short-range structure in a plasma can be obtained. The posi-
tion and width of the peak in S(g) depend on the plasma density and tempera-
ture. In a proof-of-principle experiment, shock-compressed aluminum was probed
with He, line radiation from high-power-laser-irradiated titanium [67]. The co-
herent part of the scattering radiation I(g) is dominated by I(q) o« f(q)*S(q),
where f(q) is the bound electron form factor, S(gq) the ion—ion structure factor,
and g = 4m/A sin(0 /2). For an ideal plasma for which the plasma temperature sig-
nificantly exceeds the average Coulomb interaction energy of its constituents, the
position of the peak in S(gq) relates to the density and the width to the ion temper-
ature.

Figure 10.7 shows schematic spectra S(w) of graphite probed at 8 keV, showing
both elastic and inelastic scattering features. Tightly bound electrons with ioniza-
tion potentials larger than the Compton shift scatter the x-ray radiation elastically,
resulting in the ion feature in the spectra. This peak is also called the elastic or
Rayleigh peak. Two processes lead to inelastic scattering: First, free electrons scat-
ter x rays inelastically through the Compton effect, which leads to an energy shift
of the scattered light due to momentum conservation. The Compton shift increas-
es with scattering angle 6 and is more easily accessible in a backward-scattering
geometry. In the example spectrum in Figure 10.7, the Compton feature nearly
coincides with the ion feature since this spectrum was measured in the forward-
scattering geometry, that is for small 8. In nondegenerate plasmas, the Compton

01 ‘ i
0.08 - Elastic B

0.06 f Compton i

0.04 1
Plasmon

FW
0.02 / 1
1 1 1 J 1 N

0
7500 7600 7700 7800 7900 8000 8100 8200
Energy (eV)

X-ray scattering intensity (arb. units)

Figure 10.7 Schematic forward (FW) and backward (BW) scattering spectra (g, w) of doubly-
ionized graphite with a temperature of 50 eV, probed with 8 keV x rays. Both the inelastic plas-
mon and Compton and the elastic ion feature are clearly visible.
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peak is broadened by the thermal motion of the electrons and is a measure for
the electron temperature. The Compton feature was used in one of the first x-ray
Thomson scattering experiments to extract the electron density and temperature
of heated beryllium [63]. In degenerate plasmas, the width of the Compton peak is
related to the Fermi energy ey = #2(3?n)?/3/2m, from which we can determine
the electron density [75]. Finally, x rays may also be scattered by plasma oscillations
(plasmons). Plasmon features represent collective plasma effects and are accessi-
ble primarily in the forward-scattering geometry [64, 75, 76]. At higher electron
temperatures, upshifted plasmon features also become detectable, from which the
electron temperature can be extracted directly using the relation of detailed balance,
see (3.81) [76].

10.4.2
Collective and Noncollective Scattering

The length scale probed by the x rays is given by 27/q, which depends primarily
on the x-ray wavelength and scattering geometry through (10.5) and only weakly
on the frequency shift of the scattered light. For smaller scattering angles (small g),
the x rays probe primarily collective effects associated with larger length scales. On
the other hand, for larger scattering angles, the x rays probe mostly noncollective
effects associated with smaller length scales. The significance of electronic correla-
tion effects can be described by the scattering parameter

1
o= ,
qlsd

(10.7)

where 14 is the correlation length in the plasma or the screening distance of elec-
trostatic forces, which is determined by the plasma conditions. In nondegenerate
plasmas, the correlation length can be taken as the Debye screening length,

€okp Te)l/z

n,e?

Ad ~ Ap = ( (10.8)

whereas for a degenerate plasma, for which the Fermi energy is larger than the
thermal energy, a better approximation is

2 13
Aoy~ App = | =0 (i) . (10.9)

When the scattering parameter « is larger than one, the scattering is of collec-
tive nature, associated with scattering from plasmons and acoustic oscillations.
Because of the limited spectral resolution of spectrometers, acoustic oscillations
have not been observed yet. The plasmon frequency shift is determined by the
plasmon dispersion relation, which is approximately the plasma frequency w, =
(n.e?/egm,)1/?, from which the electron density may be determined. Higher-order
terms depend on the electron temperature. For small momentum transfer vec-
tors g, often a modified analytical Bohm—Gross dispersion relation is used [77], for
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which the plasmon frequency is given by

212
Wi = % +3q°v}, (1+0.088n.4°) + (%) . (10.10)
[4
v, = (kpT./m,)"/? is the thermal velocity, and A, = h//2nm kg T, is the ther-
mal de-Broglie wavelength. The first term in (10.10) refers to the electron oscilla-
tions, the second term to the effect of thermal pressure, the third term to degen-
eracy effects from the Fermi pressure, and the last term to the quantum diffrac-
tion shift. The width of the plasmons depends on Landau and collisional damping,
which is related to the electron temperature.
The scattering parameter o decreases with increasing scattering angle 6. When
a is much less than one, the scattered x rays are only sensitive to distances short-
er than the screening length 4,4, and the noncollective behavior of the plasma is
probed. The Compton downshift of the scattered radiation is given by

1 1 1-—cos 0 10.11
hwr koo mec: (10.11)
which in the nonrelativistic limit, Ao < hw, simplifies to
thZ
Ec=ho = =hwo—hw; . (10.12)
2m,

Since the ratio of the integrated Compton feature to the integrated ion feature is
sensitive to the ionization state of the plasma, spectrally resolved scattering exper-
iments allow us to probe the atomic physics in a plasma. For a free electron, the
energy shift is determined by both the Compton and Doppler effect,

hq?

= — tq-v. 10.13
0= kg (10.13)

To calculate the broadening of the Compton peak, (10.13) needs to be integrated
over the velocity space, weighted by the electron velocity distribution function. For
nondegenerate systems, this provides the opportunity to extract the electron tem-
perature from the shape of the Compton peak by fitting. For degenerate systems,
the width of the Compton feature is proportional to (€5)!/? o (n,)'/>.

10.4.3
Theoretical Description of Inelastic X-Ray Scattering

The dynamic structure factor S(g, w) is related to the longitudinal dielectric func-
tion €(gq, w) of the plasma by the fluctuation—dissipation theorem [70],

hq? 1 1
024 3 (10.14)

meln, 1—exp (_kf;a%) Te(q o)

S(q, w) =
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The random-phase approximation (RPA) describes the dielectric response of a
weakly collisional, ideal plasma. The dielectric function in the RPA approximation
is given by

erpa(g, ) =1— (10.15)

e
€09% 0 Z hq- L —h(w + i)

2 n (p+50) —nf! (- 5)
r
) me

Here, n(}f)( p) is the Fermi momentum distribution function, and # > 0 is a small

finite frequency to ensure convergence of the sum. Equation 10.15 has been used
to derive an analytical model for S(g, ®) [74].

The RPA approach can be significantly improved by accounting for electron—ion
collisions in the plasma, as has been demonstrated with the Born—-Mermin approx-
imation [78, 79]. In the Mermin formula for the dielectric function [80], collisions
are accounted for in the relaxation-time approximation. Holl et al. suggested to
treat the effect of collisions on the dielectric function using a frequency-dependent
dynamic collision frequency v(w). v(w) can be calculated in the Born approxima-
tion with statically screened potentials [78]. This approach can be improved further
by considering dynamical screening and strong collisions [79]. The Born-Mermin
approximation is in agreement with current experimental findings [72-74, 77-79].
Models for the elastic scattering features are still being developed. Some models are
based on the hyper-netted-chain approximation with quantum potentials or density
functional theory [81-83]. A model for the electron in screening cloud in fully- and
partially ionized plasmas, described by d(q), is given in [84].
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